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THE VARIATION FORMULA OF SOLUTION FOR THE LINEAR
CONTROLLED DIFFERENTIAL EQUATION CONSIDERING THE MIXED
INITIAL CONDITION AND PERTURBATION OF DELAYS

Alkhazishvili L., Iordanishvili M.

Abstract. For the linear controlled differential equation with constant delays in the phase
coordinates and controls the variation formula of solution is established, which is the linear
representation of the main part of solution increment with respect to perturbation of initial
data. Under initial data we mean the collection of the initial moment, delay parameters,
the initial vector, the initial and control functions. In the formula, effects of perturbation of
delay parameters and control function, and of the mixed initial condition are revealed.
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Let R” be the n-dimensional vector space of points x = (x!,...,2")T, where T denotes

transposition. Let p € RY and ¢ € RY,, with k + m = n and = = (p,¢)”. Furthermore, let
0< 71 <7,0< 01 <092,0< 0] <0y be given numbers.
Let I = [a,b],I; = [7,b] and Iy = [a — 62,b], where 7 = a — max{m, 02}; denote by C,
the space of continuous functions
p: L — RI;

and by C; the space of continuous differentiable functions
g:h — R
Next, denote by AC, the space of absolutely continuous control functions
u: IQ — RZ
To any element
p=(to,7,0,0,¢0,9,u) € A= (a,b) x (11,72) X (01,02) x (61,62)
xCyp X Cg1 x AC,,
we assign the controlled delay differential equation

&(t) = (B(1), 4(1)" = A@®)z(t) + B(t)p(t — ) + C(t)q(t - o)

+D(E)ult) + E(t)u(t — 0),t € (t0,b) 1)
with the mixed initial condition
z(t) = (p(t), g(t))",t € [#,t0), x(to) = (po, g(t0))" (2)

Here A(t) and B(t) are the integrable matrix functions with dimensions n x n and n x k,
respectively; C(t) is the integrable matrix function with dimension n x m; D(t) and E(t) are
the integrable matrix functions with dimension n x r.
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The condition (2) is said to be the mixed initial condition, because it consists of two
parts: the first part is

p(t) = p(t),t € [T, t0), p(to) = po,

the discontinuous part, since in general p(ty) # po (discontinuity at the initial moment may
be related to the instant change in a dynamic process, for example, changes of investment,
environment and etc); the second part is

q(t) = g(t),t € [, Lo,

the continuous part, since always q(to) = g(to).

Definition. Let p = (to,7,0,0,¢,9,u) € A. A function x(t) = x(t; ), t € [7,b], is called
a solution of equation (1) with the initial condition (2) or a solution corresponding to the
element p and defined on the interval [7,t;] if it satisfies condition (2) and is absolutely
continuous on the interval [¢o, b] and satisfies equation (1) almost everywhere on [tg, b].

From the linearity of equation (1) it follows that for every element pu € A there exists a
corresponding solution. Let 1o = (too, 70, 00, P00, ¥0, go, o) € A be a given element. Now we
introduce the set of variations

V= {@0 = (5to, 57,60, 8po, 80, 8go, du) © |dto| < a, |6m0| < a, [60] < @,

dp = i)\ié%‘,&q = i)\légz,&b = i)\zﬁu“ A < i :1’7}’

i=1 =1 i=1

where

dp; € Cyp — 0,09; € C'; — go,0u; € ACy —ug,i = 1,v,

are fixed functions and « > 0 is a given number.

There exists a number €; > 0 such that for arbitrary (t,du) € (0,e1) x V we have
o +edp e V.

Let us define the increment of the solution zo(t) = z(¢; o) :

Ax(t;edp) = x(t; po + edp) — xo(t), (t,e,0p) € [7,b] x (0,1) x V.

Theorem. Let the following conditions hold:
1) too + 10 < b;
2) the function o(t) is absolutely continuous and ¢o(t) is bounded;
3) the functions A(t), B(t), C(t), D(t), and E(t) are continuous at the point top;
4) the function B(t) is continuous at the point tog + To.
Then for arbitrary (t,e,dp) € [b—96,b] x (0,e1) x V, with § > 0 and b — & > to9 + 70, we have

Ax(t;eop) = edx(t;dp) + o(t; edp),

where
ox(t;6p) =Y (too; 1) (51)0, 59(7500))T + {Y(too?t) [(9W1790(t00))T B fo}

¢
—Y (too + To;t)f1}5t0 - {Y(too + 7105t) f1 +

3

Y (s;)B(s)po(s — To)ds}&

too

t too

Y (s;t)C(s)go(s — 0'0)d8}50’ + / Y (s + 70;t)B(s + 10)dp(s)ds

too too—To0
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t

+ /:00 Y (s+ 00;t)C(s+ 09)dg(s)ds — { Y (s;t)E(s)tio(s — 00)ds}(50

[ Yis [D(s)éu(s) + B(s)du(s — 90)} ds; (3)
lim 2E01)
e—0 £

uniformly for (t,6u) € [b—0,b] X V;
fo = A(too)xo(too) + B(too)po(too — 70) + C(too)qo(too — o)

+D(too)uo(too) + £(too)uo(to — Ooo),
J1 = B(too + 70)[poo — ¥o(too)];

Okx1 15 the k x 1 zero matriz, Y (s : t) is the n X n matriz function satisfying on the interval
[too, t] the equation
0

%Y(s; t) ==Y (s;t)A(s) — (Y(s +70;t)B(s +70), Y (s + 00;t)C(s + 00))

and the condition

Y (s:1) E for s=t,
8; =
O, xn for s>t.

Here, E is the n x n identity matriz.
The Theorem is proved by the scheme given in [1,2].

Some Comments. The function dz(t; du) is called the variation of the solution z((¢) on
the interval [b — 0, b] and the expression (3) is called the variation formula.
The addend

Y (toost) (52907 59(7500))T + {Y(too;t) [(@k;xh!}o(too))T - fo} — Y (too + 70; t)f1}57fo

is the effect of the mixed initial condition (2) under perturbations of initial moment t¢, initial
vector pgp and function go(t).
The expression

t

oo+ mitifi+ [ V(s Bt —ro)dshr — { [ Vs 0C(s)in(s — 0)ds boo

too too

is the effect of perturbation of the delays 79, 09 and the mixed initial condition (2).
The expression

is the effect of perturbation of the delay 6.

t Y (53 E(s)iio(s — Oo)ds}ée

too

The addend
too too
/ Y (s+ 10;t)B(s + 10)0(s)ds + / Y (s+00;t)C(s + 00)dg(s)ds
too—To too—0o0

A Y (s;t) [D(s)au(s) + E(s)du(s — 0o)| ds

too
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is the effect of perturbations of initial functions ¢g(t), go(t) and the control function wug(t).
Finally, we note that the variation formulas of solutions for various classes controlled
differential equations with delay are given in [3-9].
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