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ON THE WELL-POSSEDNESS OF THE CAUCHY PROBLEM FOR NONLINEAR
FUNCTIONAL DIFFERENTIAL EQUATIONS WITH CONCENTRED AND
DISTRIBUTED VARIABLES DELAYS
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Abstract. In the present paper, for the differential equation with concentred and distributed
variables delays, continuity of a solution is proved with respect to perturbations of the initial
data and the right-hand side of equation. Under initial data we imply the collection of the
initial moment, the initial and delay functions. Perturbations of the initial data and right-
hand side of equation are small in a standard norm and in the integral sense, respectively.
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Let I = [a,b] be a finite interval and let R™ be an n-dimensional vector space of points
r = (%, ... ,x")T, where T denotes transposition. Suppose that O C R™ is an open set,
and £ f is the space of functions f : I x O2 x R™ — R" satisfying conditions: for each fixed
(z1, 22, 23) € O* x R" the function f(-,z',2?,2%) : I — R"™ is measurable; for each f € Ey
and compact set K C O there exist functlons My (t), Lyk(t) € Li(I;Ry), Ry = [0;400)
such that for almost all t € I,

\f(t,xt 22, 2%)| < My g(t) V(' 2% 2%) € K2 x R,

|f<t,.%'l,l'2,$3)—f(t,yl,y2,y <LfK Z’Q?Z yz
v(xlaylvx Y ) €K4 V(.’B Y ) e R™ x R"™.

Two functions f1, fo € E; are sald to be equwalent if for every fixed (2,22 2%) € O? x R®
and for almost all t € I, fi(t, 2!, 2% 23) — fot, 21, 22, 2%) = 0.

The equivalence classes of functions of the space Ky compose a vector space which is
also denoted by E; these classes are called functions and denoted by f again. We introduce
a topology in E; using the following base of neighborhood of the origin {Vkxs : K C
O is a compact set and § > 0 is an arbitrary number}, where

VK,(;:{(SfGEf: H(Gf; K) S&}
and

t//
H(5f:K)zsup{’/éf(t,a:l,mQ,x?’)dt eI, 2t a? e K2, 28 GR”}.

Let D be the set of continuous differentiable scalar functions (delay functions) 7(t), t €
[a, +00), satisfying the conditions

T(t) <t, 7(t) >0, inf{r(a): 7€ D}:=7> —o0.
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Let C(1I1) be the space of continuous functions ¢(t) € R, t = I} = [T, b] equipped with the
norm |||, =sup{p(t): te 1}. By ®={p e C(I1): ¢(t) € O, t € I;} we denote the set
of initial functions.

To each element p = (to, 7,0, ¢, f) € A = [a,b) x D? x ® x E we assign the functional
differential equation with concentrated and distributed delay (prehistory) on the interval

[7(#), 1]

(t) = f(t,fr(t),x(T(t)), o(s,z(s)) d8> (1)
0(t)

with the continuous initial condition
x(t) = p(t), te [T, 1], (2)

where o (s, z), (s,z) € I; x O is a given function satisfying the following conditions: for each
fixed x € O the function o(-,x) : I — R™ is measurable; for each compact set K C O there
exist functions Mg (t), Lk (t) € L1(I;R4) such that for almost all ¢ € I

lo(t,2)] < Mk (t), |o(t,z) —o(t,y)| < Lxlz —y| (z,y) € K>

Definition 1. Let u = (to,7,0,¢,f) € A. A function z(t) = z(t,u) € O, t € [T,t1],
t1 € (70, b], is called a solution of (1) with the initial condition (2), or a solution corresponding
to the element p and defined on the interval [T, ¢;], if it satisfies (2), is absolutely continuous
on the interval [to,t1] and satisfies (1) almost everywhere on [to, ¢1].

To formulate the main result we introduce the following sets:

b
W(K;O&):{(SfEEf: HM(;f,K(t),L(;ﬁK(t)ELl(I;R+), /(M5f7K(t)+L5f7K(t))dtﬁa},

a

where K C O is a compact set and « > 0 is a fixed number not dependent on éf: the set
W (K; «) is called the set of perturbations of the right side of (1);

B(too;&) = {to el: ‘to — too‘ < 5}, V(T0;5) = {7‘ eD: ||7' — T()H] < 5},
Vi(0o;6) = {0 € D: [0 —olls <3}, Va(po;d) ={p € ®: |lp—wolr <3},

where tgo € [a,b) is a fixed point, 79,00 € D and ¢g € ¢ are fixed functions: § > 0 is a fixed
number.

Theorem 1. Let zo(t) be the solution corresponding to py = (too, 70, 6o, vo, fo) € A and
defined on [T,t10], tiop < b. Let K1 C O be a compact set containing a certain neighborhood
of the set Ko = po(I1) U X ([too,t10]). Than the following conditions hold:

e there exist numbers 6; > 0, i = 0,1, such that for each element

n = (thTveaAﬂvaO + 6f) € V(MO;Kla(SOva)
= B(too; do) x V(70;80) x Vi(o;8) x Va(po; do) x [fo + (W (K1;a) N Vi, s)]

corresponds solution x(t;u) defined on the interval [T,t10 + 01] C I and satisfied the
condition x(t; u) € Ki;
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e for arbitrary € > 0 there exists a number 6o = d2(e) € (0,00) such that the following
inequality holds for any p € V(po; K1, 2, 0):

lz(t; u) — z(t; po)| < e Vit e [y, tio+ 1], v=max{t,too};

o for arbitrary € > 0 there exists a number 63 = d3(c) € (0,dp) such that the following
inequality holds for any p € V(uo; K1, 03, a):
ti0+01
|(t; ) — @(t; po)| dt < e.
Obviously, the solution x(t; o) is the continuation of the xo(t) and to the element pu =
(to,,0,0,00+0f) € V(uo; K1, do, ) corresponds the perturbed functional differential equation

z(t) = fo <t,:v(t),x(7(t)), /t o(s,z(s)) ds) +4f <t,:v(t),:v(7‘(t)), /t o(s,z(s)) ds>

o(t) o(t)

with the perturbed initial condition x(t) = ¢(t), t € (T, to].
Theorem is proved by the method given in [1].
In the space E,, = R x D? x C(I;) x E; we introduce the set of variations:

A= {5u = (8to,67,80,80,8f) € By — po « |6to] < B, 10711 < B,

k
i=1
where 3 > 0 is a fixed number and 0 f; € Ey — fo, i = 1,..., k, are fixed functions.
Theorem 2. Let z(t) be the solution corresponding to o = (too, 70, 0o, po, fo) € A and
defined on [T,t1], tio € [a,b], i = 0,1. Let K1 C O be a compact set containing a certain
neighborhood of the set Kyg. Then the following conditions hold:

o there exist numbers e1 > 0, 61 > 0 such that for arbitrary (e,6p) € (0,e1) X A the
element o + €op € A and there corresponds the solution x(t; po + edp) defined on the
interval [T,t10 + 01] C I1. Moreover, x(t; up + €du) € Ki;

e the following relations are fulfilled

lim sup {[a(t; pio + €0p) — 2 (t; po)| = t € [v,t10 + 0]} =0,
t10+61
liH[l) / |2 (t; po + edp) — x(t; po)| dt =0
E—
uniformly for dp € A, where v = max{tgo, too + €dto}.

Theorem 2 is a simple corollary of Theorem 1.

Theorems on the continuous dependence of the solution when a perturbation of the right-
hand side is small in the integral sense, were proved for various classes of ordinary differential
equations in [2-4] and for differential equations with concentrated delay, in [5-9].
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