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ON THE EXISTENCE OF AN OPTIMAL ELEMENT FOR ONE CLASS OF A
TWO-STAGE OPTIMAL PROBLEM WITH DELAYS AND THE PHASE
RESTRICTIONS
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Abstract. Existence theorems of optimal element are given for the nonlinear two-stage op-
timal problem with the constant delays in the phase coordinates, with the general boundary
conditions and the phase restrictions, with the general functional and the continuous in-
termediate condition. Under element we imply the collection of initial moment and delay
parameters, initial function and vector, moment change of system stage, finally moment and
controls.
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1. Introduction

The two stage system means that in the process of motion, at a certain instant of time not
known in advance, the system can pass from one law of motion to another, and, moreover, the
initial condition of the system on the second stage depends on the final state of the previous
stage of the system. Such systems arise in various branches [1-4]. For example, in economics
sometimes it is needed to change invested capital at some unknown moments; in engineering
a controlled apparatus is to start from another controlled apparatus, which may be cosmic,
ground, submarine, etc. In this work the existence theorems of optimal element are provided
for the two stage optimal problem with the constant, delays in the phase coordinates of the
two-stage controlled system with the general boundary conditions and the phase restrictions,
with the general functional and the continuous intermediate condition. Under element we
imply the collection of initial moment and delay parameters, initial function and vector,
moment change of system stage, finally moment and controls. The result, obtained here, is
concretized for the two stage quasi-linear and linear optimal problems and for the problem
with the integral functional. Necessary conditions of optimality and existence theorems for
various types of two-stage optimal problems are given in [1-8] and [9-11], respectively.

2. Statement of the two-stage optimal problem and the existence theorems

Let
a<ti<ti<c<by<by<b<t] <t?<d

and let
0<7‘1<7’2,0<0'1<02
be given numbers with
c— t(Q) > max{72, 02}, t% —b> o9. (1)

Let O C Ry and Y C R} be open sets, Ko C O,Xo C O,U C R}, and V C RF are
compact sets. Further, let the functions
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f(thl?anu) = (fl(t7x17x27u)7 ... 7fn(t7x17$27u))T
and
g(ta Y1, yQ?”) = (91<t7y17y2a"”)7 B 7gm(t7 Yt, yQ,U))T

be continuous on the sets [a,b] x O x U and [c,d] x Y2 x V, and continuously differentiable
with respect to x1,zs € O and y1,ys € Y, respectively.

Let @ be a set of measurable initial functions ¢(t) € Ky, t € [T, c|, where 7 = a — 79; let Q
be a set of measurable control functions u(t) € U, t € [a,b], and let A be a set of measurable
control functions v(t) € V, t € [, d]; suppose that

wi(tﬁv07t17770—7x07xlay)7i = 07l+ v,

are continuous scaler functions on the set

[t(l),t%] X [91,92] X [t%,t%] X [’7’1,7’2] X [0'1,0'2] X XO xO0xY

and ¢(t,x) € Y is a continuous vector function on the set [t3, 0] x O.
To each element

w = (t()a 97 t1,7,0,%0, 90()7 U(), ’U()) eWw = [t(l)v t%] X [917 92] X [tiv t%] X
x[11, 2] X [o1,02] X Xo X & x Q2 x A
we assign the two-stage system of delay functional differential equations

{a&(t) = f(t.a(t), z(t — 7),u(t)), te [to.6],

: (2)
y(t) = g(t,y(1),y(t — 0),0(t), te€ [0, t],

0 is called a switching moment.
Definition 1. Let w = (to,0,t1,7,0,20,9(-),u(-),v(-)) € W. The pair of functions
z(t;w) and y(t; w):

S(w) = {a(t) = a(t;w) € 0, te [0 y(t) =yltw) €Y, teo.n]},
where 6 = ¢ — 09, is called the solution, corresponding to an element w if the initial condition

z(t) = p(t), tel[r,to), z(to) =20 (3)

and the intermediate condition

y(t) = Q(tvx(t))7 te [&7 0]7 (4)

are fulfilled. Moreover, the function z(t),t € [to, 0], is absolutely continuous and satisfies
the first equation of system (2) almost everywhere on [to, 0]; the function y(t), t € [0, 1], is
absolutely continuous and satisfies the second equation of system (2) almost everywhere on
[0,t1].

We note that for any 0 € [01,0], 0 € [01,02] and ty € [t},t3] we have § — 0 > ¢ — 09 =
G >ty (see (1)) i. e. the function ¢(¢,x(t)) is defined on the interval [5,0] (see (4)).

Definition 2. An element w € W is said to be admissible if there exists the corresponding
solution S(w) and the boundary condition
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wi(tmgvtl’Ta g, i’o,l’(@),y(tl)) = Oal = 7l (5)
wl—i_j(t(]aevtla’ra g, anx(g)ay(tl)) Z 07] — 1,7/’
and the phase restriction
ve(z(t)) > 0,t € [to,0],0=1,k (©)
*(y(t) 20,tef0.ti],a=1,¢

holds, where ¥¢(z),z € O and ¢*(y),y € Y are continuous functions; y(t) = y(t; w).
We denote the set of admissible elements by Wy. Now we consider the functional

J('U)) = 1/10(t0797t1777 g, .T()7y(t1)),w S WO‘

Definition 3. An element wy = (o0, 0o, t10, 70, 70, Zoo, L0 (*); wo(+), vo(+)) € Wy is said to
be optimal if

J(wp) = wienvao J(w). (7)

(2)-(7) is called the two-stage optimal problem with delays.

Theorem 1. There exists an optimal element wq if the following conditions hold:

1. Wy # O

2. there exist compact sets K1 C O and My CY such that for an arbitrary w € Wy the
corresponding solution

Sw) = {a(tiw), telro) ybw), telon]]
satisfies the conditions
z(t;w) € Ky, te[r,0]; y(t;w)e My, teloti;
3. for any fized(t,x1) € [a,b] x O, the set
{f(t,xl,mg,u) : (we,u) € Ko X U}

1S convex.
4. for any fized(t, z1,x2) € [a,b] x O?, the set

{f(t,xl,fﬂz,U) ‘u € U}

18 convez.
5. for any fized(t,y1,12) € [c,d] x Y2, the set

{g(ta Y1,Y2,0) 1V € V}

1S convex.
Let (2) has the form
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Theorem 2. For the quasi-linear optimal problem (3-8)there exists an optimal element
wy if the following conditions hold:

0. W() 75 @;

7. there exist compact sets K1 C O and M1 C Y such that for an arbitrary w € Wy the
corresponding solution

S(w) = {x(t; w), telr,b; ylt,w), te [6,t1]}
satisfies the conditions
z(tiw) € K1, tel[r, 0 y(tw)e M, telotl];

8. the sets Ko,U and V are convex sets.
Let (2) have the form

9)

2(t) = A1(t)x(t) + B1(t)z(t — 7)) + C1(t)u(t), t € [to, 0],
y(t) = A2()y(t) + Ba(t)y(t — o)) + Ca(t)v(t), t € [0, t].

Theorem 3. For the linear optimal problem (3-6, 9)there exists an optimal element wy
if the following conditions hold:

9. W() 7é @;

10. the sets Ko, U and V are convex sets.

Let J(w) have the form

0 t1
J(w) = t fo(t,w(t),w(t—T),u(t))dtJr/9 9ty (1), y(t — o), u(t))dt, (10)

where fO(t, z1,22,u) and ¢°(¢,y1,92,v) are continuous scalar functions on [a,b] x O? x U and
[c,d] x Y2 x V, respectively.
We introduce the notations

F=(%n"G=( 9"

Theorem 4. There exists an optimal element wq if the following conditions hold:

11. Wy # O;

12. there exist compact sets K1 C O and My CY such that for an arbitrary w € Wy the
corresponding solution

Sw) = {a(tiw), telr0) ybw), telon]}]
satisfies the conditions
z(t;w) € Ky, te|r,0]; y(t;w)e My, telo,ti;
13. for any fized(t,z1) € [a,b] X O, the set

{F(t,xl,xg,u) : (w2,u) € Ko X U}

18 convez.
14. for any fived(t,z1,x2) € |a,b] x O?, the set
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{F(t,xl,xg,u) tu € U}

18 convez.
15. for any fived(t,y1,y2) € [c,d] x Y2, the set

{G(t,ylyyz,v) ‘v € V}

1S convex.
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