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WELL-POSEDNESS OF THE CAUCHY PROBLEM FOR ONE CLASS OF
NEUTRAL QUASI-LINEAR DIFFERENTIAL EQUATION WITH
DISTRIBUTED DELAY

Gorgodze N., Ramishvili I.

Abstract. Theorems on the continuous dependence of a solution on perturbations of the
initial data and the right-hand side are given for a neutral differential equation with dis-
tributed delay in the phase coordinates and whose right-hand side is linear with respect to
phase velocity. The perturbations of the initial data (initial moment, initial vector, initial
functions, initial matrix, distributed delay) are small in the standard norm, the perturbation
of the right-hand side of equation is small in the integral sense.
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Let I = [a,b] ba a finite interval and let R™ be the n-dimensional vector space of points
(z',...,2™) T, where T is the sign of transposition. Suppose that O C R™ is an open set and
let Ef be the set of functions f : I x O* — R" which satisfy the following conditions: for
each fixed (z,y) € O? the function f(-,x,y) : I — R™ is measurable; for each f € Ef and
compact set K C O there exist functions My g (t), Ly i (t) € L(I, Ry), where Ry = [0, +00)
such that for almost all ¢t €

|f(t, 2, y)| < Myk(t) ¥(z,y) € K2,

‘f(tuxlvyl) - f(tanQ,?/Q)‘ S Lf,K(t) |: |.’E1 - 132| + ‘yl - y?’] v(x’myl) S K2a 1= 172
We introduce the topology in Ef by the following basis of neighborhoods of zero:

{VK,(; : K C Ois a compact set and d > 0 is an arbitrary number},

where
tll
Vi = {8f € By AG:K) < 6}, 86f:K) =sup {| [ 55t.2.0) |
t/
el xy € K}
Let E, be the space of piecewise-continuous functions ¢(t) € R™, ¢t € I = [7,b], with

finitely many first kind discontinuities equipped with the norm ||¢l/;, = sup{e(t) : t € I;}.
Let &1 = {¢ € E, : clo(l1) C O} denote the set of initial functions of the trajectory,
where ¢(I1) = {p(t) : t € I1}; we denote by ®, the set of bounded measurable functions
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v:I; — R™ and v(t) is called the initial function of the trajectory derivative. Let R™*" be

n
|A|2 = 3" |aij|>. Let A be the space of continuous
ij=1
matrix functions A : I — R™ " ||A|| = sup{|A(t)| : ¢t € I}. We denote by u the collection of
initial data p = (to, 7,20, A, @, v, f) € M = [a,b) x D x O x A x 1 x $y x Ey we assign the
neutral differential equation which is linear and nonlinear with respect to the phase velocity
and distributed prehistory on the interval [7(t),t], respectively:

the space of matrices A = (a;;)7;_1,

t
i(t)ZA(t)i‘(U(t))Jr/f(t,fff(t),x(S))dS (1)
T(t)

with the initial condition

2(t) = ¢(t), (t) =v(t), te[T,to), x(to) = zo. (2)

Here o € D is a fixed delay function in the phase velocity with o(¢) < ¢t. The symbol &(t) on
the interval [T, tp) is not connected with the derivative of the function ¢(t).

Definition 1. Let u = (to, 7,20, 4,p,v,f) € M. A function z(t) = x(t;u) € O,
t € [7,t1], t1 € (to,b], is called the solution of equation (1) with the initial condition (2) or
the solution corresponding to the element p and defined on the interval [7, 1], if it satisfies
condition (2), is absolutely continuous on the interval [to, 1] and satisfies equation (1) almost
everywhere on [tg, t1].

To formulate the main results, we introduce the following set:

W(K;a):{éfGEf: HMny(t),Lf’K(t)GL(I,R+), /[MﬁK(t)-i-Lf’K(t)] dtSO&},

where K C O is a compact set and « > 0 is a fixed number not depended on df. The set
W(K;a) is called the class of perturbations of the right-hand side of equation (1).
Furthermore,

B(too;é) = {to cl: ’to —too’ < (5}, Bl($00;(5> = {1‘0 c0: |x0 — .%‘00‘ < 5},
V(10;0) = {7’ eD: |t =1l < (5}, Vi(Ap;9) = {A eN: ||JA—Ao|r < 5},

Va(po; 8) = {p € ®1: [l — wollr, <8}, Va(v;8) ={ve @z [[v—wolls, <6},

where tgp € [a,b) and xgo € O are fixed points, 70 € D, @9 € ®1, vg € P2 are fixed points,
d > 0 is a fixed number, Iy = [a,7], ||T]|;r = sup{|7(¢)| : t € [}.

Theorem 1. Let xo(t) be the solution corresponding to the element po = (too, 70,
x00, Ao, 0, v0, fo) € M and defined on [T,t1p],t10 < b. Let K1 C O be a compact set con-
taining a certain neighborhood of the set Ko = clpo(I1) U zo([to,t1]). Then the following
conditions hold:

1) there exist numbers §; > 0, i = 0,1, such that, to each element

n = (tO’Tv 'IOvAagoavva + 5f) € V(MO;KL(SO?OZ) = B(t00760) X V(TO;(SO) X Bl(l‘[)o;(s(])
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xV1(Ao; 8o) x Va(po; 8o) x Va(vo; do) x [fo+ (W (K1;a) N Vi, s)],

corresponds solution x(t; 1) defined on the interval [T,t10 4+ 01] C I1 and satisfying the condi-
tion x(t;pu) € Ki;

2) for an arbitrary e > 0 there exists a number do = d2(e) € (0,00) such that the following
inequality holds for any p € V(up; K1, 02, a):

|z (t; 1) — x(t; po)| < e for all ¢ € [0, 110+ 61], 6 = max{too,to};

3) for an arbitrary e > 0 there exists a number d3 = d3(¢) € (0,d0) such that the following

inequality holds for any p € V(up; K1, 03, «):
t10+01
|z (t; 1) — (t; po)| dt < e.
4

The solution z(t; ug) is the continuation of the solution xo(t) and to the element p =
(to, 7,0, A, 0,0, fo + 6 f) € V(uo; K1, do, ) corresponds the perturbed differential equation

i(t) = A D+ [ Ut alt)a(9) + 35t (0), o(5)] ds
(t)

T

with the perturbed initial condition (2).
Now we introduce the set of variations

= {5M = (6t0’577 dzo,04,dp, 51),5f) : |6t0| < B, ||6T||12 < B, |5x0| < B,

||5AHI < ﬁv H(SSOHH < ﬁv 590 € (I)l — ¥o, H(SUHIl < /Ba

k
dv € ®g — vo, 5f:Z/\i5fia |\ < 8, izl,-'-,k},

i=1

where 3 > 0 is a fixed number and 0 f; € Ef — fo, i = 1,..., k, are fixed functions.

Theorem 2. Let xo(t) be the solution corresponding to the element g € M and defined
on [T, t10], tio € (a,b),i=0,1. Let K1 C O be a compact set containing a certain neighborhood
of the set Ky. Then the following conditions hold:

4) there exist numbers €1 > 0, 61 > 0 such that for an arbitrary (e,0u) € (0,e1) x J
the element po + eop € M and there corresponds the solution x(t; puo + €du) defined on the
interval [T,t10 + 01] C I1. Moreover, x(t; po +edu) € Ki;

5) the following relations are fulfilled:

ii_r}r(l] [sup {|x(t; o + e0p) — :E(t;uo)} s te[f,tio+ 51]}] =0

and
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t10+01
lim / |z (t; po + €6p) — x(t; po) | dt = 0

e—0
?

uniformly for dp € I, where 6 = max{tqo, too + dto}.

Theorem 2 is a simple corollary of Theorem 1 .

Let Uy C R” be an open set and let §2 be the set of measurable functions u(t) € Uy, t € I,
satisfying the conditions: clu(I) is a compact set in R" and clu(I) C Up.

To each element pu = (to, 7, z0, A, p,v,u) € My = [a,b) X D x O x A x &1 x Py x Q we
assign the controlled neutral differential equation with distributed prehistory

t
(6) = AWilo) + [ f(t.a(t),a().u(t) ds 3)

7(t)
Here the function g(t, x,y,u) is defined on I x 0% xUj and satisfies the following conditions:
for each fixed (z,y,u) € O? x Uy the function g( -, x,y,u) : I — R™ is measurable; for each

compact sets K C O and U C Uy there exist functions Mg ¢7(t), Lk, (t) € L(I,R;) such
that for almost all ¢t € 1

|g(ta$ay7u)‘ < MK,U(t) \V/(.’E,yﬂl) € K2 X Ua

lg(t,z1,y1,u1) — g(t, 2, y2,u2)| < Ly () [ |21 — x| + |y1 — yo| + [ur — ua]]

V(xi, ) € K2, i =1,2, ¥ (u,up) € U

Definition 2. Let p = (to, 7,70, A4, p,v,u) € My. A function z(t) = z(t;p) € O,
t € [7,t1], t1 € (to,b], is a called the solution of equation (3) with the initial condition (2) or
the solution corresponding to the element p and defined on the interval [7,t;], if it satisfies
condition (2), is absolutely continuous on the interval [to, t1] and satisfies equation (3) almost
everywhere on [tg, t1].

Theorem 3. Let x¢(t) be the solution corresponding to the element py = (too, To, o0,
A, 0, v0,up) € My and defined on [T,t10], t10 < b. Let K1 C O be a compact set containing
a certain neighborhood of the set Ko = clyg(I1) U xo([to, t1]). Then the following conditions
hold:

6) there exist numbers §; > 0, i = 0,1 such that, to each element

p = (to, 7, 0, A, 0, v,u) € V(po; 80) = Bltoo; do) x V (70; 8o)
X By (xo0; 00) x Vi(Ao;do) x Va(po;do) x Va(vo;do) x Va(uo; o)

corresponds solution x(t; p) defined on the interval [T,t10+01] C I1 and satisfying the condition
x(t; p) € Ki; here Vi(up;dp) = {u € Q: ||lu—up|lr < do}-

7) for an arbitrary € > 0 there exists a number 62 = d2(e) € (0,dp) such that the following
inequality holds for any p € ‘7(/)0; d2):
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|z(t; p) — x(t; po)| <& Vit € [0, t10+ 61], 6 =max{too,t0};

8) for an arbitrary € > 0 there exists a number d3 = d3(¢) € (0,d) such that the following
inequality holds for any p € V(po; d3):

t10+01
|z (t; p) — x(t; po)| dt < e.

7

We introduce the set of variations

J1 = {5p = (Oto, 07,020, 0A, S, dv,0u) = |dto| < B, ||67]l1, < B, |dxo| < 5,
10Al7 < B, |6l < B, dp e @1 — o,

lov|r, < B, dve Py—uy, [[ou]| <P, dueVy— uo},

Theorem 4. Let zo(t) be the solution corresponding to p € My and defined on [T, t10],
tio € (a,b), 1 =0,1. Let K1 C O be a compact set containing a certain neighborhood of the
set Kg. Then the following conditions hold:

9) there exist numbers €1 > 0, 01 > 0 such that for an arbitrary (¢,dp) € (0,e1) x Ty
the element py + €dp € My and there corresponds the solution x(t; po + £dp) defined on the
interval [T,t10 + 01] C I1. Moreover, x(t; pg + €dp) € Ki;

10) the following relations are fulfilled:

lim [sup{‘:r(t; po +£6p) — x(t; po)| : t € [0, 110 + 51]}] =0

and
t104+01

lim / |(t; po + dp) — (t; po) | dt = 0
e—0

7

uniformly for ép € 31, where 0 = max{too, too + £dto}.

Theorem 4 is a simple corollary of Theorem (3).

Finally, we note that theorems analogous to Theorem 1 for various classes of neutral
equations are given in [1-5].
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