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SOME BASIC PROBLEMS OF THE PLANE THEORY OF ELASTICITY FOR
MATERIALS WITH VOIDS.

Gulua B., Kasrashvili T.

Abstract. In the present paper we consider the materials with voids. The two dimensional
system of equations, corresponding to a plane deformation case, is written in a complex form
and its general solution is presented with the use of two analytic functions of a complex
variable and a solution of the Helmholtz equation. The boundary value problems are solved
for a circle and the plane with a circular hole.
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1. Introduction

This paper is conserved with plane problems in the theory of linear elastic materials
with voids. Goodman and Cowin [1] presented a theory for granular materials with
interstitial voids and used the formal argument of continuum mechanics. Nunziato and
Cowin [2] presented a nonlinear theory for the behavior of porous solids with (single)
voids or vacuous pores, where the matrix material is elastic and the interstices are void
of material. Further, Cowin and Nunziato [3] considered the linear theory of elastic
materials with voids. Iesan [4] extended this theory and presented a linear theory
of thermoelastic materials with voids. The mathematical theories for materials with
single voids are extensively investigated by several authors and the basic results may
be found in the books of Ciarletta and legan [5], lesan [6], Straughan [7] and references
therein.

In [8-14] some results of the 2D and 3D theories of elasticity for materials with
voids are given.

The present paper deals with the plane strain problem for linear elastic materials
with voids. The governing system of equations of the plane strain is rewritten in the
complex form and its general solution is represented by means of two analytic functions
of the complex variable and a solution of the Helmholtz equation. The constructed
general solution enables us to solve analytically a problem for a circle and a problem
for the infinite plane with a circular hole.

2. Basic equations

Let = (xq; 9; x3) be a point of the Euclidean three dimensional space R3. In what
follows we consider an isotropic and homogeneous elastic solid with voids, occupying
a region of Q € R3. The governing equations of the theory of elastic materials with
voids can be expressed in the following form [3]:

e Equations of equilibrium
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where o;; is the symmetric stress tensor, ®; are the volume force components, h; is
the equilibrated stress vector, g is the intrinsic equilibrated body force and W is the
extrinsic equilibrated body force.

e Constitutive equations

Oij = /\ekkéij —f‘ 2#6@' + 5@255@', i,j, k? = 1, 2, 3,
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where A\ and g are the Lamé constants, v, 8 and & are the constants characterizing
the body porosity; d;; is the Kronecker delta; ¢ := v — 14 is the change of the volume
fraction from the matrix reference volume fraction vy (clearly, the bulk density p = v,
0 < v < 1, here 7 is the matrix density and p is the mass density); e;; is the strain

tensor and L /8 3
U; U
P , 4
i 2<axj+axi) @

where u;, i = 1,2, 3 are the components of the displacement vector.
The constitutive equations also meet some other conditions, following from physical
considerations

uw>0 v>0  £>0, )
5
SA+2u >0, (BX\+2u)é > 36%

From the basic three-dimensional equations we obtain the basic equations for the
case of plane strain. Let Q be a sufficiently long cylindrical body with generatrix
parallel to the Ox3-axis. Denote by V' the crosssection of this cylindrical body, thus
V C R2%. In the case of plane deformation us = 0 while the functions u;, us and ¢ do
not depend on the coordinate z3 [16].

As it follows from formulas (3) and (4), in the case of plane strain

akgzagk:O, h3:0, k:1,2

Assuming ®; = 0 and ¥ = 0. Therefore the system of equilibrium equations (1),

(2) takes the form
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Now, Relations (3) are rewritten as
0
o1 = A0 + Qlta—ul + B9,
0
022—/\‘9+2M e +6¢
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2=on =it ) (7)
033 = 0(011 + 022),
9¢
hy=v—, k=1,2
k Vaxk7
= —§o— po
where o is the Poisson ratio, § = % + %
8271 8272

If relations (7) are substituted into system (6) then we obtain the following system
of governing equations of statics with respect to the functions u;, us and ¢
O
A A — — =0, k=12
pAu 4+ (A + p )8 +h5, =0 :
(VA — &) Ap — 56 = 0.

(8)

Note that A is the two-dimensional Laplace operator.
On the plane Oz124, we introduce the complex variable z = 1 + iz, = re®, (i? =

—1) and the operators 0, = 0.5 (— — iy ) 0: =05 (82 +Z(’)x ) Z = x1 —iT9, and
A =40,0:.

To write system (6) in the complex form, we multiplied the second equation of this
system by ¢ and sum up with the first equation

0.(011 — 099 + 2i012) + 05(011 + 092) = 0, o)
O,hy +0:hy +9g=0,
where we rewrite hy = hy + ihy and formulas (7) as follows
011 — 099 + 21019 = 4udsu,,
o11 + 092 = 2(A + )0 + 250,
hy = 2v050,
g=—8¢ — [0,

0 =0,uy + 00Uy, uy =uy+ius.

(10)

Substituting relations (10) into system (9), we rewrite system (8) in the complex

form

(VA —€)p — B0 = 0. -
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Theorem (see [15]). The general solution of system (11) is represented as follows:

daBu

2puy = kp(2) — 2¢'(2) — Y(2) — ST _ﬁQazx(z,»?), (12)
= (2, z b "(2) 4+ ©'(2)
¢ =x(z,%2) éQ(Aﬂl)_ﬁg(w()Jrcp()), (13)
EAN+3p) - B°

where k = (z) and ¥ (2) are arbitrary analytic functions of a complex

; P
EA+p) — B2
variable z in the domain V', x(z,2Z) is an arbitrary solution of the Helmholtz equation

Sy A2 o\ o S +2u) -5
Ax(z,2) =7 x(2,2) =0, 7" = T

From (10) we have

o1 — 09 + 21012 = —22¢"(2) — 29/ (2) — £+ 20) — 628282X<Z75)7

2U(N+2u)2 =200 +3uw)B% [, . ——\  2uf )
(A 20) (EON + 2p) — (2) < (z) +¢ (Z)> + )\+2ux(z,z),
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A+ ) — 2 Pz,

= g — 7) — Br(€(\ +2u) — 6% (5 "z
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Assume that mutually perpendicular unit vectors 1 and s are such that

011 + 022 =
(14)
hy =200:x(z, 2) —

Il xs=e;s,

where e3 is the unit vector, directed along the zs-axis. The vector 1 forms the angle «
with the positive direction of the x;-axis. Then the displacement components u; = u-1,
us = u-s as well as the stress and moment stress components, acting on an area of
arbitrary orientation are expressed by the formulas

up +iug = e ““ug,

; 1 : —2ix
oy +10s = B} [011+022+(U11 — 099 + 2i019)e }

hl = % |:h+€7ia + ]Tl+€iai| .

, (15)

We can analytically solve the class of plane boundary value problems for both-finite
and infinite domains.

3. The boundary value problem for a circle

Let us consider the elastic circle with voids, bounded by the circumference of radius
R (Fig. 1). The origin of coordinates is at the center of the circle.
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Fig. 1
On the circumference we consider the following boundary value problem
O + 10,0 =A+1B, ¢=C, onr=R, (16)

where A, B and C are sufficiently smooth functions.
Substituting the formulas (14) into (15) we have

Oppr + iara = k1 <<P,<Z) + W) + R2X(27 2)
— | 2¢"(2) + V' (2) + K30:0:X(2, 2)} e o

where

26+ 202 =20 +30)3”  _ pB  dapp
2 +2u) (€A +2u) = B2 P N2 P (N +2p) — B2

The analytic functions ¢'(z), ¢/(z) and the metaharmonic function x(z, z) are repre-
sented as the following series

R1 =

¢'(2) = Z a,z", YP'(z) = anz”, x(z,2) = Zan[n(’yr)ema, (18)
n=0 n=0 —00

where I,,(yr) is the modified Bessel function of the first kind of n-th order.
Substituting (18) in (17), taking into account the boundary conditions (16) and
assuming that the series converge on the circumference r = R, one finds

o0

§:ananma (11— m)tye ) = 3 i
n=0 (19)
+ Z |:l12] (vR) — 4 n+2(7R)} e = A+ iB,

Zan ")/R) ino K’4ZRn a,e zna +ae zna) _ 07 (20)
n=0

where

B
EN+p) — >

Rq4 =
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Expand the function A 4+¢B and C, given on r = R, in a complex Fourier series

A+1B = i Ape™ C = i C e

Comparing in (19), (20) the coefficients of e®* we have (it is also assumed that aq is a

real value [26])

K3
2k1a9 + | kelo(YR) — 1 L(YR) | ag = Ao,

(21)
—2/<a4a0 + ]O(VR)OZO = CQ.
In order for the problem to have a solution, the following condition must be met
AO = /_10.
From Egs. (19) we determine the coefficients ag and «y
RAY Ay
ag = A , Qo = A )
where
K3y’
A= 2/%1]0(’7R) + 2:‘%4 Hg[o(’}/R) - 1 IQ(’}/R) y
K37y’
Al = IO(’}/R)AO — /ig[o(’VR) — 4 IQ(’YR) Co,
AQ = 25100 + 2/€4A0.
Comparing in (19), (20) the coefficients of €™ (n # 0) we have
HanCLn + </€2[n(”)/R) 34?/ [n+2(’}/R)) oy = An, (22)
—rkyR"a, + L,(YR)a,, = Cp,
n—27 K3y’
R"(k1 —n)a, — R" *by_oy | kol (YR) — 1 I, s(yR) ) oy = A_,,. (23)
From (20) one finds
Ay Ay
ap = —, Qp = —7,
A

A
where
A = # R"I,(YR) + #q (m (vR) — 21 In+2(7R)) ,

81 = 1,004, — (ralall) = S a0 )

AQ = lianCn + I{4RnAn.
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From (21)

K372 a, A_,_
bn = Rz(’%l - n>an+2 + (HQITH_Q('YR) - 3Tfy[n('}/R)> ﬁ — Rn 2 .

It is easy to prove the absolute and uniform convergence of the series, obtained
in the circle (including the contours) when the functions, set on the boundaries, have
sufficient smoothness.

4. The problem for the infinite plane with a circular hole

Now let us have an infinite plane with a circular hole (Fig. 2). Assume that the
origin of coordinates is at the center of the hole of radius R.

Fig. 2. The infinite plane with a circular hole
On the circle we consider the following boundary value problem
Op + 10,0 =M +1i1N, ¢=K, onr=R, (24)

where M, N and K are sufficiently smooth functions.
Conditions at infinity are

01"?:1“1, USEZFQ, US:U;}:FQJ}, ¢:F4, (25)

where I'1, I'y, I's, I'y are the constants.
In this case the analytic functions ¢'(z), ¥'(z) and the metaharmonic functions
X(z, Z) are represented as a series

= Z a2 ", Y(z) = anz_”, X(z,2) = ZanKn(vr)emo‘, (26)
n=0 n=0 —00

where K, (yr) is the modified Bessel function of the second kind of n-th order.
Substituting (26) in (17), (13) taking into account the boundary conditions (14)
and assuming that the series converge on the circumference r = R, one finds

o0

. - . 61 . Bn .
_ — _ +2
K€ —ina (/{1 n)anemoc) b()e 2ia et § : - eina
=0

(27)

K37 2
4

Knio(YR)| ane™ = M +iN,

S
2

|f€2K /}/R
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o0

1 ) )
Z an K, (vR)e na e Z Tn (ane_ma + &ne’”a) = K. (28)

n=0
Expand the functlon M + N and K, given on r = R, in a complex Fourier series

M +iN = i A, K = i Cem. (29)

Due to the fact that x(z, z) and K are real functions, we have
a, =a_,, C,=0_,.
It is known that [16]
ap="T, by=T", (30)
where I, TV are known quantities, specifying the stress distribution at infinity (It is

also assumed that ag is a real value [16]). As follows from formulas (13), (14) and
conditions (25)
51 + SQ 54 52 - Sl

Rel = — 2 R = 2272 = S,
¢ 2 A 5 3

We use the condition of single-valuedness of the displacements which in the present
case is expressed as

Ki1a1 + 61 = 0. (31)
After introducing (29) into (27), (28), and comparing the coefficients of €™, we
have )
2Kk1a0 — ﬁbz + (@KO(’YR) + (”YR)> oo = Ao, (32)
K —
Elth - }—351 + (/12K1(”YR) + (’YR)> a1 = Ay, (33)
K
R—gag — by + (@KQ(VR) + (fyR)) a_g = Ao, (34)
2
%an + (KQKn(’}/R> + H?’Z KnJrQ(fyR)) a_, =A_,, n>3, (35)
K1+n_ 1 - K3y?
= b+ (ReBuOR) + K a6 ) a0 = A 021, (30
K(](’YR)CYO — 2%4&0 == C(), (37)
K,(yR)ay, — kaa, = C,,. (38)

The coefficients a,,, b, and «, are found by solving (30)-(38).

It is easy to prove the absolute and uniform convergence of the series, obtained in
the infinite plane with a circular hole (including the contours), when the functions set
on the boundaries have sufficient smoothness.

4. The problem for a circular ring

In this section, we consider a boundary value problem for a concentric circular ring

with radius R; and Ry (Fig. 3).
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Fig. 3. The circular ring

We consider the following problem

+o00o
ZA;emﬂ, |z| = Ry,
—00

Opr + 10,9 = oo (39)
ZA:;emﬂ, |z| = Ra,
+o00 '
ZC’;emﬁ, |z| = Ry,
P=19 e (40)
ZCZemﬁ, |z| = Ra.

The analytic functions ¢'(2), ¥'(z) and the metaharmonic functions x(z, z) are
represented as a series

+00 +o00
Pz)=0nz+Y a2, ¥(z)= by2",
+o0 - _oci (41)
) = Z (o Ln(Y7) + BpKpn(yr)) ™.

—00

x(z, 2

Analogous to the above problems we can find all coefficients of (41).
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