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OSCILLATORY PROPERTIES OF SOLUTIONS OF HIGHER ORDER
ESSENTIAL NONLINEAR DIFFERENTIAL EQUATIONS

Koplatadze R.

Abstract. The differential equation
u™ () + F(u)(t) =0

is considered, where F' : C(R1;R) — Ljo(R4+;R) is a continuous mapping. In the case
operator F' has essential nonlinear minorant, sufficient conditions are established for equation
to have properties A and B.
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1. Introduction

Let 7 € C(R4+;R) and , liin 7(t) = 400. Denote by V(1) the set of continuous mappings
—+oo

F: C(R4;R) — Lioe (R4 5 R) satisfying the conditions F'(z)(t) = F(y)(t) holds for any ¢ € Ry
and z;y € C(R4;R) provided that x(s) = y(s) for s > 7(¢t).

This work is dedicated to the study of oscillatory properties of solutions of a functional
differential equation of the form

u™ (t) + F(u)(t) = 0, (1.1)

where n > 2 and F € V(7).

For any ¢ € Ry, we denote by Hy, . the set of all functions u € C(R4;R) satisfying
u(t) # 0 for t > t., where t, = min{to, 7«(to) }, 7(t) = inf{7(s) : s > t}.

Throughout the work whenever the notation V' (7) and Hy, » occurs, it will be understood
unless otherwise specified that the function 7 satisfies the conditions stated above.

It will always be assumed that either the condition

Fu)(t)u(t) >0 for t>ty, wue Hy, (1.2)

or the condition
F(u)(t)u(t) <0 for t>ty, we& Hyr (1.3)

is fulfilled.

Let to € R4. A function w : [tg, +00) — R is said to be a proper solution of equation (1.1)
if it is locally absolutely continuous together with its derivatives up to order n — 1 inclusive
sup{|u(s)| : s € [t,+00)} > 0 for t > ¢y and there exist a function uw € C(R4;R) such that
%(t) = u(t) on [ty, +00) and the equality @™ (t) + F(@)(t) = 0 holds for t € [tg, +00). A
proper solution u : [tg, +00) — R of equation (1.1) is said to be oscillatory if it has a sequence
of zeros tending to +00. Otherwise the solution w is said to be nonoscillatory.

Definition 1.1 [1]. We say that equation (1.1) has Property A if any of its proper
solutions is oscillatory when n is even and either is oscillatory or satisfies

@) 10 as tt+c0 (i=0,...,n—1) (1.4)
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when n is odd.
Definition 1.2. We say that equation (1.1) has Property B if any of its proper solutions
either is oscillatory or satisfies (1.4) or

‘u(i)(t)M—i-oo as tT4+o0 (i=0,...,n—1) (1.5)

when 7 is even and either is oscillatory or satisfies (1.5) when n is odd.

Study of oscillatory properties of differential equation of type (1.1) began in 1990. Namely
in [3] for the first time a new approach was used for establishing oscillatory properties.
Investigation of “almost linear” and essential nonlinear differential equation, in our opinion
for the first time, was carried out in [5-10].

In the present paper we study both cases of Properties A and B, when the operator F'
has an essential nonlinear minorant.

Some results analogous to those of the paper, for Emden-Fowler type differential equations
are given in [3].

2. Necessary conditions of the existence of monotone solutions

Let to e Ry, £ € {1,...,n—1}. By Uy, we denote the set of proper solutions of equation
(1.1) satisfying the condition

uD () >0 for t>ty (i=0,...,0),

‘ . (2.1)
(~1)*u@D () >0 for t>ty (i=4,...,n—1).
Everywhere below we assume that the inequality
’F(u)(tﬂ > p(t)w(|u(a(t))|) t>ty, we€Hy;, (2.2)
holds, where
p€ Lioc(Ry;Ry), w(0)=0, w(s)>0 for s>0, (2.3)
w is a nondecreasing function and there exist ¢ > 0, such that
w(@-y) = cw(z)wly) for w;y €1, +00) (2.4)
and -
/0 o(5) < +o0. (2.5)

Theorem 2.1. Let F' € V(7), let conditions (1.2), (1.3), (2.2)-(2.5) be fulfilled,
te{l,...,n—1}, £+n odd ({+n even ) and

+oo
/ " fw (ot (1)) p(t) dt = +o0. (2.6)
0
Moreover, let Upy, # @ for some tg € Ry, then
“+o00
/ " p) wt) w(oTH(E))dt < oo
0

and for any k € N

/0 o ==Lt w(%aé_l(t) pg,k(a(t)))dt < +oo,
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where
t —+o00
pat) =0 (et [T e e wlo @) dcas ), (27)
t —+o00
p() =(ni£)! /0 / € p(€) w(o(€)) w(prp1 (0(€)))de ds, (2.8)
(k=2,3,...),
o(t) :/1 wt)' (2.9)

3. Sufficient conditions of nonexistence of monotone solutions

Theorem 3.1. Let F € V(7), conditions (1.2), (1.3), (2.2)-(2.6) be fulfilled,
te{l,...,n—1}, £+ n odd (£ + n even). Moreover, if one of two conditions

/ o ") wt) w (e H(t))dt = +oo, (3.1)
0

or for some k € N .
/0 () w (0 (1) pup(o (1)) dE = +o0 (3.2)

holds, then for any to € Ry, Uk, = @, where py functions are defined by (2.7)-(2.9).
Corollary 3.1. Let F' € V(7), let conditions (1.2), ((1.3)), (2.2)-(2.6) be fulfilled,
te{l,...,n—1}, ¢+ nodd (¢ + n even) and for some « € (0,1)

+00
lim inf ¢ / s (o (s) p(s) ds > 0. (3.3)
0

t—-+o0

Moreover, if for any ¢ > 0
+o0o
/ (1) w (0 (1) &N (1) )dt = +oo, (3.4)
0

then for any tp € Ry we have U, = @.
Corollary 3.2. Let F' € V(71), let conditions (1.2), ((1.3)), (2.2) be fulfilled, £ + n odd
(£ +n even) and
w(x) =z}, 0<A<1. (3.5)

There exist a € (0,1) and 6 > 1, such that

+oo
lim inf ta/ s p(s) oMY (5)ds > 0 (3.6)
t

t——+o0

and .
lim inf olt) > 0. (3.7)

t—too 9
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Moreover, if at last one of the conditions
oA>1 (3.8)
or if A < 1, for some ¢ > 0
+oo SA(1—a) _
/ tn—é—l—‘ril_a)\ —E(U(t)))\(z l)p(t) dt — +OO (39)
0

holds, then for any tp € R we have Uy, = @.
4. Differential equations with property A

Theorem 4.1. Let F € V(71), let conditions (1.2), (2.2)-(2.5) be fulfilled and for any
te{l,...,n—1} with £ +n odd, condition (3.1) holds. Let, moreover,

+o00
/ t"Ip(t) dt = 400 (4.1)
0

when n is odd, then equation (1.1) has Property A.

Theorem 4.2. Let F' € V(7), let conditions (1.2), (2.2)-(2.5) be fulfilled and for any
te{l,...,n— 1} with £ +n odd, for some k € N the condition (3.2) and when n is odd the
condition (4.1) holds. Then equation (1.1) has Property A.

Corollary 4.1. Let F' € V(7), conditions (1.2), (2.2)—(2.5) be fulfilled and for any
¢e{l,...,n— 1} with £+ n odd (3.3), (3.4) and for odd n condition (4.1) holds. Then
equation (1.1) has Property A.

Corollary 4.2. Let F' € V(7), let conditions (1.2), (2.2), (3.5) be fulfilled and for any
te{l,...,n—1} with £+ n odd (3.6), (3.8) or if aX < 1 (3.6), (3.7) and (3.9) holds, then
equation (1.1) has Property A.

Theorem 4.3. Let F' € V (1), conditions (1.2), (2.2)-(2.6) and for odd n (4.1) be fulfilled
and

limint 270 < ¢ (4.2)
t——+o00 t
Moreover, if
+00
/ t"2w(t) p(t) dt = +oo, (4.3)
0

then equation (1.1) has Property A.
Theorem 4.4. Let F' € V (1), let conditions (1.2), (2.2)-(2.6), (4.2) and for odd n (4.1)
be fulfilled and for some k € N

/OJrOO " 2p(t) W(Pl,k(a(t)) dt = +00,

then equation (1.1) has Property A.
Theorem 4.5. Let F' € V(1), conditions (1.2), (2.2)-(2.6) and for odd n (4.1) be
fulfilled. Moreover, there exist M > 1, such that

wx-y) < Mw(@)w(y) for z;y€[l,+00) (4.4)
and
lim sup wlo(t)) < +o0. (4.5)
t—4o00 t
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Then the condition N
oo
/ w(t)w(o™2(t))p(t) dt = +oo
0
is sufficient for equation (1.1) to have Property A.

5. Differential equation with property B

Theorem 5.1. Let F' € V(7), let conditions (1.3), (2.2)-(2.5) be fulfilled and for any
e {l,...,n—2} with £ +n even, equation (3.1) holds. Let moreover (4.1) hold when n is
even and

/O+Oow(0”_1(t))p(t) dt = +o0. (5.1)

Then equation (1.1) has Property B.

Theorem 5.2. Let F' € V(7), conditions (1.83), (2.2)-(2.5), (5.1) be fulfilled and for any
te{l,...,n—2} with £+ n even for some k € N condition (3.2) holds. Let moreover, when
n is even the condition (4.1) be fulfilled, then equation (1.1) has Property B.

Corollary 5.1. Let F' € V(7), let conditions (1.3), (2.2)—(2.5), (5.1) be fulfilled and for
any £ € {1,...,n — 2} with £+ n even (3.3) and (3.4) holds. If, moreover, condition (4.1)
hold for even n, then equation (1.1) has Property B.

Corollary 5.2. Let F' € V(7), let conditions (1.3), (2.2), (3.5) be fulfilled and for any
¢e{l,...,n—2} with £ 4+ n even conditions (3.6)—(3.8) or if X < 1, (3.6), (3.7) and (3.9)
holds. Then equation (1.1) has Property B.

Theorem 5.3. Let F' € V (1), let conditions (1.3), (2.2)-(2.6), (4.3) and (5.1) be fulfilled
and the condition (4.1) holds for even n. Then equation (1.1) has Property B.

Theorem 5.4. Let F' € V (1), let conditions (1.3), (2.2)-(2.6), (4.2) and (5.1) be fulfilled.
Moreover, if the condition (4.1) holds for even n and for some k € N

+o00
/0 £ 1p(t) o (pr (1)) dt = +oo,

then equation (1.1) has Property B.
Theorem 5.5. Let F' € V (1), let conditions (1.3), (2.2)-(2.6), (4.4) and (4.5) be fulfilled.
Moreover, if the condition (4.1) holds for even n and for some k € N

+oo
/0 £p(t) (0™ () pusi(o (1)) dt = +oo,

then equation (1.1) has Property B.
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