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Abstract. In the present paper the linear equilibrium theory of thermoelasticity with mi-
crotemperatures is considered. The explicit solutions of the Neumann type boundary value
problems in the theory of thermoelasticity with microtemperatures for the sphere and for the
whole space with a spherical cavity are constructed. The obtained solutions are represented
by means of absolutely and uniformly convergent series.
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Introduction

A thermodynamic theory for elastic materials with inner structure whose particles, in
addition to microdeformations, possess microtemperatures was proposed by Grot [1]. The
mathematical model of the linear theory of thermoelasticity with microtemperature for ma-
terials with inner structure whose particles,in addition to the classical displacement and tem-
perature fields, possess microtemperatures was presented by lesan and Quintanilla [2].The
same authors have proved an existence of week solutions, have formulated the boundary
value problems, have established the continuous dependence of solutions on the date and
body loads. They have presented an uniqueness result and a solution of the type Boussinesq-
Somigliana-Galerkin.

In recent years several continuum theories with microtemperatures have been formulated.
An extensive review and the basic results in the microcontinuum field theories are given in
the books of Eringen [3] and Iesan [4]. The fundamental solution of the equations of the
theory of thermoelasticity with microtemperatures was constructed by Svanadze [5]. The
representations of the Galerkin type and general solutions of the system in this theory were
obtained by Scalia, Svanadze and Tracina [6]. The linear theory of thermoelasticity for
microstretch elastic materials with microtemperatures was constructed by Iesan [7] where the
uniqueness and existence theorems are proved in the dynamical case for isotropic materials.

Riha developed a theory of micromorphic fluids with microtemperatures [8]. The exponen-
tial stability of solution of equations of the theory of thermoelasticity with microtemperatures
has been established by Casas and Quintanilla [9].

Many investigators have studied different types of problems for materials with microtem-
peratures, that are published in a large number of papers (some of these results can be see
in [10-30] and the references cited therein).

In the present paper the linear equilibrium theory of thermoelasticity with microtemper-
atures is considered. The explicit solutions of the Neumann type boundary value problems in
the theory of thermoelasticity with microtemperatures for the sphere and for the whole space
with a spherical cavity are constructed. The obtained solutions are represented by means of
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absolutely and uniformly convergent series.

2. Basic equations

Let x = (z1,%2,23) be a point of the Euclidean three-dimensional space E3. 0x :=

<87 i, 8) . Assume D to be a ball, of radius Rj, centered at point O(0,0,0). Let S
8%1 8x2 8LU3

denotes the spherical surface of radius R;. Let D~ be the whole space with spherical cavity
and with the boundary S. Dt :=D%(JS, D~ := E3\D™.

The basic homogeneous (i.e., body forces are neglected) system of equations of motion in
the linear theory of thermoelasticity with microtemperatures for isotropic materials can be
written as [2]

pAu+ (A + p)graddiva — Ggradé = 0, (1)

ks Aw + (kg + ks5)graddivw — ksgrad — kaw = 0, (2)

kAO + kidivw = 0, (3)

where u := (u1,us,u3)” is the displacement vector, w := (wy,ws,ws3)” is the microtem-

perature vector, 6 is the temperature measured from the constant absolute temperature
To (To>0), A\, u, B, k, kj j=1,..,6, are constitutive coefficients, A is the 3D
Laplace operator. The superscript ”T” denotes transposition.

We assume that the constitutive coeflicients satisfy the conditions

>0, 3AN+2u>0, kexks>0, k>0,

3ky+ ks + ke >0, (ki + Toks)? > 4Tokks.

Definition 1. A vector-function U defined in the domain D" (D7) is called regular if
it has integrable continuous second order derivatives in D" (D) , and U itself and its first
order derivatives are continuously extendible at every point of the boundary of D*(D™) ,
ie, Ue C*DM)N Cl(ﬁ+) (UeC* D7 )nCYD ") ). In the case of the domain D~ the
vector U additionally should satisfy the following conditions at infinity:

ou

U =O0(x™) 5= =0(x?) [xP=si+ad+ai>>1,  j=123
J

The basic boundary value problems (BVPs) of the theory of thermoelasticity with microtem-
peratures are formulated as follows:

Problem 1. Find in the domain DT a regular solution U(u,w,#) of equations (1-3)
satisfying the following boundary conditions

+
(0)" =F*(y), (P(2)(ax, n)w)+ = ft(y), (kgfl + lexw> =i (y), yeSs, (4

Problem 2. Find in the domain D~ a regular solution U(u,pi,p2) of equations (1-3),
satisfying the following boundary conditions

00 k

W =F ), (PPoxmw) =t ). (kg paw) =f, ves
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where P(?) (0x,0n)w is the stress vector in the theory of thermoelasticity with microtemper-
atures and has the form [2]

OW | ndivw + ks[n - rotw], n(x) = X, (5)

(2) =
P (0x,0n)w = (ks + ke) o 5

F,f, f4 are a given functions on S, n is the external unit normal vector to S at y, é% is the
derivative along the vector n, the symbol [-|~ denotes the limit on S from D

U] = lim Ux), [P(Q)(ﬁz,n)w(z)r[: lim  P® (9, n) w(x),

DE>x—zeS D*ox—zeS
90k * , 90k
ka—n + Rlxw(z)] = Dial;rgzes (k: + —xw | .

The following theorems are valid [6]
Theorem 1. Any two reqular solution of the BVP 1 may differ only to within the additive
vector U = (ug, wy, 0y), where

uy =0, wy=0, 60y=constants.

Theorem 2. The BVP 2 admit at most one regular solution.

3. Auxiliary formulas
Let us introduce the spherical coordinates equalities

x1 = psindcosp, w3 =psindsing, x3=pcostd, x€ DT,
y1 = Risindgcoseg, yo = Rysindgsingg, y3 = Ryicostdy, y €S,
|x|2:p2:$%+x%+x§, 0<¥<m 0<p<2mr 0<p<R;.

In the sequel we use the following notation: If g(x) = g(g1,92,93) and q(x) = q(q1,q2,43)
then by symbols (g.q) and [g.q] we will denote the scalar product and the vector product
respectively

3
()= grte: [8-a] = (9203 — 9302, 9301 — 9103, G102 — G21),
k=1

We introduce the following notations:

V= 0 k=123, v:<a 0 a>,

" 9S,(x)’ Oz, Oy’ s,
9 *xi—xi —cospctgl — sinp—
851(x) ~ ows  COw, (PN, T
d d

0
— 1 — = —sinpctgy

0
0S5 () x?’@ixl 0x3 O + OBy




6 Bitsadze L.

It is easy to show that the following identities are valid [27],[33]:

( t)—ia x) 23: 0 rotx V]h)r =0
TR S 05 (%) £ 05X ’

5.9
> (rotg(x ))k:l’a divg(x Z:vagk

k=1

kil xkasf( ) " 851?(95) 8?% N 3?% 351?(33)7

kil as;(m) 881922 + Ctgﬁaaﬁ sz’izﬁ aa;’ g?,: =0

é asfcc) aaxk -0 ag(a)skér) 7 =t f&f)’
0 0 _0 0 292) _ 0 Ayia),

Below we frequently use the formulas

[x - rotg(z)] = M(z, 0x)g + xdivg — paapg,

3 0 o) = 393(93)
21 9@ O == 2 gy
0 - 0 0
M= 5w Tasm |
0 0 0

C0S:(z) 05 (z)
(x[x-gl] = x(x-g) — |x[°g(x),

3.9 .9
> 55 Bl = I 2 g (@)
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In the sequel we use the following notation

3 3
(x - P@w) = (x-f) = hy(z Z x-P@w _ ho(a),
k: k:
~_0 . 5fk
Z@Sk(z) "‘_Za = h3(z), fi=hai(z), z€S.
k=0

We assume that the functions hy(x) are representable by the series form.

X) = Z hkm(ﬁv 30)7
m=0

where hy,, is the spherical harmonic of order m :

2m+1
47TR%

R = /Pm(cos V) hm(y)dSy,

S

P, is Legender polynomial of the m-th order, « is an angle formed by the radius-vectors Ox
and Oy.

From this formulas it follows that, if g, is the spherical harmonic, the operator 75, k=
k
1,2, 3, does not affect the order of the spherical function:

2 X
Z 7 om0 = —m(m + 1)gm(x).

4. Expansion of regular solutions

Theorem 3. In the domain of regularity the regular solution W = (w,0) of system
(2),(3) can be represented as

Wi(z) = (W +W,0), (6)
where
o 1 1 oy g, 1 912
AA=s)w=0, rotw=0, (A—-s))divw=0, (A—s3)w =0,
2 kko — kiks 2 ko (7)
diVW:O, A(A—S%)H:O’ S%:7>0’ 52:7>0‘
kk7 kg

Theorem 4. In the domain of reqularity the reqular solution of equations (2),(3) can be
represented in the form

w(z) = a grady (x) + b gradps () + vzv(a:),
o) = (@) + afa) a=-2 b=,

where

Apr =0, (A—s)ps=0, (A—sHhw=0, divw =D0. 9)
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Theorem 5. The vector W = (w, ), where w = (w1, wa, ws), is a reqular solution of the
homogeneous equations (2),(3), in DV, if and only if when it is represented in the form

w(x) = a gradp(z) + b gradps () + ¢ rote3(x),

(10)
0(z) = p1(z) + pa(z),
where
(A—-353)p3 =0, divg®=0, c= —@,
ko
#3(@) = [+ V]ps(x) + rotf- V]pa(3), (11)

f pijds =0, (A-— s%)cpj =0, j=3,4,
S(U,a1)

S(0,a1) € D" is an arbitrary spherical surface of radius ay. Between the vector W(z) =
(w,0) and the functions ¢j, j=1,..,4, there exist one-to-one correspondence.

Theorems 3,4 and Theorem 5 are proved in [27].

Remark 1. By virtue of the equality

rotrot[x - V]ps = —Alx - V]pu,
formula (10) can be written as

w(x) = a grady (x) + b gradpa(x) + [x - V]pa(x) + ¢ rot[x - V]ps(x),
(12)
0(x) = ¢1(x) + p2(x).
Remark 2. Note that BVPs for the system (2),(3), which contain only w and 6, can be
investigated separately. Then supposing 6, as known we can study BVPs for the system (1)
with respect to u. Combining the results obtained we arrive at an explicit solution for BVPs

for the system (1)-(3). Let us assume that 6(x) is known, when x € D™ (D7), then for u we
get the following nonhomogeneous equation

pAu+ (A + p)graddiva = fgrad(e1 + ¢2). (13)

It is easily to check that the general solution of equation (13) is representable in the form

u=YV + Vo,
where v is a particular solution of (13)
g P2
= ad + =], Appp=
Vo N+ 2Mgr ¥10 52 $10 = ¥1

and
pAV + (A + p)graddivV = 0.

The last equation is the equation of an isotropic elastic body. The solutions of the BVPs
under BCs V¥ = F* — v& | in the domains D and D™, are given in [32].
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So, it remains to solve BVPs for the system (2),(3).

5. Solution of the BVP 1
The thermostress vector P()(9x, dn)w has the form

ow

P (9x,0n)w = (ks + k¢) o

+ kyndivw + ks[n - rotw],

Taking into account (12) and the identities

0 1 0
a—ngradh(x) = ;grad (pap - 1)h(x)> ,

0 1 0
a—nroth(x) = ;rot (pap — 1)h(x)> ,

the vector P(?)(9x, dn)w takes the form
P (9%, on)w =

ks + ke
p

dp
1 1
—i—/mbs%;xgpg + k5;[x- o).

By direct calculation from (16) we obtain

( 2 2

32@3

0 1 3
elks ko) (ap - p> 2952 )"

0

0 1
&, 55,(2)

- PO (0, om)w)| = (ks + ko) < - >

02 0 1
et o+ 5 -]

3 0
&, 55,(x)

[P(Q) (0%, 8n)w)} L=

% _ 91
on  Op

1

dp2 _
Op —ap dp P dp

dp’

(x-w)

\

It is well known that the general solutions of the equation (A — sZ)zﬁ
domains Dt (D™) have the form ([31])

{grad <p§p ~ 1) (apr (x) + btpg(X))) + ¢ rot <pa 1

:()7

)|

9 )
(x - P®(9x, 0n)w) = (ks + kG)QpWSO; + (ks + ko)bp 5 + kybs?plps

k=1,2, in the
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000 = 32 oD iVt oD (isp) = ST U
X) = m (1S m\V, ) m (1S - . ) )
= SV P M
(18)
X ), 1), ”Rlezré(iskp)
w(X) = E W, (Zskp)yn(ﬂ7 90)7 W' (isgp) = O . . p> R,
m=0 ﬁHm+1 (ispR1)

2

and the general solutions of the equation A¢ = 0 in the domains D" (D) have the form

(31)

m

p
= ———————— 7 (9, ), < Ry,
ox) = 2 @m o+ R (0,9), P <
(19)
= —Zm ) ) Y
¢(X) mZ::O (2m + 1)pm+1 ( SO) p > Rl
where Y,,, and Z,,(0, ¢) are the spherical harmonics.
We seek solutions to equations (2),(3) with the boundary conditions
(P(Q)(ax n)vv)Jr = 1(y) k% + ﬂXw : = faly), y€eS
) ) 8n Rl Y )
in the form (12), where
o0 o
= —Y ’197 )
i) = 8 e Yin(0.9)
P2(0) = 3 i (i519)Yom (9, 9) (20)
2i(x) = 3 o (is2p)Yim(D,0), G =34, p< R,

VR, 3 isip)
2 k=1,2.

Wy _
Om (iskp) Nz ’
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Substituting the expressions of ¢,,(x), m =1,2,3,4 into (17), we obtain

' (x - P® (0x,0n)w) = a(ks + ke) i M

Vi (9,
= @m+ DRI @.¢)

ok , .
0 (ks + koo 508D is10) + kastpold is10)| Yo (0.

(ks + ke) (;) _ ;) n;i;om(m 16 (is53p) Yo,
% g5 (PO omonw)], =
— (ks + ko) mi;om(m +1) {mnm +b <5?p - /1)> ¢g>(islp)y2m}

3 o [P0 mw] = ks X mlm+ 1) (2 1) i vin,

06 s m—1 9
== (mp_lYlmw, &)+ S Lo (is10)]Yam (9, ¢),

o0 mpm—l
(x-w)=ap X

— 0
g Y1m(Y, b 1M Youm (40,
m=0 (2m + 1)R§n*1 1 ( SO) + p’,nzo ap [(ﬁm (ZSIP)] 2 ( QO)

—em(m+1) > ¢ (is2p)Yam.

m=0

Remark 3. The conditions [ ¢jds=0 j = 3,4 in fact mean that
S(Oval)

Y30 = Y40 = 0.

Passing in (21) to the limit as p — R; and taking into account boundary conditions we obtain
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for the determination of Y;,; the system of algebraic equations

Mylm(197 90)

a(k:5 + kg) 2m +

2 )
+b {(k5 + ke) [p8p2¢7(7}”) (281,0)} + k48%31} Yom (9, @)

p=R1

9 1\ . _ ot
_C(k5 + kG)m(m + 1) 87 — = | &m (ZSQP) Y3, = h1m7

P P p=R1

a(m—1) o 1 Ny
- plam=Dy (2 L) 4w Y.
(ks + ko)m(m + 1) { 1 Y| (5 ) Wisn)| Yo 2)
92 0 1 (1),.

1 AR s Yam = hi
+m(m+ 1) {c(k5 + k¢) K,oap2 + o5 p) (zszp)} o +ksRy p Y3 h3,,
koG + 1) ¢ [ o isan)| = g bV =5

Op " p=R1 4 "
kk7s2m cky
—————Y1im (Y = 1)Y3,, = hy, ’
where

Y30 =Yy =0, hiy=hi;=0.

For m = 0 we obtain Yj¢ is an arbitrary constant.

By virtue of Theorem 1 we conclude that the system (22) for m > 1 is uniquely solvable
and the functions Y}, can be expressed by the known functions h;rm.

Remark 4. Having defined (1, we find the solution of equation Ay = ¢

1 = p2+nY1n(19> 77)

P10(x) = 5 n—1"
24~ (3+2n)(2n+ )Ry

p < Ry. (23)

6. Solution of the BVP 2

The solution of the problem
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in the domain D~ is sought in the form (12), where

%) RTH-Q
p1(x) = mZ::O Wylm(ﬂa ),
Pa(x) = 3 Wi (is19)Yom (9, ), (24)
2i(x) = 3 Wi is2p)Yim(0, ) p> Ras j =34,

\

VRHY (isip)
W) (isgp) = DR , k=12
ﬁHer% (isgR1)

Substituting the expressions of ¢,,(z), m =1,2,3,4 into (17) we obtain

m-+2
p@ _ & (m+1)(m+2)Ry
(x - P (0x,0n)w) = a(ks + ko) mZ:0 (2m + 1)pm+2

Yim/(9, ¢)

H? ) )
#0554 ko) g3 W i)+ hastp 0D i) | Yo (0. )

0 1) & )
—c(ks + k) <8p - p) >, m(m+ 1)‘1’5711)(282P)Y3m,
m=0

(25)

o0 a(m m+2
~(ks + ko) 3 m(m—l—l){— (m + 2) Ry b(a 1

B N G A = T (is1p) Yo
m+ 2 T\ 5, p) m (is12)Y> }

> o 1 :
+ > m(m+1) {C(kE) + ko) (Papg + o p) + k5p} v (i52p)Y3m,

23: 85,?(35) [P(Q)(ax, 3n)W)} L —k‘5mzzom(m +1) (é?ap — ;) \I'SJ (i52p)Yam,

m 1 1)z im(e) + D" [0 (i519)[Yon (9, ),

Ly & (mE DR AT
(X W) = —ap mzzo (27TL n 1)pm+2 Ylm(ﬁv QO) + bpmzz:o 8,0 [\Ijm (Zslp)]YQW(ﬁﬂ 90)

—em(m+1) \II’S}L)(Z'SQP)YSWJ

m=0

Passing in (25) to the limit as p — R; and taking into account boundary conditions we
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obtain for the determination of ¥;,,; the system of algebraic equations

(m+1)(m+2)
2m +1

a(k5 + kﬁ) Ym(ﬁ, (p)

d? .
+b {(k5 + k) [ Fr —— )(zslp)] + m%m} Yam (9, @)

p=R1

o 1
—c(ks + kg)ym(m + 1) Kap - p) xlfﬁ,?(z‘st)] Yam = i,
p=R1

_(k'5 + kg)m(m + 1) {—W}ﬁm +b [(aa — p) (1)(132p):| . ng}
p=R1

0
0?2 0 1 (1) ,.
m + 1 k‘5 + k‘6 Prs + — == | ¥y (ZSQp) + ksRy p Y3, = h2m7
3p op p =Ry
(1) 1 -

ksm(m + 1) \Il (is2p) Yim = —hsg,,»

p=R; Rl
kk7s?(m + 1) ckq _
———— Y1 (¥, — 1)Y3, = —h, ,

L ]{22(2171, n 1) 1 ( 90) + Rl m(m + ) 3 4m

(26)
where
Y30 =Y40 =0, hgy=hyy=0.
By virtue of Theorem 2 we conclude that the system (26) for m > 0 is uniquely solvable
and the functions Y}, can be expressed by the known functions h;rm.
Remark 5. Having defined ¢1, we find the solution of equation Agp1g = ¢1

2 0 n+2
P Yin(9, ) Ry
pro(x) =5 ) A= an?) il

0

p> Ry.

n=

Conclusions

By using the above-mentioned method, it is possible:

1. To construct explicitly the solutions of basic BVPs for systems (1)-(3) for simple cases
of 2D domains (circle, plane with circular hole) in the form of absolutely and uniformly
convergent series that are useful in the engineering practice;

2. To obtain numerical solutions of the boundary value problems;

3. To construct explicitly the solutions of basic BVPs of the systems of equations in
the modern linear theories of elasticity, thermoelasticity and poroelasticity for materials with
microstructures for a circle, for a sphere etc.

4. In practice, such BVPs are quite common in many areas of science. The potential
users of the obtained results will be the scientists and engineers working on the problems of
solid mechanics, micro and nanomechanics, mechanics of materials, engineering mechanics
etc.
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