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Abstract. In this paper the 2D linear theory of steady vibrations of thermoelastic materials
with voids is considered. The representation of common decision of the system of equations
in the considered theory is obtained. The fundamental and some other matrices of singular
solutions are constructed in terms of elementary (meta-harmonic) functions. Some basic
properties of single-layer and double-layer potentials are also established.
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1. Introduction

In this paper the 2D linear theory of steady vibrations for thermoelastic materials with
voids is considered. The linear theory of thermoelastic porous materials with voids is the
generalization of the classical theory of elasticity. This theory is used for investigated various
types of geological and biological materials for which classical theory of elasticity is not
adequate. Porous materials with voids have applications in many fields of engineering, such
as the petroleum industry, material science and biology. This theory enables us to analyze
the behaviour of elastic porous materials which can be found in engineering, such as rock and
soil, bone, the manufactured porous materials. The voids are assumed to contain nothing of
mechanical or energetic significance.

The non-linear version of elastic materials with voids was proposed by Nunziato and
Cowin [1] and the linear version was developed by Cowin and Nunziato [2] to study math-
ematically the mechanical behaviour of porous solids. Another version of the linear theory,
called the dilatation theory of elasticity, was independently proposed by Markov [3]. Iesan
in [4] established a variational theory for thermoelastic materials with voids. In [5,6] Ciar-
letta and Scalia studied a linear thermoelastic theory of materials with voids, and established
uniqueness and reciprocal theorems. In [7] Iesan and Quintanilla have developed the theory of
Nunziato and Cowin for thermoelastic deformable materials with double porosity structure.

Many problem are investigated by several researchers in the elastic materials with the
microstructure . Some of these results are presented in [8-17] and in references therein.

In this paper the 2D linear theory of steady vibrations of thermoelastic materials with
voids is considered. The representation of common decision of the system of equations in the
considered theory is obtained. The fundamental and some other matrixes of singular solutions
are constructed in terms of elementary (meta-harmonic) functions. Some basic properties of
single-layer and double-layer potentials are also established

2. Basic equations

Let x = (21, 72) be a point of the Euclidean 2D dimensional space E2. 9x := (%, 8%2) .
Let D be a bounded 2D domain (surrounded by the curve S.) Let us assume that the isotropic
material with voids occupies the domain D.
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The basic system of equations of motion in the linear theory thermoelasticity with voids,
for isotropic materials can be written as [4]

p 2.4/
pAu’ + (X + p)graddivu’ + bgrady’ — Bgradd’ + of = Qaatl;,
2 ./
alAy' —bdiva’ — o +mb’ + ol = Qﬁaatﬁ ; 1)
0 oo’ oy’
KAY — BTy diva — aTy - — mToa—“; — —os,

where u’ := (u], u’2)T is the displacement vector in a solid, ¢ is the change of volume fraction,
0 is the temperature, A, u, 8, o, & m, a, k are constitutive coeflicients, o is the density,
is the body force vector, [ is the extrinsic equilibrated body force and k is the equilibrated
inertia, s is the extrinsic heat supply, Tp = const > 0 is the absolute temperature in the
reference state, A is the 2D Laplace operator. The superscript (.)T denotes transposition
operation.

As in the classical theory of thermoelasticity, we assume that u’, ', 0, f’ to have a har-
monic time variation, that is

u’ = Relu(z,w)exp(—iwt)] ¢ = Re[p(x,w)exp(—iwt)],
" = Relp(z,w)exp(—iwt)], € = Relf(x,w)exp(—iwt)]

then from (1) we obtain the following system of equations of steady vibrations in the linear
theory of thermoelasticity for isotropic materials with voids

pAu + (X + p)graddivu + bgradyp — Bgradf + of = —ow?u,
alAp — bdivu — Ep +mb + ol = —orw?p, (2)
kA0 4 iwpBTodiva 4 iwalph + iwmTyp = —os

where Re[f] denotes the real part of f and w is a oscillation frequency.
Let us consider the basic homogeneous system of equations of steady vibrations in the
linear theory of thermoelasticity for isotropic materials with voids

(A + ow?)u + (A + p)graddivu + bgradyp — Bgradf = 0,
(@A + by)p — bdiva + mb = 0, (3)
(k‘A + b1)9 + badivu + bg(p =0.

where

by = HQWQ —¢, by =alpiw, by = Flhiw, by =mIpiw

We introduce the matrix differential operator

A(aX7w) :H Al](ax) H4><47 l?] = 17273747
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where ,
Ay =01 (A 2 A l,j=1,2
lj l](lu’ +p0.))+( +M)8{Elal'j’ ) ) 4
0 0
Ajig:=b—, Ay=-p—, j=1,2
33 833‘3'7 74 ﬁal‘j’ J )
0 .
Agj =—b— j=1,2, As3:=alA+by,
8.Z'j
0
Asyq :=m, A4j = by , As3=bg, Asy=kA+b,
8xj

da~ is the Kronecker symbol.
It easily seen that system (3) can be rewritten in the following form

A8y, w)U =0, (4)

where U = (u, ¢, 6) is fourth component vector-function.
We also consider the equation

A0, w)U = AT (—0y,w)U = 0. (5)

where AT (dy,w) is the transpose of matrix A (dy,w).
Definition. A vector-function U = (u, ,0)" defined in the domain D is called regular
if
UeCc*D)ncl(D)
and the vector U additionally should satisfy the following conditions at the infinity:

ou

S

O™, |xP=zi+a3>>1, =12

3. The basic fundamental matrix

In this section we will construct the fundamental solution of the system (4) explicitly,
which consists of four metaharmonic functions. For this we introduce the matrix differential
operator B(0x,w) consisting of cofactors of elements of the matrix AT divided on kppoa:

1 .
B(a)hw) = m H BU(&Q?) H5><57 lvj = 17273747

where
82

Buy = Skl A+ DA+ (B4 X)) ~ Ay

Agg = (A +b1)[(A + p) (@A + bg) + b7

—m[bg(A + p) — bba] + B[bbs + ba(aA + by)],
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2
Bjs = —pu(A + A3 [b(kA + b1) + ﬁbg]%, j=1,2,
J

2 .
Bjs = (A + A7) [B(aA + bo) +mb]%, j=1,2,
j

o
Bsj = pu(A + A3)[b(kA + by) + me}%, j=1,2,
J

Baz = (A + A9)[(BA + b1) (oA + pw?) + baSA],

By = —p(A + X [(mpo — b3)A + mpw?),

0 .
Byj = —pu(A + AJ)[b2(aA + bg)2 + bbs]%, j=12,
J

Bis = —u(A + X)lbs(sos + pu) — bhaAl

By = M(A + Ai)[(aA + bo)(/LoA + pw2) + bQA]

Substituting U = BW into (4) we obtain

pokap(A + A1) (A + A3) (A + A3)(A + A)¥ =0,

2
where A2 = il and A?, 7 =1,2,3 are roots of the equation

kapo€ — a1€ + asé — ow? (bob1 — mbs) = 0,
ay = po(aby + kbg) + akow? + a by + kb?,

as = /,Lo(bobl — mbg) + (Oébl + k‘bo)gw2 + b1b2 + mbby + ﬁ(bbg + bobg).

We assume that the values )\? are distinct and different from zero.
The solution of the equation (6) can be represented as

4
T =-) diy;,
j=1

where
(A+22) o, =0,
™ 1
om = 5 Hy (nr),
1 1

dy = , da = ,
(AT = 29)(AF = A (A —AY) (A3 = AN = A (A5 — )

1 1

ds = dys =
TN - AT T (B - - A
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Hé )()\mr) is Hankel’s function of the first kind with the index 0

HSY () =

2 Oy Iy + 2 (1 An o ) o)
™ T 2 2

— 4+ ... +1 =1,.,4
]C*]._{— +>7 m vty

> dy)‘4 =Y
j=1 J=1
4 6 4 1
; 3 dj B ml_:[1 )‘JQ Agn
Jj#Em

Substituting (7) into U = BW, we obtain the matrix of fundamental solutions I'(x-y) for the
equation (4)

[(x-y,w) =| Trj(x-y) [laxa

(8)
where
Otm, 9?2
Tim = —" 01+

0x10, W uoak Zd

~Amjpi|, I,m=1,2,
bob1 — mb
mj = aby + kby — ka2 — L{A)m{
Aj

Tjy= > di(Af — A3)[—bkA? + Bbs + bbl]a% i=1,2

focek et J J J oz, ' 2,

- D

Lia = ——— % dj(Af = A)[=Aaf + mb + fbo]

pock =

7

0p;
ri:—7§ (] — A2)[—bkA? by + bb J
3 MOakal J( 4 ])[ j+m2+ 1]8377;7

di(AF = M) {Njuok — A3 [kpw® + bipo + bS] + brpw?}
Jj=1

= AD)[mew?® — (mpuo — bB)A3]e;,
j=1
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4

1 0p;
Fi:—E:d-)\Q—)\Z —\2aby + bbs + byby] =2
! Moakal s ])[ jove T 20]351%”
1 4
_ 2 2 2 2
F43 - m jgl dj()\4 — )\j)[b?)Qw - (b3,u0 - be))‘]]sajv
1 4
N 2 2 4 2 2 2 2y,
Pas=— 0 ;_1; d;(AF = A){ N oo — Aj[apw® + bopio + b%] + bopw? ;.

Clearly
L) A 2 >
%HU (M)=Injx—y|— Z|X —y[“In|x —y| + const + O(|x — y|*).

It is evident that all elements of I'(x-y,w) are single-valued functions on the whole plane and
they have a logarithmic singularity at most.

By applying the methods, as in the classical theory of elasticity, we can directly prove
the following: (for details see in [18])

Theorem 1. The element of the matriz T'(x-y,w) has a logarithmic singularity as x —
y and each column of the matriz T'(x-y,w), considered as a vector, is a solution of the system
(4) at every point x if x #y.

Let us we consider the matrix I'(x) := I'T (—x). The following basic properties of I'(x)
may be easily verified:

Theorem 2. Fach column of the matriz f‘(x-y,w), considered as a vector, satisfies the
associated system Av(ax)f‘(x—y,w) = 0, at every point x if X # y and the elements of the
matriz f‘(x-y,w) have a logarithmic singularity as x —'y.

4. Singular matrix of solutions

Let P(0x,n) be the stress operator in the linear theory of thermoelasticity for materials
with voids and P(9x,n)U is the stress vector which acts on an element of the arc with the
normal n = (ng, ng)

P(0x,n)U = T(0x,n)u + n(bp — 56), 9)

where T'(0x,n) is the stress operator in the classical theory of elasticity

0 0 0 0
“%+(A+“)"1a?l ()‘+“)”1672+“%
T(@x,n): )
0 0 0 0
A+ u)nzafxl THos Moo + (A + ,u)maTC2
s _,2. ., o°__ 0 .0
On Yox, 20wy 05 ox, Yoxy
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Let us introduce the following matrix differential operators of dimension 4x4

T11(0x,m) Ti2(0x,n)

T51(0x,n)  Te(0x,n)
R(0x,n) =

0 0

0 0
T11(0x,n) Ti2(0x,n)
T51(0x,n)  Tha(dx,n)

R(8x,n) =

0 0
0 0

bny  — fBny
bny  — Bno
0 )
0
k—
0 On
bm — bg’nl
b’nQ — bg’ng
0
0
k—
0 on

Applying the operator R(0x,n) to the matrix I'(x-y,w), we obtain

R(0x, n)I'(x —y,w) = [ Rpgllaxa,
where the elements R, are the following
Oy 0 0 0¥
= o 2
Fn on * [ puoni + M@s 8562:| oxy’
Uy =24 Zd (A2 = A2)mjp;
by ,uooak I
Dy a9 0] 0¥y
Rog = — — 2
2= 5, [p” ma Ay, axl} s’
Oy 0 0] 0¥
Ry = — 2
2=, +{ pnn 2 8562} Dy’
N 9 0] 0¥
Roy = — 274 2
21 ds [pw me 2y, &xl} Oy’
al's; oLy, 0l's3 034
Ryj=a=3 Ry=kSY Ry=aZ3 Ry=
3j a@n’ 4j on 33 O‘an’ 34 O‘an
Ol'y3 Ol'4q
Rys=k Ry =k
43 oy 0 Tt o
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4
_ M 2 9 9 E: 2 2
s Ho k[ mALE 888362] j=1 dj(Ag = A7)[=bkAS + Bbs + bbi];,
0 07w
2 2 2
Rgg_oak[ maXi 420 axl};l;dm X2)[=bkA2 + Bbs + bbley,
0 0]
2 2 2 2
e = ok {”“4 - Qaa] jZ_l LT ANy b Pl

H 2 2
= — A +2— E d; )\ )\ A4 b b
Fa ook [n2 it 0s 3331} 4 [=aBA; + mb+ Bholes

Similarly, applying the operator R(@x,n) to the matrix I‘(X—y,w) =TIy —x,w), we
obtain
R(0x, n)T(x-y,w) = || Bpgllax,

where
P o ar3 ~ 8F4
qu = Rplp p,q= 1727 R3j = — 81’JL y R4j = —k 8'; ,
R 8F33 ) or 43 53 aF44 ~ 8F34
- o = =k—— = k==
Ry =« on R3y =« an Ryy = on Rys = o
wo [ 9 01
Riz = A2 422 TN G (02— A2)[—kbA2 + bb byl
13 ook _m 1+ Bs 0z | ]Z::l (AL = A7) [=kbAS + bb1 + mba]p;,
wo [ 0 8]«
Ros = A -2 dj( [~ kb2 + bb b
Ros ook _n2 1 858:E1 ]Zl j + bb1 4+ mba|e;,
wo [ o 01
Ry = Af -2 dj( boAZ + bbg + bob
i pocck _nl 0s 8562 ; J —abyAj + bbs + boba]p;,
wo [ 9 01
oy = N+ 20-2—1 ) dj(\] = AF)[-abaA] + bbs + bob
fas Hock _n2 1t 0s 0x1 | ; i(A1 J)[ Qb2 + 003 + 0o 2]p;

Let [R(0y,n)T(y-x,w)]", be the matrix which we get from [R(0x, n)T'(x-y,w)] by transpo-

"
sition of the columns and rows and the variables x and y (analogously | R(dy,n)T(y-x, w)] )
Let us introduce the following single-layer and double-layer potentials :

the vector-functions defined by the equalities

V(x;g) = i/F(X —y,w)g(y)dyS,
S
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Vice) =1 [Ty - xwlg)ds

S
will be called single- layer potentials, while the vector-functions defined by the equalities

W(xh) = / [R(3y. m)T(y — x,w)]” h(y)dy5,

™
S

W/(x; h) = 1/ [ﬁ(@z,n)I‘T(y - X,w) Th(y)dyS
" S

will be called double layer potentials. Here g and h are the continuous (or Holder continuous)
vectors and S is a closed Lyapunov curve.

By applying the methods, as in the classical theory of elasticity, we can state the follow-
ing:(for details see in [18]).

Theorem 3. The vectors V(x;g) and W(x;h) are the solutions of the system
A(8,)U = 0 at any point x and x # y. The vectors V(x;g) and ﬁ;(x; h) are the so-
lutions of the system A(0x)U = Oat any point x and x #'y. The elements of the matrices

~ T
[R(Oy,n)I'(y — xw)]" and [R(ﬁy,n)]_ﬂ—(x —y)w| contain a singular part, which is inte-
grable in the sense of the Cauchy principal value.
Remark. By using the above-mentioned method, it is possible to construct explicitly

the fundamental and singular matrices of solutions of the systems of equations in the modern
linear theories of elasticity, thermoelasticity and poroelasticity.

5. A representation of general solutions

Theorem 4. If U := (u,p,0) is a reqular solution of the homogeneous system (3) then
u, divu, @ and 0 satisfy the conditions

(A+ MDA+ M)A+ M)A+ 2)u=0,
(10)
(A + )\%)(A + A%)(A + A%)\IJ =0,

where ¥ = (divu, ¢, 0).
Proof. Let U = (u,¢,0) be a regular solution of the equation (3). Upon taking the
divergence operation, from (3) we get

(oA + ow?)divu + bAp — BAH = 0,
(A +bo)p — bdivu + mb = 0, (11)

(kA + bl)(g + badivu + b3 = 0.
Rewrite the latter system as follows

oA + ow? bA  — BA
D(A)® = | —b aA + by m v =0,
by bg EA + b1

By the direct evaluation, we get

detD = k(A + A2)(A + A2)(A + A2).
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Clearly, from the system (11) it follows that
(A + 2D (A + 22)(A + M)diva = 0,
(A +A2)(A +A2) (A + A2)p =0, (12)
(A+ 2D (A +23)(A+23)0 =0,

Further, applying the operator (A + A?)(A + A3)(A +)3) to equation (3)1, and using the last
relations we obtain

(A + X)) (A4 22)(A+ X)) (A +X)u=0, (13)
where )
A2 = [l
o

The last formulas prove the theorem.
Theorem 5. The regular solution U = (u, ¢,0) of the system (3) admits in the domain
of reqularity a representation

12
U: (u+u79070)7 (14)
1 2
where U, and U are the reqular vectors, satisfying the conditions

(A+22)(A+X2)(A+A)u=0, rota=0,
(A+X\)a=0, divi=0
and the functions divu, ¢, 6 can be replaced by the functions ¥;, j=1,2,3

3 3 3
divu = ZAjﬁja © = ZBjﬂja 0= Zﬂjv (15)
=1 j=1 j=1

_ (k)\? — bl)(bo — Oé)\?) + mb3
J bg(bo — Ck)\?) + bbg ’

b(k‘)\? — bl) — mbg
I bg(bo — Oé)\?) + bbg’

respectively, where U; is the solution of the scalar equation

(A + X3, =0.

Proof. It is easily checked that the expressions (15) satisfy the Eqs: (3)2 and (3)s.
Let U = (u, p, ) be a regular solution of system (3). Using the identity

Aw = graddivw — rotrotw, (16)
from Eq. (3) we obtain

1
u= —H—Ozgraddivu — jgrad(bﬁp - 30) + LZI"Otl“Otu;
pw pw pw
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Let
1
o= —%graddivu — Wgrad(bgo — ), (17)
4= #rotrotu. (18)
Clearly
u=u+a, rotu=0, divii=0. (19)

2 2
Using the identity Au = —rotrotu, from (18) we obtain

(A + 22t =0. (20)

Keeping in mind (15) from (17) we obtain

1 S A
u= —gradz )\—gﬁj.
j=1 "1

Thus we have the following representation of the general solution of system (3)

3 A 3 3
u:—gradz)\—gﬁj—l-lzl, @:ZBjé’j, 0221%,
J=1 74 =1 j=1
J J (21)
(k)\jQ — bl)(bo — Oé)\?) + mb3 b(k‘)\? — bl) — mbz

77 ba(bo—aN) +bbs 7 ba(bo — ar?) + bbs”

6. Conclusions

In this paper the 2D linear theory of steady vibrations of thermoelasticity for materials
with voids is considered and the following results are obtained:

1. The fundamental and singular matrices of solutions of the system of equations of steady
vibrations in the 2D linear theory of thermoelasticity for isotropic materials with voids are
constructed explicitly in terms of elementary (meta-harmonic) functions.

2. Some basic properties for single and double layer potentials are established.

3. The general solution of the system of steady vibrations in the linear theory of ther-
moelasticity for isotropic materials with voids is constructed by means four arbitrary meta-
harmonic functions.
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