Seminar of I. Vekua Institute
of Applied Mathematics

REPORTS, Vol. 43, 2017

OSCILLATION OF SOLUTIONS OF SECOND ORDER ALMOST LINEAR
DIFFERENCE EQUATIONS

Koplatadze R., Khachidze N.

Abstract. We study oscillatory properties of solutions of a difference equation of the form
APy(k) + F(u)(k) =0,

where Au(k) = u(k + 1) — u(k), A® = Ao A, F: {(N) — £(N) ({(N) denote the set
of functions u : N — R). In the paper, sufficient conditions are established for all proper
solutions of the above equation to be oscillatory.
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1. Introduction

For any k € N denote N = {k,k+1,...}. Let 7: N — N, klim 7(k) = +00. Denote by
— 400

V(7) the set of operators F' : {(N) — ¢(N) (By ¢(N) denote the set of functions v : N — R)
satisfying the condition: F'(z)(k) = F(y)(k) holds for any k € N and z,y € ¢(N) provided
that x(s) = y(s) for s € Ny).

This work is dedicated to the study of oscillatory properties of solutions of a difference
equation of the form

APy(k) + F(u)(k) = 0. (1.1)
For any kg € N we denote by Hy, . the set of all functions u € ¢(N) - satisfying u(k) > 0

or u(k) < 0 for k > k., where k, = min{7.(ko), ko}, 7«(k) = inf{7(s) : s € Np}.
It will always be assumed that the condition

F(u)(k)u(k) >0 for k& Ny, uwe Hy, - (1.2)

is fulfilled.
Let kg € N. A function u : Ny, — R is said to be a proper solution of equation (1.1) if

sup {|u(s)]: s € Ny} >0 for k€ N,
and there exist a function u, € ¢(N) such that u.(k) = u(k) for k € Ny, and the equality
APu (k) + F(uy)(k) =0

holds for k € Ny, .

Definition 1.1 A proper solution u : Ny, — R of equation (1.1) is said to be oscillatory
if for any k € Ny,, there are ni,ng € Ny, such that u(n;)u(nz) < 0. Otherwise, the proper
solution is called nonoscillatory.
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The present paper is devoted to the problem of oscillation of (1.1). As to second order
linear and nonlinear difference equations, they are studied well enough in [1-7].

2. A necessary conditions for the existence of a positive solution

The result obtained in this section is very important for establishing sufficient conditions
of oscillation of all proper solutions of equation (1.1). Below the following notation will be
used.

Let kg € N. Denote by Uy, the set of all proper solutions of (1.1) satisfying the condition
u(k) > 0 for k € Ny,. Everywhere we assumed that the inequality

|F(u)(k)] > lu(s)[ ) Agri(s, k) for k€ Ny, u € Hyyr (2.1)

holds, where

oi;Ti: N — N, pi: N —(0,+00), oi(k) <k, oik)<m7(k), k;hI-P oi(k) = 400,

r; : N> — R, r;(-, k) are nondecreasing functions (i = 1,...,m).
Theorem 2.1 Let F' € V(7), conditions (1.2), (2.1) be fulfilled,

7i (k)

<§: > s Ar(s k)) (2.2)

J=1s=0;(k)

+
8

(]

1

Ti k)

Oo(kzmj > Arzsk> (2.3)

k=1 N j=1s=0;(k)

+ =

and

lklmlnf,uj(k:) >0 (j=1,...,m). (2.4)
— 400

Moreover, let Uy, # 0 for some ko € N. Then there exist Ao € [0, 1] such that

“+o0 '—h m 7-] ([
limsup | lim inf k120 th2=(Xo) Z <
£—>0+p ( k——+o0 Zz; Z( Z Jz; . %:g)

$(>\0_h25(>‘0))uj(5)+h5(>‘0)M(S)AS’]”j(S7g))> S 17

where
w(k) = min {l,ul(k), e Mm(k?)), he(A) = hic(A) + has(N),

= =1
By — 0 for A=0, hy. — 0 for A , (2.5)
e for X € (0,1], e for X €10,1),

7i(k) =min {k,7;(k)} (j=1,...,m).
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Theorem 2.2 Let F' € V(7), conditions (1.2), (2.1)—(2.4), be fulfilled and Uy, # 0 for
some ko € N. Then there exist o € [0,1] such that

L k—1 h (%) 400 m
s (i K103 (o) 005 (3

e—0+ i=k =1 *j=1
% Z g(Ro=h1c(Xo))p;(s )Asrj(57£)>> <1,

s=0;(k)

where functions p, hie, hoe, he are given by (2.5) and o is a nondecreasing function satisfying
the condition

klhf o(k) = +oo, o(k) <min{k,oi(k):i=1,...,m}, o(Ng) D Elaj(Nk)
— 100 1=

for any k € N.

3. Sufficient conditions for oscillation

Theorem 3.1 Let F' € V(7), conditions (1.2), (2.1)~(2.4), be fulfilled and for any A €
[0,1]

400 —hs m  75(0)
lim sup <lim inf 1A th2e(N) Z > Z (Z Z s(A—h1e(N)n;(s)
e 0 hoo = (1 T Z J=1s=0;(¥)

. shs@w(smsrj(s,e))) -1,

Then any proper solution of equation (1.1) is oscillatory, where functions u, hie, hoe, he and
7; are given by (2.5).
Theorem 3.2 Let F' € V (1), conditions (1.2), (2.1)—(2.4) be fulfilled and for any A € [0, 1]

k—1
. lin inf B0 72N =do—ha: (V) hg()\)
im sup ( klglgo ko g g E

e—0+ =1 7=1
75 (€)
X Z (A=h1e(A\)pi(s) A s75 (s, E))) > 1.
s=0;(0)

Then any proper solution of equation (1.1) is oscillatory, where functions hic, hoe, he and r;
are given by (2.5).

Corollary 3.1 Let F' € V (1), conditions (1.2), (2.1)—(2.4) be fulfilled and for any X € [0, 1]
there exist 6 > 1, such that

75 (2)

k m
hminf ( liminf k=2 —me® 75 §(A—hae (W) (8)+he Va(s)
imgat (tmint 40335 J

i=1 N j=1s=0;(i)

x Asrj(s,i)>> > (1-\)6.
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Then any proper solution of equation (1.1) is oscillatory, where functions hi, hoc, he and 7;
are given by (2.5).

Corollary 3.2 Let F' € V (1), conditions (1.2), (2.1)—(2.4) be fulfilled and for any A € [0, 1]
there exist 6 > 1, such that

75 (1)

k
liminf ( lim inf &1 22— A—hae (A (Ath2e (W) (s)+he (M) p(s)
iyt (mint 47 0 (3 Y o

J=1s=0;(i)
X Asrj(s,i)>> > A(1—))d.

Then any proper solution of equation (1.1) is oscillatory, where functions hic, hoc, he, p and
7;(i) are given by (2.5).

Corollary 3.3 Let F' € V(7), conditions (1.2), (2.1)—(2.4) be fulfilled and there exist
a; € (0,400) (i =1,...,m) such that

lim inf oi(k)
k—too ki

>0 (i=1,....m). (3.1)

Moreover, if for any A € [0, 1]

k—1
lim sup lim inf k(0w e =A—h2e () E johe(N)
0t \ koo <

xZ(Z S oo msms,z))) -1,

J=1 s=03;(i)

then any proper solution of equation (1.1) is oscillatory, where functions hj., hoc, he and p
are given by (2.5), « = min{l, aq,...,am}.

Corollary 3.4 Let F' € V(7), conditions (1.2), (2.1)-(2.4) and (3.1) be fulfilled and for
any \ € [0, 1] there exist § > 1, such that

+oo
lim sup <lim inf kA ahe(N)—ha:(A) E
e—0+ k—4o00 —

(Z Z (A=hae (s )Asrj(8,€)>> >\

J=1 s=0;(¢)

Then any proper solution of equation (1.1) is oscillatory, where functions hi., hoe, h. and «
are given by (2.5).

Corollary 3.5 Let F' € V(7), conditions (1.2), (2.1)—(2.4) and (3.1) be fulfilled and for
any A € [0, 1] there exist § > 1, such that

“+o0o m
o (i3 (3

e—0+ —k

75 (4)
x Yy s<*—hls<*>>w(5>Asrj(s,4))> > A1 = N\).

s5=0(1)
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Then any proper solution of equation (1.1) is oscillatory, where functions hi., hoc, h. and «
are given by (2.5) and (3.1).

Corollary 3.6 Let F € V(7), ko € N, o, 5; € (0,+0),d; € R, a; < 3; < 1,p;; N — Ry
(i =1,...,m), conditions (1.2) be fulfilled and

[B:k] 4
Zpl Z u(5)|1+1°g2s for ke Ni,, ue€ Hg,. (3.2)

s=[a;k]

Then the condition

k m 1
lim inf kL .3 A\
jmint 4433 (T[ 0

—% i de
:>mw{AO_AX;+M AZﬁ :Aemﬁ& (3.3)
H(ﬂl+ 1+ )%

=

is sufficient for oscillation of a proper solutions of (1.1).
Corollary 3.7 Let F' € V(7) and for some ky € N condition (3.2) be fulfilled. Then the
condition

li fk:
k3 ([T )

-2 g dy
> max { ML= (1L + )2 4:11 HPW=N[I 1]} (3.4)
(I3 —ap)”

is sufficient for oscillation of a proper solution of (1.1).

Remark 3.1 For m = 1 the conditions (3.3) and (3.4) are optimal conditions. Here we
will give an example illustrating that condition (3.3) for m = 1 is an optimal condition. That
is (3.3) cannot be replaced by the inequality

+00 m %
lim inf k'_l .3 .
pmint £33 (1[0 )

AL =) Afﬁg@
— =1
> max { 2NN Aelo,1 ), (3.5)
H( 1+ al-&-)\)%
e ¢
Let m=1,d € R and a < # < 1. Denote
AL = A)(1+ A2
co = max{ ( ﬂ“‘l(— a1+)>\ s A €0, 1]} (3.6)
and let Ay be the point where attains the maximum. Consider the equation
[BK] i
APu(k) + p(k) Z ((u(s)) 1°g2ss.ig1r1u(s)> =0 (3.7)

s=[ak]
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where
(k) = —A@ Ao B —A@ Ao
pir) = % Mo (14 ) N " [%] \
S 08, s 0 SA0
s=[ak] s=[ak]

It is obvious that
Ao(No — 1) o(1)

2)1.h0
A( )k 0= kQ—)\O k.Q—)\O :
On the other hand we have
(Bk] [BK] (Bk]
Soos= 38 / < N / roge
s=[ak] s=|ak] s=[ak]
[ﬁk]Jrl 1
_ Ao _ 1+Xo _ 1+Xo
= [ e = g (34— o)
_ kot 14+Xo 1+Xo
—m(ﬁ —a ™) (14 0(1)).
and
(BK] (Bk] [BK]
> o=y [ 2y [ e
s=[ak] s=[ak] T s=[ak]
[BK] 1
= Yo =~ ([BKP! = (Jak] — 1)
/[ak]lé Ao +1 <[ﬂ ] ([ak] = 1) )
k/\0+1

= T BT — et (L4 o).

By (3.10) and (3.11) we have

[BK]
—Xo—1 1+Xo o 1+Xo
> S = (8 al ) (14 0().
s=[ak]
According to (3.6), (3.8) and (3.9)
. )\0(1 — )\0)2_>\0d 0(1) ) 0(1)
p(k) = k3 %(ﬂxoﬂ aro+l) BB k3 + k3

Therefore

k
li . f k‘il .3 A
frminf K702 70l

i.e. condition (3.5) holds, but equation (3.7) has a positive solution u(k) = k.

4. Difference equations with deviating arguments

Throughout this section it is assumed that instead of (2.1) the inequality

> Zpi(k)}uw (k)

wi(k)

for k>ko, ue Hy

(3.10)

(3.11)

(4.1)
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holds with kg € N sufficiently large. Here we assume that

di: N — N, lim §(k)=40c0 (i=1,...,m), p;: N— Ry,
k—+oo

4.2
Wi N — (0, 400), lkimJirnf,ui(k)>0 (it=1,...,m). (4.2)
Theorem 4.1 Let F' € V(7), conditions (1.2), (4.1), (4.2) be fulfilled
+oo m k
ZZPZ 9i( M’( ) = = 400, (4.3)
k=11i=1
—+o00 m
> kD> pi(k) =+oo (4.4)
k=1 =1
and for any A € [0, 1] there exist 6 > 1 such that
lim su liminf k= 1 :2—A—hae (A >\ hae (X )),uj(i)‘f‘he()‘)ﬂ(i))
e (it 340030
> 0A(1—A).

Then any proper solution of equation (1.1) is oscillatory, where functions hie, hoe, he, p are
given by (2.5) and
7;(1) = min {i,6;(i) : j = 1,...,m}. (4.5)

Theorem 4.2 Let F € V(71), conditions (1.2), (3.1), (4.1)—(4.4) be fulfilled and for any
A € [0,1] there exist 6 > 1 such that

. s 1+(a—1)he (A >\ h1e(N)p;(3) _
hmsup(l}igigk Z(Zp] )) > 0A(1—N),

e—0+

then any proper solution of equation (1.1) is oscillatory, where functions hy, ha, hs, p and T
are given by (2.5) and (4.5).

Corollary 4.1 Let F' € V(7), a; € (0,40), d; € R, p; : N — Ry, (i = 1,...,m),
conditions (1.2), (4.4) and

d.:

1 J
Zp] )|ueyk) +1°g2“1”k for k> ko, ue€ Hy,r, (4.6)
be fulfilled. Moreover, if for any A € [0, 1] there exist 6 > 1 such that

lim inf &~ Z Zp] A2 > SA(1 - N),

k—+o0

then any proper solution of equation (1.1) is oscillatory.
Corollary 4.2 Let F' € V(7), conditions (1.2), (4.4), (4.6) be fulfilled and for any A €
[0, 1] there exist § > 1 such that

+oco m

liminf kY~ " p;(i) (o) 2% > GA(1 = ).

k—
oo i=k j=1
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Then any proper solution of equation (1.1) is oscillatory.
Corollary 4.3 Let F' € V(7), conditions (1.2), (4.4), (4.6) be fulfilled and

1

A d.:
& (T w AL—x2 "
lim inf £~ 12<Hpj(z')) > max{ A€o, 1]}.
i=1 j=1 m

k—+o00

Then any proper solution of equation (1.1) is oscillatory.
Corollary 4.4 Let F' € V(7), conditions (1.2), (4.4), (4.6) be fulfilled and

N m
+00 m 1 T m 2 d;
o 1—A)2 "
liminf & < | | pj(i)) > max{)\( a) ; t A€o, 1]}

Then any proper solution of equation (1.1) is oscillatory.
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