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THE ISOMETRIC SYSTEM OF COORDINATES AND THE COMPLEX FORM
OF THE SYSTEM OF EQUATIONS FOR THE NON-SHALLOW AND
NONLINEAR THEORY OF SHELLS

Meunargia T.

Abstract. In this paper, the 3-D geometrically and physically nonlinear theories of non-
shallow shells are considered. The isometrical system of coordinates is of special interest,
since in this system we can obtain bases equations of the theory of shells in a complex form.
This circumstance makes is possible to apply the methods developed by N. Muskhelishvili and
his disciples by means of the theory of functions of a complex variable and integral equations
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1. Introduction

The refined theory of shells is constructed by reducing the three-dimensional prob-
lems of the theory of elasticity to the two-dimensional problems [1, 2]. I. Vekua con-
structed several versions of the refined linear theory of thin and shallow shells, con-
taining, the regular processes by means of the method of reduction of 3-D problems of
elasticity to 2-D ones [1].

By thin and shallow shells I.Vekua means 3-D shell type elastic bodies satisfying
the following conditions [3]

I

al =23 2o’ —h<iP=uz,<h, apf=12, (%)
where af and b2 are mixed components of the metric and curvature tensors of the
midsurface of the shell, 23 is the thickness coordinate and h is the semi-thickness.

In the sequel, under non-shallow shells we wean elastic bodies free from the as-
sumption of the type (*) or, more exactly, the bodies with the conditions

ag — w,b # a = |hbBa| < g < 1.

Such kind of shells are called shells with varying in thickness geometry, or non-
shallow shells.

2. System of geometrically and physically nonlinear equations for non-
shallow shells

We write the equation of equilibrium of an elastic shell-type body in a vector form
which is convenient for reduction to the 2-D equations
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where ¢ is the discriminant of the metric quadratic form of the 3-D domain §2, V; are

covariant derivatives with respect to the space coordinates z, ® is an external force,

&' are the contravariant constituents of the stress vector & . acting in the area with
(1)

*

the normal [ and representable as the Cauchy formulas as follows

G. =061 li=IR:.
0
A material is said to be hyper-elastic if the stresses are obtained by means of the
strain energy function
o = ,
aeij
where 0% are contravariant components of the stress tensor, 3 is the strain energy
function, and e;; are covariant components of the strain tensor.
The theory of hyper-elasticity of the second order has the form [2, 3]

1. 1 ..
E| = §Elqu€ij€pq + gEquSkeijQqusk,
e = ~(R,U + R,00 + 0,00,0) (2)
i 92 1Yj 7+ ? J
ol = Eiivie, + Eiiriske ey G = o (R; + 8;0)
where E¥P4 and E“Pask are coefficients of elasticity of the first and second order and
U is the displacement vector.

Coefficients of elasticity of the first order for isotropic elastic bodies are expressed
by the two Lamé coefficients

E7P = X\g7g" + p(g?g" + gg™"), (g7 = B'RY) (3)
and coefficients of elasticity of the second order are defined by the formula
Eiirask (E1 + EQ)gijgpqgsk _ E2gijgpkgqs + Eggipgqusk + E4gisgpqgjk’ (4)

where Fi, Fy, E3 and E, are modules of elasticity of the second order for isotropic
elastic bodies.
Here R; and R’ are covariant and contravariant base vectors of the space.

3. The coordinate system in a shell normally connected with a surface

Let €2 denote a shell and a domain of the space occupied by the shell. Inside the shell,
we consider a smooth surface S with respect to which the shell 2 lies symmetrically.
The surface S is called the midsurface of the shell €2. To construct the theory of
shells, we use more convenient coordinate system which is normally connected with
the midsurface S. This means that the radius-vector R of any point of the domain (2
can be represented in the form

R(z', 2%, 2%) = (o', 2?) + %7 (2!, 2?),
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where R and 7 are respectively the radius-vector and the unit vector of the normal of
the surface S(x® = 0) and (z!, 2?) are the Gaussian parameters of the midsurfaces S.

The covariant and contravariant basis vectors B; and R' of the surfaces S(z3 =
const), and the corresponding basis vectors 7; and 7% of the midsurface S (z* = 0) are
connected by the following relations:

R = AlT) = Ay, R = A5 = AVr;, (i,j=1,2,3),

where
. Gg—l’;abg, i:Oé, j:B7 . 7:‘0”77047 i:()é,
A = i T =
55’, 7 =3, n,n, =3,
, (1 - 2Hzg)aj + 2sbj i=a, j=0
Al = 1—2Hzs + Ka2 ’ ’
83, j=3.

Here (ang,a*?,a?) and (b, 50", 0°%) are the components (covariant, contravariant and
mixed) of the metric and curvature tensors of the midsurface S. By H and K we
denote a middle and Gaussian curvature of the surface S, where

2H = b = b + b2, K = blb2 — blb?.

It should be noted that for the refined theory of non-shallow shells (Koiter, Naghdi,
Lurie) these relations have the form

Re = (af + xgbg)F’g, Ry = (af — z3b)7s.
The main quadratic forms of the midsurface S (z3 = 0) have the forms
I = ds® = agpdr®da’, 11 = K,ds* = bysdr®da”,

where k, is the normal courvative of the S and

- — - = — — dxa
Aap = Tal'g, baﬁ = "N, ks = baﬁsa‘sﬂa To = 8o<7ﬂ7 % = d_s

It is necessary to rewrite the relation (1-4) in terms of the midsurface S of the shell
Q.
Relation (1) can be written as follows:
1 0y/ada” N ol
Va  Oxe 03
from (2), (3), (4) we obtain

+90 =0, (U=1—2Hzxs+ Kas).

&' = o'(R; + 0,U) = (B 4 Eiiraske Ve, (R + 0;0)

= Ft = %Azl [Miljlplql + %Mi1j1p1‘1151k1

X (AF 7, 00U + A3, AL 8,00,0)]

X (Ap 7, 0,0 + A8 7, 0,U + Ap A2 9,00,0) (7, + A%, 0;0),
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where
MNP — \q"itgPrat 4 M(allplahql + a11q1a]1P1)

Miapiqisikl — (El + EQ)ailjlaplql _ E2ailj1ap1k1qlhsl
+E3a11p1a]1Q1a81k1 + E4a“51ap1‘ha]1k1,

(a9 = 7).

4. Isometric system of coordinates

The isometrical system of coordinates in the surface S is of special interest, since
in this system we can obtain bases equations of the theory of shells in a complex form,
which in turn, allows one for a rather wide class of problems to construct complex
representation of general solutions by means of analytic functions of one variable z =
x4+ iz?. This circumstance makes is possible to apply the methods developed by
N. Muskhelishvili and his disciples by means of the theory of functions of a complex
variable and integral equations [1].

The main quadratic forms in this of coordinates are of the type

I =ds* = A(z', 2?)[(dat)? + (da?)?] = A(z, 2)dzdz, (A > 0)

1 _
11 = bopdrda’ = 5[de2 +2Hdzdz + Qdz?),
where .
Q= 5(b} — b2+ 2ib)), 2H = bl 4 12.

Introducing the well-known differential operators

9 _1(90 9\ 9 _
0z 2\ ox! oxr2 )’ 0z

and the notation

DO | —
VR
3o
S
[\

N——

g:ﬁ:1—2Hx3+K:C§,
a
we obtain the following complex writing both for the system of equations of equilibrium
and for "Hooke’s Law”
K&[A(Tl — Ty +iTy +iTy)] + g[A(Tl + 75 +imy — i1y
+ 4y, 072
—ANHT +Q75) + e + Fp =0,
1 (OATs  OATS L 9
— H
A( % T )T (i +75)
3

- . . ot
—|—Re[@(7‘11 — 7'22 + 27'21 — 27'12)] + (9_13?;‘ + F3 =0,
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where
T3 ) =7 = \/g{p@ + u(Br0.0 + Rro.U
L2 TP (B + 20°0)F, + p2(Ry + 070)0U (R + 20°0)7,
+(R, 05U + 278U + 20°U 850050 }
ﬁ+ﬁ+dﬁ—ﬁﬁﬁ”i:Vgp@+miﬁﬁ+ﬁ@ﬁ
120r U000 (BT + 20°0)7, + p2(R0.U + 0,00°0)
(R* 4 20°0)7, + (RT0sU + 2(7t + 0°U)9*U)0sU ] }
= (P it = \/g {2[/\@ + u(RT0,0 + R+o.U + 20°00.0)
(707°0)] + p[2(R*0:U + 070 0,0) (707U )+
(R 05U + 207U + 207U 05U ) (1 4 05Us)] },
= B, = \/g {[A@ + u(2iPU + 8,00°T 05U
- 1= - o o -
+u(ii0°U + 5 B + 0,00,U00.0) (R, + 20.0)7,
> 1 — — — = = —
AU + S R 0.00,00°0) (R, +20:0)7, }
3 =P = \/g{[x@ + u(2R0°U + 05U00°U) (1 + 950)
. 1- - L. .
+2u((0°U. + SR 05U + 0°U0sU) (710:U)
(77T + %émgﬁ + oy00.0)R0.0] }
Then

- . = _» S 1 .
@=F@U+F@U+wﬂWU+@%+?&mi
- 1 - = - > - -
8ZU - §[<R+R+)83U+ + (RR+)QZU],
RB*=R' 1R, R, =R, +iR,,

Rt = 07Y(1 — Hay)™ + 23Q7, ],

FH =7 i, =1+ i,
=, = 41’3)\—Hl’3
R*RY = —
A /192 Q? ) )
B — 2 (1 = Ha)* + 230Q _ 29 +223QQ
A V2 A 02 ’
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R'Fy = —Qu3, R7p = —(1 — Huag),
9 U
_ 2 _
WW — 0, 7'_”\4»7:‘+ — K, _»+7:’+ — 2,

Fi=F+F, U =U+il,, Ut =U"4iU>

We have the formulas

The displacement vector U , representable in the form

U = UsFo + U = Uy + Usii = Ul + U5+ Uit (U = U®)

can be rewritten as follows:
— 1 — —
U - §(U+F+ + U+’I?+) + Ugﬁ

or

— d
U =Im (U(l) + iU(S)) —ZF+ + Usnl

ds

where

Ut =UF, Uy = Uy, Uy =Ul, U, =US.
Here § and [ are the unit tangent vector and tangential normal of the midsurface

S(x3 = 0). The expression for the unit tangent vector § and the tangential normal [ of
the surface S(x3 = const) have the forms

. dR . _ds
5= i [(1—%1{:5)8—1—1:87'5[]%,
f—?xﬁ—[(l—xk’)f—x Tﬂﬁ
- - 3fvs 3ls d§’

and

45 = \J1 = 2wsk, + (K2 + 12)ads,

(fx§:ﬁ>

where d§ and ds are linear elements of the surfaces S and S, 7, is the geodesic version
of the surface S.

The formula
ds

% .

—

IRy = (1 — 2Hzxs 4+ Kaz2)(I7,)
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which is necessary in writing the reduced basic boundary-value problems in stresses, is
also valid.
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