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NECESSARY OPTIMALITY CONDITIONS OF DELAYS PARAMETERS FOR
ONE CLASS OF CONTROLLED FUNCTIONAL DIFFERENTIAL EQUATION
WITH THE DISCONTINUOUS INITTAL CONDITION
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Abstract. The nonlinear optimal control problem with constant delays in the phase coordi-
nates and controls is considered. The necessary conditions of optimality are obtained for the
initial and final moments, for delays parameters and the initial vector, for the initial function
and control.
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Let O C R™ be an open set and let U C R" be a convex and compact set. Let 0 <m< 19, 0 <
01 < 6 be given numbers and the n-dimensional function f(¢,z,x1,u,u1), (¢, z,x1,u,u1) €
I x O? x U?, where I = [a, b], satisfies the following conditions:

a) for almost all fixed ¢t € I the function f(t,x,z1,u,u;) is continuously differentiable
with respect to (z,21,u,u;) € O? x U?;

b) for each fixed (z,x1,u,u1) € O? x U? the functions

f(t’ I7x17u’ul)a fx(tv ')a fm (tv ')’ fu(t’ ')7 fu1 (t7 )

are measurable on [;
c) for any compact set K C O there exists a function mg(t) € L1(I,[0,00)), such that
for any (z,21,u,u1) € K2 x U? and for almost all ¢ € I we have

’f(t7x7‘r17u7u1)’ + ’fﬂ:(t7 )‘ + ‘fifl <t7 )‘ + ‘fu(tv )‘ + ‘ful(tv )’ < mK(t)

Furthermore, let N C O and let Xg C O be convex compact sets; let & and €2 be sets of
continuously differentiable functions ¢ : Iy = [7,b] - N and u : [y = [é, b] — U, respectively,
where 7 = a — 1 andé:a—ﬁg.

To each element

v = (to,t1,7,0, 20, p,u) € A=la,b) x (a,b] x [11,T2] X [01,02] x Xox P x Q
on the interval [tg,t1] we assign the controlled delay functional differential equation
2(t) = f(t,2(t), 2(t — 7), u(t), u(t — 0)) (1)
with the discontinuous initial condition
z(t) = ¢(t),t € [7,t0), x(to) = 0. (2)

The condition (2) is called discontinuous because, in general, x(tg) # ¢(to)-
Definition 1 . Let v = (to,t1,7,0,20,p,u) € A. A function z(t) = z(t;v) € O,t €
[7,t1],t1 € (to,b], is called a solution of equation (1) with the initial condition (2) or a
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solution corresponding to the element v and defined on the interval [to,t;] if it satisfies
condition (2) and is absolutely continuous on the interval [tg,t1] and satisfies equation (1)
almost everywhere on [to,t1] .

Let the scalar-valued functions ¢*(to, 1,7, 0, zo,21), i = 0,1, be continuously differentiable
on I? x [1, 7] x [61,02] x O%.

Definition 2. An element v = (to,t1,7,0, 20, p,u) € A is said to be admissible if the
corresponding solution x(t) = x(t; v) satisfies the boundary conditions

qi(t07t177—707x07x(t1)) = 07 1= 17l (3)

Denote by Ay the set of admissible elements.
Definition 3. An element vy = (too, t10, 70, 0, Too, Y0, uo) € Ag is said to be optimal if
for an arbitrary element v € Ay the inequality

q° (to0, t10, 70, 60, Too, Zo(t10)) < ¢°(to, t1, 7, 00, zo, z(t1)) (4)

holds, where z(t) = z(t; ), z(t) = x(t;v).

The problem (1)-(4) is called the optimal control problem with delays in the phase coor-
dinates and controls, and with the discontinuous initial condition.

Theorem 1. Let vy be an optimal element with too,t10 € (a,b) and too + 70 < t10, and
let the following conditions hold:
1) the function f(w,u,uy), where w = (t,x,21), is bounded on I x O* x U?;
2) there exists the finite limit

li_)m f()(’w) = fo_,w & (a,too] X 02,
w—wo

where
fo(w) = f(w,uo(t), uo(t — b)), wo = (too, Too, po(too — 70));
3) there exists the finite limit
lim [ fo(wn) = fo(ws)| = fr, wi,ws € 1 x 0%

(w1,w2)—=(w10,w20)
where
wio = (too + 70, Zo(too + 70), Z00), w20 = (too + 70, Zo(too + 70), Yo (too))-

4) there ezists the finite limit

im fo(w) = fy,w € (too, tro] x O,

wW—wW30

where w3g = (t10, To(t10), Zo(t10 — 70)).
Then there exist a vector m = (mo, ..., m) # 0, with 7y < 0, and a solution Y (t) = (P1(t), ..., Yn(t))
of the equation

P(t) = —P(t) foult] — Y (t + 70) fou, [t + 70, t € [too, t10], (5)
with the initial condition
w(t) = O,t > th;

where foz[t] = fou(t, zo(t), zo(t — 70)), such that the following conditions hold:
5) the conditions for the moments tog and tig :
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TQoty > Y (too)fy + ¥ (too +70)f1, ©Qot > —(t10)f5

where

0
Qoty = %Q(too,tloﬁoa90,960073?0(7510)),62 = (" ...d"H7;

6) the conditions for the delay T

too+T70
7Qor, = Y (too + 70)f1 + / Y(t) fow, [t]po(t — T0)dt

too

+ /t N B0 fou [0t — 7o)t

00+70

7) the condition for the delay 0

t1o

TQop = Y(t) fou [t (t — Oo)dt;

too

8) the condition for the vector xy,
(TQozy + ¥ (t0o)) o0 = max (mQozy + ¥ (t0o))Z0;
xo 0

9) the integral maximum principle for the initial function (),

too too
/ Bt + 70) fom [t + Tolpo(£)dt = max / Bt + 70) fom [t + Tolip(t)dt:
t t

00—T0 P()€® Jtgo—m0

10) the integral maximum principle for the control function wuo(t),

/t10 o) [f()u[t]uo(t)+ Four [t]uo(t—eo)}dtz o /tmw) [fOu[t]u(t)

too u(t) Q too

o+ fous []u(t — 60)] dt:
11) the condition for the function 1(t)

Y(tio) = TQoq, -

Theorem 2. Let vy be an optimal element with toy,t1o € (a,b) and top + 170 < t10, and
the conditions 1), 3) of Theorem 1 hold. Moreover, there exists the finite limits

lim f()(w) = fJ,w S [too,tlo) X OQ,wEIESO fo(w) = f2+,w S [tlo,b) X 02,

w—rwo

Then there exist a vector m = (my, ..., m) # 0, with mo < 0, and a solution ¥(t) = (Y1(t), ..., Yn(t))
of equation (5) such that conditions 6)-11) hold. Moreover,
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TQoty < U (too)fo + ¥(too + 70) f1, TQot, < —(t10)f5 -

Theorems 1,2 are proved by the scheme given in [1,2].
Theorem 3. Let vy be an optimal element with toy, t1o € (a,b) and too + 170 < t10, and
the conditions of Theorems 1 and 2 hold. Moreover,

fo =1 =Ffo. fo =1 = fo

Then there ezist a vector m = (mo, ..., m) # 0, with mo < 0, and a solution Y(t) = (Y1(t), ..., Yn(t))
of equation (5) such that conditions 6)-11) hold. Moreover,

mQot, = Y (too) fo + ¥ (too + 70) f1. Qor, = —1(t10) fo-

Theorem 3 is a corollary to Theorems 1 and 2. All assumptions of Theorem 3 are satisfied if
the function f(¢,z,x1,u,uy) is continuous and bounded. In this case we have

Jo = f(too, zo(too), xo(too — 70), uo(too), uo(too — o)), f2 = f(t10, zo(t10), To(t10 — 70),

uo(t10), uo(tio — 6o)); f1 = f(too + 70, o (too + 70); Too, uo(too + 70), uo(too + 70 — o))

—f(too + 70, zo(too + 70), vo(too), uo(too + 70), uo(too + 70 — 6o)).

Theorem 4. Let f(t,z,z1,u,u1) = A(t)x+B(t)z1+C(t)u+D(t)ur, where A(t), B(t), C(t)
and D(t) are continuous matrix functions. Let vy be an optimal element with tog,t10 € (a,b)
and too + 10 < ti9. Then there exists a vector m = (mo, ..., ) # 0, with mp < 0, and a solution

() = (P1(t), ..., Yn(t)) of the equation

P(t) = —(t)A(t) — ¥ (t + 10) B[t + 7o), € [too, to], ¥(t) = 0, > to,

such that the following conditions hold:
the conditions for the moments tog and tig :

TQote = ¥ (tao) (A(tog)xoo + B(too)eo(too — 70) + Ctoo)uo(too) + D(tao)uo(too — 90))
+(too + 70) Bltoo + 70) (200 — woltoo) )
7Qot, = —1(t1o) (A(tlo):cg(tlo) + B(t10)wo(tio — 0) + C(t1o)uo(tio) + D(t1o)uo(tio — 90));
the condition for the delay o

too+70
TQor, = WY (too + 70)B(too + 10) (LU()O — (po(tog)) + / Y(t)B(t)po(t — T0)dt

too
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+ /t O B®)o(t — 1)t

00+70

the condition for the delay 0g

tio
TQop = Y(t)D(t)ug(t — bp)dt;

too

the condition 8) for the vector xg;
the integral maximum principle for the initial function ¢o(t),

/:00 W(t + 70) Bt + 70)p0(t)dt = max /ttoo W(t + 70) Bt + 7o) (1) dt:

00—T0 P()€® Jtgo—10

the integral maximum principle for the control function wg(t),

/t ") [Ctyun(t) + D(tyuolt — 00)]dt = max /t ") [C(tu(t) + Deyu(t — o) ar:

00 u(t)€Q S

the condition 11) for the function 1 (t).
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