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ON THE WELL-POSSEDNESS OF THE CAUCHY PROBLEM FOR ONE CLASS
OF NEUTRAL QUASI-LINEAR FUNCTIONAL DIFFERENTIAL EQUATIONS

Gorgodze N., Ramishvili I.

Abstract. Theorems on the continuous dependence of a solution on perturbations of the
initial data and nonlinear term of the right-hand side are given for the functional differential
equations with the discontinuous initial condition whose right-hand sides are linear with
respect to the prehistory of the phase velocity. The perturbations of initial data (initial
moment, initial vector, initial functions, initial matrix, delay in the phase coordinates) are
small in the standard norm, the perturbation of the nonlinear term right-hand side is small
in the integral sense.
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Let = I = [a, b] be a finite interval and let R™ be the n-dimensional vector space of points
(x',...,2™) T, where T is the sign of transposition. Suppose that O C R is an open set and
let E'¢ be the set of functions f : I x O? x R™ which satisfy the following conditions: for each
fixed (z,y) € O? the function f(-,z,y) : I x R" is measurable; for each f € E and compact
set K C O there exist functions My i (t), Ly k(t) € L(I,R), where R = [0, 4-00) such that
for almost all t € T

[f(tz,y)| < Myw(t) ¥ (z,y) € K2,
2
[f(tzn,00) = f(t w2, 92)] < Lypr(8)Y |z —wil V(wi9i) € K2, i = 1,2,
i=1
We introduce the topology in Ef by the following basis of neighborhoods of zero:
{VK,(; : K C Ois a compact set and § > 0 is an arbitrary number},

where

Vs = {5f € Ly: AGf;K) < 5},

t”

A((Ff;K):sup{‘/éf(t,x,y)dt’: tt"el, x,yEK}.
t/

Let D be the set of continuously differentiable scalar functions (delay functions) 7(t), t €
[a, +00), satisfying the conditions

T(t) <t, 7(t) >0, te€ [a,+00),
inf{r(a): 7€ D}:=7> —o0, sup{7 1(b): T € D} :=7> +o0,

where 771(t) is the inverse function of 7(¢). Let E, be the space of piecewise-continuous
functions ¢(t) € R", t = I; = [7,b], with finitely many first kind discontinuities equipped
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with the norm ||¢||;, = sup{p(t) : t € 1}. Let &1 = {p € E, : cly(l1) C O} denote the
set of initial functions of trajectories, where ¢(I1) = {¢(t) : ¢t € I1}; we denote by @9 the
set of bounded measurable functions v : I; — R™ and v(¢) is called the initial function of the
n
trajectory derivative. Let R™ " be the space of matrices A = (ai;);;_1, A2 = Y |aijl*
’ (j=1

l7j:

Let A be the space of continuous matrix functions A : I — R™*" || A|| = sup{|A(t) : t € I}.
We denote by p the collection of initial data

(to, 7,20, A, 0,v) € [a,b) Xx D x O x A X &1 X Py

and by f the nonlinear term of right-hand side.
To each element p1 = (to, 7,20, A, 0, v, f) € M = [a,b) xD X O xfx x,x E we assign the
linear with respect to the phase velocity (quasi-linear) neutral functional differential equation

#(t) = A(t)a(o(t) + f (¢t x(t), 2((t))) (1)

with the initial condition
z(t) = @(t), x(t)=wv(t), te[T,to), x(to) = xo. (2)

Here o0 € D are fixed delay function in the phase velocity with o(t) < t. The symbol #(t) on
the interval [T, () is not connected with the derivative of the function ¢(t).

Definition 1. Let u = (to, 7,20, A4,p,v, f) € M. A function z(t) = x(t;u) € O,
t € [7,t1], t1 € (to,b], is a called the solution of equation (1) with the initial condition (2) or
the solution corresponding to the element p and defined on the interval [7, 1], if it satisfies
condition (2), is absolutely continuous on the interval [to, ¢1] and satisfies equation (1) almost
everywhere on [to, t1].

To formulate the main results, we introduce the following sets:

W(K;«a) = {(5f € Ey : there exist Msy (t), Lsyx € L(I,R;)

such that / [M(;f,K(t) + L5f7K(t)] dt < a},
T

where K C O is a compact set and « > 0 is a fixed number independent of § f. Furthermore,

B(too; 0) = {to € I : |to — too| < 6},
By (200;0) = {z0 € O : |wg — 00| < 8},
V(10;9) = {7‘ eED: ||t -1l < 5},
Vi(Ag;0) = {A eAN: |JA—Ar < 5},
Va(p0;0) = {w € ®1: |l — wollr, <6},
Va(vo;0) = {v €Dy |lv—wollp < (5},

where tgg € [a,b) and xoy € O are fixed points, 7 € D, ¢y € @1, vy € P2 are fixed functions,
d > 0 is a fixed number, Ir = [a,7].

Theorem 1. Let xo(t) be the solution corresponding to the element uy = (too, 70, 00,
Ao, ©0, v0, fo) € M and defined on [T, t1o], t10 < b, and let K1 C O be a compact set containing
a certain neighborhood of the set Ko = clpo(I1) Uxzo([too, t10]). Then the following assertions
hold:
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e there exist numbers 6; > 0, i = 0,1, such that, to each element

p = (to, 7,0, A, ¢,v, fo+6f) € V(po; K1, do, )
= B(to0; 00) x V(70;d0) % Bi(xoo;60) x Vi(Ag;do)
x Va(o;60) x Va(vo; d0) X [fo+ (W(K1;0) N Vi, 5]

there corresponds the solution x(t;u) defined on the interval [T,t19 + 01] C I and
satisfying the condition z(t; ) € Ky;

o for an arbitrary € > 0 there exists a number 62 = d2(g) € (0, o] such that the following
inequality holds for any p € V(po; K1, 2, 0):

|z(t; 1) — x(t; po)| < e forall t €[0,t10+ do], 0 = max{too,to}:

e for an arbitrary € > 0 there exists a number 03 = d3(e) € (0,00] such that the following
inequality holds for any p € V(uo; K1, 03, a):

t10+01
|2 (t; 1) — z(t; po)| dt <e.
T
It is clear that the solution z(¢; uo) is the continuation of the solution zq(t).

In the space E,, — 9, where B, = R x D x R" x R"*" x E, x ®3 x Ef, we introduce the
following set of variations:

3= {w — (8to, 67, 630, 0A, 0, 00,0f) € By — o+ |dto| < B,
1671, < B, [0z0| < B, |6A|r <8, |0¢lln, <8, l6v]n, < B,

k
6f = Ndfi I <8 i =1, k),
=1

where 3 > 0 is a fixed number and 0f; € Ey — fo, i = 1,..., k, are fixed functions.

Theorem 2. Let xy(t) be the solution corresponding to the element puy € I and defined on
[T, t10], tio € (a,b), i =0,1. Let K1 C O be a compact set containing a certain neighborhood
of the set Ky. Then the following assertions hold:

o there exist numbers €1 > 0, 61 > 0 such that, for an arbitrary (e,0u) € [0,e1] x J, we
have po+edp € M and the solution x(t; po+edp) defined on the interval [T,t10+01] C Ih
corresponds to this element. Moreover, x(t; o + edu) € Ki;

. lin% sup {|z(t; po + €0p) — x(t; po)| = t € [0,t10 4+ 61]} = 0, where 6 = max{too, to + eto}
e—

and
t10401

lim / |z (t; po + €6p) — x(t; po)| dt = 0 uniformly for du € J.

e—0

5_\
This theorem is a simple corollary of Theorem 1.
Finally, we note that theorems analogous to Theorem 1 for various classes of neutral

equations are given in [1-4].
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