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WELL-POSEDNESS OF THE CAUCHY PROBLEM FOR ONE CLASS OF
NEUTRAL QUASI-LINEAR DIFFERENTIAL EQUATION WITH

DISTRIBUTED DELAY
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Abstract. Theorems on the continuous dependence of a solution on perturbations of the
initial data and the right-hand side are given for a neutral differential equation with dis-
tributed delay in the phase coordinates and whose right-hand side is linear with respect to
phase velocity. The perturbations of the initial data (initial moment, initial vector, initial
functions, initial matrix, distributed delay) are small in the standard norm, the perturbation
of the right-hand side of equation is small in the integral sense.
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Let I = [a, b] ba a finite interval and let Rn be the n-dimensional vector space of points
(x1, . . . , xn)⊤, where ⊤ is the sign of transposition. Suppose that O ⊂ Rn is an open set and
let Ef be the set of functions f : I × O2 → Rn which satisfy the following conditions: for
each fixed (x, y) ∈ O2 the function f( · , x, y) : I → Rn is measurable; for each f ∈ Ef and
compact set K ⊂ O there exist functions Mf,K(t), Lf,K(t) ∈ L(I,R+), where R+ = [0,+∞)
such that for almost all t ∈ I

|f(t, x, y)| ≤ Mf,K(t) ∀ (x, y) ∈ K2,

∣∣∣f(t, x1, y1)− f(t, x2, y2)
∣∣∣ ≤ Lf,K(t)

[
|x1 − x2|+ |y1 − y2|

]
∀ (xi, yi) ∈ K2, i = 1, 2.

We introduce the topology in Ef by the following basis of neighborhoods of zero:{
VK,δ : K ⊂ O is a compact set and δ > 0 is an arbitrary number

}
,

where

VK,δ =
{
δf ∈ Ef : ∆(δf ;K) ≤ δ

}
,∆(δf ;K) = sup

{∣∣∣ t′′∫
t′

δf(t, x, y) dt
∣∣∣

: t′, t′′ ∈ I, x, y ∈ K
}
.

Let Eφ be the space of piecewise-continuous functions φ(t) ∈ Rn, t ∈ I1 = [τ̂ , b], with
finitely many first kind discontinuities equipped with the norm ∥φ∥I1 = sup{φ(t) : t ∈ I1}.
Let Φ1 = {φ ∈ Eφ : clφ(I1) ⊂ O} denote the set of initial functions of the trajectory,
where φ(I1) = {φ(t) : t ∈ I1}; we denote by Φ2 the set of bounded measurable functions
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v : I1 → Rn and v(t) is called the initial function of the trajectory derivative. Let Rn×n be

the space of matrices A = (aij)
n
i,j=1, |A|2 =

n∑
i,j=1

|aij |2. Let Λ be the space of continuous

matrix functions A : I → Rn×n, ∥A∥ = sup{|A(t)| : t ∈ I}. We denote by µ the collection of
initial data µ = (t0, τ, x0, A, φ, v, f) ∈ M = [a, b)×D ×O × Λ×Φ1 ×Φ2 ×Ef we assign the
neutral differential equation which is linear and nonlinear with respect to the phase velocity
and distributed prehistory on the interval [τ(t), t], respectively:

ẋ(t) = A(t)ẋ(σ(t)) +

t∫
τ(t)

f(t, x(t), x(s)) ds (1)

with the initial condition

x(t) = φ(t), ẋ(t) = v(t), t ∈ [τ̂ , t0), x(t0) = x0. (2)

Here σ ∈ D is a fixed delay function in the phase velocity with σ(t) < t. The symbol ẋ(t) on
the interval [τ̂ , t0) is not connected with the derivative of the function φ(t).

Definition 1. Let µ = (t0, τ, x0, A, φ, v, f) ∈ M. A function x(t) = x(t;µ) ∈ O,
t ∈ [τ̂ , t1], t1 ∈ (t0, b], is called the solution of equation (1) with the initial condition (2) or
the solution corresponding to the element µ and defined on the interval [τ̂ , t1], if it satisfies
condition (2), is absolutely continuous on the interval [t0, t1] and satisfies equation (1) almost
everywhere on [t0, t1].

To formulate the main results, we introduce the following set:

W (K;α)=

{
δf ∈Ef : ∃Mf,K(t), Lf,K(t)∈L(I,R+),

∫
I

[
Mf,K(t) + Lf,K(t)

]
dt≤α

}
,

where K ⊂ O is a compact set and α > 0 is a fixed number not depended on δf . The set
W (K;α) is called the class of perturbations of the right-hand side of equation (1).

Furthermore,

B(t00; δ) =
{
t0 ∈ I : |t0 − t00| < δ

}
, B1(x00; δ) =

{
x0 ∈ O : |x0 − x00| < δ

}
,

V (τ0; δ) =
{
τ ∈ D : ∥τ − τ0∥I2 < δ

}
, V1(A0; δ) =

{
A ∈ Λ : ∥A−A0∥I < δ

}
,

V2(φ0; δ) =
{
φ ∈ Φ1 : ∥φ− φ0∥I1 < δ

}
, V3(v0; δ) =

{
v ∈ Φ2 : ∥v − v0∥I1 < δ

}
,

where t00 ∈ [a, b) and x00 ∈ O are fixed points, τ0 ∈ D, φ0 ∈ Φ1, v0 ∈ Φ2 are fixed points,
δ > 0 is a fixed number, I2 = [a, γ̂], ∥τ∥I = sup{|τ(t)| : t ∈ I}.

Theorem 1. Let x0(t) be the solution corresponding to the element µ0 = (t00, τ0,
x00, A0, φ0, v0, f0) ∈ M and defined on [τ̂ , t10], t10 < b. Let K1 ⊂ O be a compact set con-
taining a certain neighborhood of the set K0 = clφ0(I1) ∪ x0([t0, t1]). Then the following
conditions hold:

1) there exist numbers δi > 0, i = 0, 1, such that, to each element

µ = (t0, τ, x0, A, φ, v, f0 + δf) ∈ V (µ0;K1, δ0, α) = B(t00; δ0)× V (τ0; δ0)×B1(x00; δ0)



Well-Posedness of the Cauchy Problem for One Class ... 41

×V1(A0; δ0)× V2(φ0; δ0)× V3(v0; δ0)×
[
f0 + (W (K1;α) ∩ VK1,δ0)

]
,

corresponds solution x(t;µ) defined on the interval [τ̂ , t10 + δ1] ⊂ I1 and satisfying the condi-
tion x(t;µ) ∈ K1;

2) for an arbitrary ε > 0 there exists a number δ2 = δ2(ε) ∈ (0, δ0) such that the following
inequality holds for any µ ∈ V (µ0;K1, δ2, α):∣∣x(t;µ)− x(t;µ0)

∣∣ ≤ ε for all t ∈ [θ, t10 + δ1], θ = max{t00, t0};

3) for an arbitrary ε > 0 there exists a number δ3 = δ3(ε) ∈ (0, δ0) such that the following
inequality holds for any µ ∈ V (µ0;K1, δ3, α):

t10+δ1∫
τ̂

∣∣x(t;µ)− x(t;µ0)
∣∣ dt ≤ ε.

The solution x(t;µ0) is the continuation of the solution x0(t) and to the element µ =
(t0, τ, x0, A, φ, v, f0 + δf) ∈ V (µ0;K1, δ0, α) corresponds the perturbed differential equation

ẋ(t) = A(t)ẋ(σ(t)) +

t∫
τ(t)

[
f0(t, x(t), x(s)) + δf(t, x(t), x(s))

]
ds

with the perturbed initial condition (2).
Now we introduce the set of variations

I =

{
δµ = (δt0, δτ, δx0, δA, δφ, δv, δf) : |δt0| ≤ β, ∥δτ∥I2 ≤ β, |δx0| ≤ β,

∥δA∥I ≤ β, ∥δφ∥I1 ≤ β, δφ ∈ Φ1 − φ0, ∥δv∥I1 ≤ β,

δv ∈ Φ2 − v0, δf =
k∑

i=1

λiδfi, |λi| ≤ β, i = 1, . . . , k

}
,

where β > 0 is a fixed number and δfi ∈ Ef − f0, i = 1, . . . , k, are fixed functions.
Theorem 2. Let x0(t) be the solution corresponding to the element µ0 ∈ M and defined

on [τ̂ , t10], ti0 ∈ (a, b), i = 0, 1. LetK1 ⊂ O be a compact set containing a certain neighborhood
of the set K0. Then the following conditions hold:

4) there exist numbers ε1 > 0, δ1 > 0 such that for an arbitrary (ε, δµ) ∈ (0, ε1) × I
the element µ0 + εδµ ∈ M and there corresponds the solution x(t;µ0 + εδµ) defined on the
interval [τ̂ , t10 + δ1] ⊂ I1. Moreover, x(t;µ0 + εδµ) ∈ K1;

5) the following relations are fulfilled:

lim
ε→0

[
sup

{∣∣x(t;µ0 + εδµ)− x(t;µ0)
∣∣ : t ∈ [θ, t10 + δ1]

}]
= 0

and
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lim
ε→0

t10+δ1∫
τ̂

∣∣x(t;µ0 + εδµ)− x(t;µ0)
∣∣ dt = 0

uniformly for δµ ∈ I, where θ = max{t00, t00 + εδt0}.

Theorem 2 is a simple corollary of Theorem 1 .
Let U0 ⊂ Rr be an open set and let Ω be the set of measurable functions u(t) ∈ U0, t ∈ I,

satisfying the conditions: clu(I) is a compact set in Rr and clu(I) ⊂ U0.
To each element µ = (t0, τ, x0, A, φ, v, u) ∈ M1 = [a, b) ×D × O × Λ × Φ1 × Φ2 × Ω we

assign the controlled neutral differential equation with distributed prehistory

ẋ(t) = A(t)ẋ(σ(t)) +

t∫
τ(t)

f(t, x(t), x(s), u(t)) ds (3)

Here the function g(t, x, y, u) is defined on I×O2×U0 and satisfies the following conditions:
for each fixed (x, y, u) ∈ O2 × U0 the function g( · , x, y, u) : I → Rn is measurable; for each
compact sets K ⊂ O and U ⊂ U0 there exist functions MK,U (t), LK,U (t) ∈ L(I,R+) such
that for almost all t ∈ I

|g(t, x, y, u)| ≤ MK,U (t) ∀ (x, y, u) ∈ K2 × U,

∣∣g(t, x1, y1, u1)− g(t, x2, y2, u2)
∣∣ ≤ Lf,K(t)

[
|x1 − x2|+ |y1 − y2|+ |u1 − u2|

]
∀ (xi, yi) ∈ K2, i = 1, 2, ∀ (u1, u2) ∈ U2.

Definition 2. Let ρ = (t0, τ, x0, A, φ, v, u) ∈ M1. A function x(t) = x(t; ρ) ∈ O,
t ∈ [τ̂ , t1], t1 ∈ (t0, b], is a called the solution of equation (3) with the initial condition (2) or
the solution corresponding to the element ρ and defined on the interval [τ̂ , t1], if it satisfies
condition (2), is absolutely continuous on the interval [t0, t1] and satisfies equation (3) almost
everywhere on [t0, t1].

Theorem 3. Let x0(t) be the solution corresponding to the element ρ0 = (t00, τ0, x00,
A0, φ0, v0, u0) ∈ M1 and defined on [τ̂ , t10], t10 < b. Let K1 ⊂ O be a compact set containing
a certain neighborhood of the set K0 = clφ0(I1) ∪ x0([t0, t1]). Then the following conditions
hold:

6) there exist numbers δi > 0, i = 0, 1 such that, to each element

ρ = (t0, τ, x0, A, φ, v, u) ∈ V̂ (ρ0; δ0) = B(t00; δ0)× V (τ0; δ0)

×B1(x00; δ0)× V1(A0; δ0)× V2(φ0; δ0)× V3(v0; δ0)× V4(u0; δ0)

corresponds solution x(t; ρ) defined on the interval [τ̂ , t10+δ1] ⊂ I1 and satisfying the condition
x(t; ρ) ∈ K1; here V4(u0; δ0) = {u ∈ Ω : ∥u− u0∥I < δ0}.

7) for an arbitrary ε > 0 there exists a number δ2 = δ2(ε) ∈ (0, δ0) such that the following
inequality holds for any ρ ∈ V̂ (ρ0; δ2):
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∣∣x(t; ρ)− x(t; ρ0)
∣∣ ≤ ε ∀ t ∈ [θ, t10 + δ1], θ = max{t00, t0};

8) for an arbitrary ε > 0 there exists a number δ3 = δ3(ε) ∈ (0, δ0) such that the following
inequality holds for any ρ ∈ V̂ (ρ0; δ3):

t10+δ1∫
τ̂

∣∣x(t; ρ)− x(t; ρ0)
∣∣ dt ≤ ε.

We introduce the set of variations

I1 =
{
δρ = (δt0, δτ, δx0, δA, δφ, δv, δu) : |δt0| ≤ β, ∥δτ∥I2 ≤ β, |δx0| ≤ β,

∥δA∥I ≤ β, ∥δφ∥I1 ≤ β, δφ ∈ Φ1 − φ0,

∥δv∥I1 ≤ β, δv ∈ Φ2 − v0, ∥δu∥ ≤ β, δu ∈ V4 − u0

}
,

Theorem 4. Let x0(t) be the solution corresponding to ρ ∈ M1 and defined on [τ̂ , t10],
ti0 ∈ (a, b), i = 0, 1. Let K1 ⊂ O be a compact set containing a certain neighborhood of the
set K0. Then the following conditions hold:

9) there exist numbers ε1 > 0, δ1 > 0 such that for an arbitrary (ε, δρ) ∈ (0, ε1) × I1
the element ρ0 + εδρ ∈ M1 and there corresponds the solution x(t; ρ0 + εδρ) defined on the
interval [τ̂ , t10 + δ1] ⊂ I1. Moreover, x(t; ρ0 + εδρ) ∈ K1;

10) the following relations are fulfilled:

lim
[
sup

{∣∣x(t; ρ0 + εδρ)− x(t; ρ0)
∣∣ : t ∈ [θ, t10 + δ1]

}]
= 0

and

lim
ε→0

t10+δ1∫
τ̂

∣∣x(t; ρ0 + εδρ)− x(t; ρ0)
∣∣ dt = 0

uniformly for δρ ∈ I1, where θ = max{t00, t00 + εδt0}.
Theorem 4 is a simple corollary of Theorem (3).
Finally, we note that theorems analogous to Theorem 1 for various classes of neutral

equations are given in [1–5].
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