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OSCILLATION OF SOLUTIONS OF SECOND ORDER ALMOST LINEAR
DIFFERENCE EQUATIONS

Koplatadze R., Khachidze N.

Abstract. We study oscillatory properties of solutions of a difference equation of the form

∆(2)u(k) + F (u)(k) = 0,

where ∆u(k) = u(k + 1) − u(k), ∆(2) = ∆ ◦ ∆, F : `(N) → `(N) (`(N) denote the set
of functions u : N → R). In the paper, sufficient conditions are established for all proper
solutions of the above equation to be oscillatory.
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1. Introduction

For any k ∈ N denote Nk = {k, k+1, . . . }. Let τ : N → N , lim
k→+∞

τ(k) = +∞. Denote by

V (τ) the set of operators F : `(N) → `(N) (By `(N) denote the set of functions u : N → R)
satisfying the condition: F (x)(k) = F (y)(k) holds for any k ∈ N and x, y ∈ `(N) provided
that x(s) = y(s) for s ∈ Nτ(k).

This work is dedicated to the study of oscillatory properties of solutions of a difference
equation of the form

∆(2)u(k) + F (u)(k) = 0. (1.1)

For any k0 ∈ N we denote by Hk0,τ the set of all functions u ∈ `(N) - satisfying u(k) > 0
or u(k) < 0 for k ≥ k∗, where k∗ = min{τ∗(k0), k0}, τ∗(k) = inf{τ(s) : s ∈ Nk}.

It will always be assumed that the condition

F (u)(k) u(k) ≥ 0 for k ∈ Nk0 , u ∈ Hk0,τ (1.2)

is fulfilled.
Let k0 ∈ N . A function u : Nk0 → R is said to be a proper solution of equation (1.1) if

sup
{
|u(s)| : s ∈ Nk

}
> 0 for k ∈ Nk0

and there exist a function u∗ ∈ `(N) such that u∗(k) = u(k) for k ∈ Nk0 and the equality

∆(2)u∗(k) + F (u∗)(k) = 0

holds for k ∈ Nk0 .
Definition 1.1 A proper solution u : Nk0 → R of equation (1.1) is said to be oscillatory

if for any k ∈ Nk0 , there are n1, n2 ∈ Nk such that u(n1) u(n2) ≤ 0. Otherwise, the proper
solution is called nonoscillatory.
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The present paper is devoted to the problem of oscillation of (1.1). As to second order
linear and nonlinear difference equations, they are studied well enough in [1–7].

2. A necessary conditions for the existence of a positive solution

The result obtained in this section is very important for establishing sufficient conditions
of oscillation of all proper solutions of equation (1.1). Below the following notation will be
used.

Let k0 ∈ N . Denote by Uk0 the set of all proper solutions of (1.1) satisfying the condition
u(k) > 0 for k ∈ Nk0 . Everywhere we assumed that the inequality

∣∣F (u)(k)
∣∣ ≥ m∑

j=1

τi(k)∑
s=σi(k)

|u(s)|µi(s)∆sri(s, k) for k ∈ Nk0 , u ∈ Hk0τ (2.1)

holds, where

σi; τi : N → N, µi : N → (0,+∞), σi(k) ≤ k, σi(k) ≤ τi(k), lim
k→+∞

σi(k) = +∞,

ri : N2 → R, ri(·, k) are nondecreasing functions (i = 1, . . . ,m).
Theorem 2.1 Let F ∈ V (τ), conditions (1.2), (2.1) be fulfilled,

+∞∑
k=1

( m∑
j=1

τi(k)∑
s=σj(k)

sµi(s)∆sri(s, k)
)

= +∞, (2.2)

+∞∑
k=1

(
k

m∑
j=1

τi(k)∑
s=σj(k)

∆sri(s, k)
)

= +∞ (2.3)

and
lim inf
k→+∞

µj(k) > 0 (j = 1, . . . ,m). (2.4)

Moreover, let Uk0 6= ∅ for some k0 ∈ N . Then there exist λ0 ∈ [0, 1] such that

lim sup
ε→0+

(
lim inf
k→+∞

k1−λ0+h2ε(λ0)
+∞∑
i=k

i−hε(λ0)

i(1 + i)

i∑
`=1

`

( m∑
j=1

τ̃j(`)∑
s=σj(`)

× s(λ0−h2ε(λ0))µj(s)+hε(λ0)µ(s)∆srj(s, `)
))

≤ 1,

where

µ(k) = min
{
1, µ1(k), . . . , µm(k)

)
, hε(λ) = h1ε(λ) + h2ε(λ),

h1ε =

{
0 for λ = 0,

ε for λ ∈ (0, 1],
h2ε =

{
0 for λ = 1,

ε for λ ∈ [0, 1),
(2.5)

τ̃j(k) = min
{
k, τj(k)

}
(j = 1, . . . ,m).
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Theorem 2.2 Let F ∈ V (τ), conditions (1.2), (2.1)–(2.4), be fulfilled and Uk0 6= ∅ for
some k0 ∈ N . Then there exist λ0 ∈ [0, 1] such that

lim sup
ε→0+

(
lim inf
k→+∞

k
(1− 1

µ(k)
)−λ0−h2ε(λ0)

k−1∑
i=k

(
σ(i)

)hε(λ0)
+∞∑
`=1

( m∑
j=1

×
τj(`)∑

s=σj(k)

s(λ0−h1ε(λ0))µj(s)∆srj(s, `)
))

≤ 1,

where functions µ, h1ε, h2ε, hε are given by (2.5) and σ is a nondecreasing function satisfying
the condition

lim
k→+∞

σ(k) = +∞, σ(k) ≤ min
{
k, σi(k) : i = 1, . . . ,m

}
, σ(Nk) ⊃

m
U

j=1
σj(Nk)

for any k ∈ N .

3. Sufficient conditions for oscillation

Theorem 3.1 Let F ∈ V (τ), conditions (1.2), (2.1)–(2.4), be fulfilled and for any λ ∈
[0, 1]

lim sup
ε→0+

(
lim inf
k→+∞

k1−λ+h2ε(λ)
+∞∑
i=k

i−hε(λ)

i(1 + i)

i∑
`=1

`

( m∑
j=1

τ̃j(`)∑
s=σj(`)

s(λ−h1ε(λ))µj(s)

× shε(λ)µ(s)∆srj(s, `)
))

> 1,

Then any proper solution of equation (1.1) is oscillatory, where functions µ, h1ε, h2ε, hε and
τ̃j are given by (2.5).

Theorem 3.2 Let F ∈ V (τ), conditions (1.2), (2.1)–(2.4) be fulfilled and for any λ ∈ [0, 1]

lim sup
ε→0+

(
lim inf
k→+∞

k
(1− 1

µ(k)
)λε(λ)−λ0−h2ε(λ)

k−1∑
i=1

(
σ(i)

)hε(λ)
+∞∑
`=1

( m∑
j=1

×
τ̃j(`)∑

s=σj(`)

s(λ−h1ε(λ))µj(s)∆srj(s, `)
))

> 1.

Then any proper solution of equation (1.1) is oscillatory, where functions h1ε, h2ε, hε and r̃j

are given by (2.5).
Corollary 3.1 Let F ∈ V (τ), conditions (1.2), (2.1)–(2.4) be fulfilled and for any λ ∈ [0, 1]

there exist δ > 1, such that

lim inf
ε→0+

(
lim inf
k→+∞

k−λ−h1ε(λ)
k∑

i=1

i

( m∑
j=1

τ̃j(i)∑
s=σj(i)

s(λ−h2ε(λ))µj(s)+hε(λ)µ(s)

×∆srj(s, i)
))

> (1− λ)δ.
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Then any proper solution of equation (1.1) is oscillatory, where functions h1ε, h2ε, hε and τ̃j

are given by (2.5).
Corollary 3.2 Let F ∈ V (τ), conditions (1.2), (2.1)–(2.4) be fulfilled and for any λ ∈ [0, 1]

there exist δ > 1, such that

lim inf
ε→0+

(
lim inf
k→+∞

k−1
k∑

i=1

i2−λ−h2ε(λ)

( m∑
j=1

τ̃j(i)∑
s=σj(i)

s(λ+h2ε(λ))µj(s)+hε(λ)µ(s)

×∆srj(s, i)
))

> λ(1− λ)δ.

Then any proper solution of equation (1.1) is oscillatory, where functions h1ε, h2ε, hε, µ and
τ̃j(i) are given by (2.5).

Corollary 3.3 Let F ∈ V (τ), conditions (1.2), (2.1)–(2.4) be fulfilled and there exist
αi ∈ (0,+∞) (i = 1, . . . ,m) such that

lim inf
k→+∞

σi(k)
kαi

> 0 (i = 1, . . . ,m). (3.1)

Moreover, if for any λ ∈ [0, 1]

lim sup
ε→0+

(
lim inf
k→+∞

k
(1− 1

µ(k)
)hε(λ)−λ−h2ε(λ)

k−1∑
i=1

iαhε(λ)

×
+∞∑
`=1

( m∑
j=1

τj(`)∑
s=σj(i)

s(λ−h1ε(λ))µj(s)∆srj(s, `)
))

> 1,

then any proper solution of equation (1.1) is oscillatory, where functions h1ε, h2ε, hε and µ
are given by (2.5), α = min{1, α1, . . . , αm}.

Corollary 3.4 Let F ∈ V (τ), conditions (1.2), (2.1)–(2.4) and (3.1) be fulfilled and for
any λ ∈ [0, 1] there exist δ > 1, such that

lim sup
ε→0+

(
lim inf
k→+∞

k1−λ+αhε(λ)−h2ε(λ)
+∞∑
`=k

×
( m∑

j=1

τj(`)∑
s=σj(`)

s(λ−h1ε(λ))µj(s)∆srj(s, `)
))

> δ λ.

Then any proper solution of equation (1.1) is oscillatory, where functions h1ε, h2ε, hε and α
are given by (2.5).

Corollary 3.5 Let F ∈ V (τ), conditions (1.2), (2.1)–(2.4) and (3.1) be fulfilled and for
any λ ∈ [0, 1] there exist δ > 1, such that

lim sup
ε→0+

(
lim inf
k→+∞

k1+(α−1)hε(λ)
+∞∑
`=k

( m∑
j=1

×
τj(i)∑

s=σj(i)

s(λ−h1ε(λ))µj(s)∆srj(s, `)
))

≥ δ λ(1− λ).
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Then any proper solution of equation (1.1) is oscillatory, where functions h1ε, h2ε, hε and α
are given by (2.5) and (3.1).

Corollary 3.6 Let F ∈ V (τ), k0 ∈ N , αi, βi ∈ (0,+∞), di ∈ R, αi < βi ≤ 1, pi;N → R+

(i = 1, . . . ,m), conditions (1.2) be fulfilled and

∣∣F (u)(k)
∣∣ ≥ m∑

i=1

pi(k)
[βik]∑

s=[αik]

∣∣u(s)
∣∣1+ di

log
2

s for k ∈ Nk0 , u ∈ Hk0 . (3.2)

Then the condition

lim inf
k→+∞

k−1
k∑

i=1

i3
( m∏

`=1

p`(i)
) 1

m

> max

{
λ(1− λ)(1 + λ)2

− λ
m

m∑̀
=1

d`

m∏
`=1

(β1+λ
` − α1+λ

` )
1
m

: λ ∈ [0, 1]

}
(3.3)

is sufficient for oscillation of a proper solutions of (1.1).
Corollary 3.7 Let F ∈ V (τ) and for some k0 ∈ N condition (3.2) be fulfilled. Then the

condition

lim inf
k→+∞

k

+∞∑
i=1

i

( m∏
`=1

p`(i)
) 1

m

> max

{
λ(1− λ)(1 + λ)2

− λ
m

m∑̀
=1

d`( m∏
`=1

(β1+λ
` − α1+λ

` )
) 1

m

: λ ∈ [0, 1]

}
(3.4)

is sufficient for oscillation of a proper solution of (1.1).
Remark 3.1 For m = 1 the conditions (3.3) and (3.4) are optimal conditions. Here we

will give an example illustrating that condition (3.3) for m = 1 is an optimal condition. That
is (3.3) cannot be replaced by the inequality

lim inf
k→+∞

k−1
+∞∑
i=1

i3
( m∏

`=1

p`(i)
) 1

m

≥ max

{
λ(1− λ)(1 + λ)2

− λ
m

m∑̀
=1

d`

m∏
`=1

(β1+λ
` − α1+λ

` )
1
m

: λ ∈ [0, 1]

}
. (3.5)

Let m = 1, d ∈ R and α < β ≤ 1. Denote

c0 = max
{

λ(1− λ)(1 + λ)2−λd

β1+λ − α1+λ
: λ ∈ [0, 1]

}
(3.6)

and let λ0 be the point where attains the maximum. Consider the equation

∆(2)u(k) + p(k)
[βk]∑

s=[αk]

((
u(s)

)1+
di

log
2

s signu(s)
)

= 0 (3.7)
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where

p(k) =
−∆(2)kλ0

[βk]∑
s=[αk]

s
λ0

(
1+ d

log
2

s

) =
−∆(2)kλ0

2dλ0

[βk]∑
s=[αk]

sλ0

. (3.8)

It is obvious that
∆(2)kλ0 =

λ0(λ0 − 1)
k2−λ0

+
o(1)
k2−λ0

. (3.9)

On the other hand we have

[βk]∑
s=[αk]

sλ0 =
[βk]∑

s=[αk]

sλ0

∫ s+1

s
dξ ≤

[βk]∑
s=[αk]

∫ s+1

s
ξλ0dξ

=
∫ [βk]+1

[αk]
ξλ0dξ =

1
1 + λ0

((
[βk] + 1

)1+λ0 − [αk]1+λ0

)
=

kλ0+1

1 + λ0

(
β1+λ0 − α1+λ0

)(
1 + o(1)

)
. (3.10)

and

[βk]∑
s=[αk]

sλ0 =
[βk]∑

s=[αk]

sλ0

∫ ds

s−1
dξ ≥

[βk]∑
s=[αk]

∫ s

s−1
ξλ0dξ

=
∫ [βk]

[αk]−1
ξλ0 =

1
λ0 + 1

(
[βk]λ0+1 −

(
[αk]− 1

)λ0+1
)

=
kλ0+1

1 + λ0

(
β1+λ0 − α1+λ0

)(
1 + o(1)

)
. (3.11)

By (3.10) and (3.11) we have

k−λ0−1

[βk]∑
s=[αk]

sλ0 =
1

1 + λ0

(
β1+λ0 − α1+λ0

)(
1 + 0(1)

)
.

According to (3.6), (3.8) and (3.9)

p(k) =
λ0(1− λ0)2−λ0d

k3 1
1+λ(βλ0+1 − αλ0+1)

+
o(1)
k3

=
c0

k3
+

o(1)
k3

.

Therefore

lim inf
k→+∞

k−1
k∑

i=1

i3p(i) = c0

i.e. condition (3.5) holds, but equation (3.7) has a positive solution u(k) = kλ0 .

4. Difference equations with deviating arguments

Throughout this section it is assumed that instead of (2.1) the inequality

∣∣F (u)(k)
∣∣ ≥ m∑

i=1

pi(k)
∣∣u(δi(k))

∣∣µi(k) for k ≥ k0, u ∈ Hk0,τ (4.1)
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holds with k0 ∈ N sufficiently large. Here we assume that

δi : N → N, lim
k→+∞

δi(k) = +∞ (i = 1, . . . ,m), pi : N → R+,

µi : N → (0,+∞), lim inf
k→+∞

µi(k) > 0 (i = 1, . . . ,m).
(4.2)

Theorem 4.1 Let F ∈ V (τ), conditions (1.2), (4.1), (4.2) be fulfilled

+∞∑
k=1

m∑
i=1

pi(k)
(
δi(k)

)µi(k) = +∞, (4.3)

+∞∑
k=1

k
m∑

i=1

pi(k) = +∞ (4.4)

and for any λ ∈ [0, 1] there exist δ > 1 such that

lim sup
ε→0+

(
lim inf
k→+∞

k−1
k∑

i=1

i2−λ−h2ε(λ)
m∑

j=1

pj(i)
(
τ̃j(i)

)(λ−h2ε(λ))µj(i)+hε(λ)µ(i)
)

> δλ(1− λ).

Then any proper solution of equation (1.1) is oscillatory, where functions h1ε, h2ε, hε, µ are
given by (2.5) and

τ̃j(i) = min
{
i, δj(i) : j = 1, . . . ,m

}
. (4.5)

Theorem 4.2 Let F ∈ V (τ), conditions (1.2), (3.1), (4.1)–(4.4) be fulfilled and for any
λ ∈ [0, 1] there exist δ > 1 such that

lim sup
ε→0+

(
lim inf
k→+∞

k1+(α−1)hε(λ)
+∞∑
i=k

( m∑
j=1

pj(i)
(
τ̃j(i)

)(λ−h1ε(λ))µj(i)
))

> δλ(1− λ),

then any proper solution of equation (1.1) is oscillatory, where functions h1, h2, h3, µ and τ̃
are given by (2.5) and (4.5).

Corollary 4.1 Let F ∈ V (τ), αi ∈ (0,+∞), di ∈ R, pi : N → R+, (i = 1, . . . ,m),
conditions (1.2), (4.4) and

∣∣F (u)(k)
∣∣ ≥ m∑

j=1

pj(k)
∣∣u(αjk)

∣∣1+ dj
log

2
αj ·k for k ≥ k0, u ∈ Hk0,τ , (4.6)

be fulfilled. Moreover, if for any λ ∈ [0, 1] there exist δ > 1 such that

lim inf
k→+∞

k−1
k∑

i=1

i2
m∑

j=1

pj(i)(αj)λ2λdj > δλ(1− λ),

then any proper solution of equation (1.1) is oscillatory.
Corollary 4.2 Let F ∈ V (τ), conditions (1.2), (4.4), (4.6) be fulfilled and for any λ ∈

[0, 1] there exist δ > 1 such that

lim inf
k→+∞

k

+∞∑
i=k

m∑
j=1

pj(i)(αj)λ2djλ > δλ(1− λ).
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Then any proper solution of equation (1.1) is oscillatory.
Corollary 4.3 Let F ∈ V (τ), conditions (1.2), (4.4), (4.6) be fulfilled and

lim inf
k→+∞

k−1
k∑

i=1

i2
( m∏

j=1

pj(i)
) 1

m

> max

{
λ(1− λ)2

− λ
m

m∑
j=1

dj( m∏
j=1

αj

) λ
m

: λ ∈ [0, 1]

}
.

Then any proper solution of equation (1.1) is oscillatory.
Corollary 4.4 Let F ∈ V (τ), conditions (1.2), (4.4), (4.6) be fulfilled and

lim inf
k→+∞

k
+∞∑
i=k

( m∏
j=1

pj(i)
) 1

m

> max

{
λ(1− λ)2

− λ
m

m∑
j=1

dj( m∏
j=1

αj

) λ
m

: λ ∈ [0, 1]

}
.

Then any proper solution of equation (1.1) is oscillatory.
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