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ON OSCILLATORY PROPERTIES OF SOLUTIONS OF ALMOST LINEAR
FUNCTIONAL DIFFERENTIAL EQUATIONS

Koplatadze R.

Abstract. The differential equation
u™(t) + F(u)(t) =0

is considered, where F' : C(Ry;R) — Ljoe(R+; R) is a continuous mapping. In the case
operator F' has almost linear minorant, sufficient conditions are established for equation to
have Properties A and B.
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1. Introduction

This work deals with the investigation of oscillatory properties of solutions of a
functional differential equation

u™(t) + F(u)(t) = 0, (1.1)

where F': C(R4; R) — Lio.(R4; R) is a continuous mapping.
Let 7 € C(R4+;Ry), tliin 7(t) = +oo. Denote by V(7) the set of continuous
—+o0

mappings F' satisfying the condition F(x)(t) = F(y)(t) holds for any ¢ € R, and
x,y € C(Ry; R) provided that x(s) = y(s) for s > 7(t). For any t, € Ry, we denote
by Hi,, the set of all functions u € C(R;; R) satistying u(t) # 0 for ¢t > ¢;, where
t1 = min{tg, 7 (to) }, 7(t) = inf{7(s) : s > t}.

It will always be assumed that either the condition

Fu)(t)u(t) >0 for t>ty, we Hy, (1.2)

or the condition
Fu)(t)u(t) <0 for t>ty, u€ Hy, (1.3)

is fulfilled.

A function u : [tg, +00) — R is said to be a proper solution of equation (1.1), if it is
locally absolutely continuous along with its derivatives up to the order n — 1 inclusive,
sup{|u(s)| : s € [t,+00)} > 0 for t > t, and there exists a function u, € C(R,; R) such
that w.(t) = u(t) on [tg, +00) and the equality

ul () + Fu.)(t) = 0

holds for t € [tg, +00). A proper solution u : [tg, +00) — R of equation (1.1) is said to
be oscillatory if it has a sequence of zeros tending to +o00. Otherwise, the solution u is
said to be nonoscillatory.
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Definition 1.1. We say that equation (1.1) has Property A if any of its proper
solutions is oscillatory, when n is even and either is oscillatory or satisfies

D@10 as tt+oo0 (i=0,...,n—1) (1.4)
when n is odd.
Definition 1.2. We say that equation (1.1) has Property B if any of its proper
solution either is oscillatory, or satisfies either (1.4) or
|u(i)(t)‘T+oo as tt+oo (i=0,...,n—1) (1.5)
when n is even, and either is oscillatory or satisfies (1.5) when n is odd.

A. Kneser was the first who showed the condition

lim inf t"/?p(t) > 0

t—+o00

is sufficient for the equation

u™(t) + p(t) u(t) = 0 (1.6)

to have Property A [1]. This theorem for Property A (for Property B) was essentially
generalized by Kondrat’ev [2] (by Chanturia [3]). Their methods was based on a com-
parison theorem which enables one to obtain optimal results for establishing oscillatory
properties of solutions of equation (1.6). Koplatadze [4,5] proved integral comparison
theorems of two types for differential equations with deviated arguments. The theo-
rems of the first type enables one not only to generalize the above mentioned results
for equations with deviated arguments, but to improve Chanturia’s result concerning
Property B even in the case of equation (1.6).
The ordinary differential equation with deviating argument

u™ (t) + p(t)|u(o (£)|" signu(o(t)) = 0 (1.7)
is a particular case of equation (1.1) where p € Li(Ry;R), p € C(Ry;(0,+00)),
o € C(Ry;R) and tliin o(t) = +oo. In case tliELn wu(t) = 1, we call differential

— 400 —+00
equation (1.7) almost linear, while if l}/m Jrimf,u(t) # 1, or limsup u(t) # 1, then we
— oo t—+o0
call equation (1.7) the essentially nonlinear generalised Emden-Fowler type differential
equation.
In the present paper developing ideas of [6,7], the both cases of Properties A and
B will be studied when operator F' has almost linear minorant.

Investigation of almost linear differential equations, in our opinion for the first time
was carried out [6-8].

2. Almost linear functional differential equation with property A

Theorem 2.1. Let F' € V(1), conditions (1.2) and

n Bit
> pilt) /
=1 Qq

d4
u(s)| i ds for t>ty>1, u€ Hy, (2.1)
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be fulfilled, where
pi € L106<R+; R+), O<ao; < 6@, i € (—1, +OO>, d; € R (Z = 1, - ,m). (22)

Then for the equation (1.1) to have Property A it is sufficient that

m

400
NN Pl 1—|—
it ¢ [ (e )i

A= 1) O e (TT0+ 7+ 0) "
>%max{ - = :)\E[O,n—l]},
<11;[1( plit a;ﬂﬁ,\)) ™

where

Y= Z%‘; d= Zdi- (2.3)
=1 :

Theorem 2.2. Let F' € V(7), conditions (1.2), (2.1) and (2.2) be fulfilled, where
i <1,d; € (—00,0] (i =1,...,m). Then the condition

m

+oo 1
. " 1+ m
it ¢ [ 5% (T te)) s
1

_)\(/\—1)...<)\—n+1)6_%(ﬁ(1+,yi+)\)vn
{ — i=1 - :)\G[n—2,n_1]}
(11 (s —abr))”

i=1

> — max
m

is sufficient for equation (1.1) to have Property A, where d and 7y are given by (2.3).

Theorem 2.3. Let F' € V(7), conditions (1.2), (2.1) and (2.2) be fulfilled, where
a; >1,d; €[0,+00) (i =1,...,m). Then for equation (1.1) to have Property A, it is
sufficient that the condition

~+o00 m 1
. . n_1+% ) m
I%I_I)l_:glof t/t s (Jll pz(s)> ds

m ﬁ (ﬁlﬂiﬂ _ a1+fyi+,\)) m
(2

3=

7
i=1
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holds when n s even and the condition
+oo 1
I s 1+ m
pmint ¢ [ 005 (T o) s
{A()\l)---()\nJr e (H(1+%+)\>

3

> — max
m

1

L e P E SRS L
I1 (; & )
AeL,2]Un—2,n— 1]}

holds when n is odd, where d and ~y are given by (2.3).
Theorem 2.4. Let F' € V(1), conditions (1.2) and

> Zpi(t)’u(ait)’prm for t>ty>1, we€H,, (2.4)

be fulfilled, where
pi € L10C<R+; R+), a; > 0, dl € R. (25)

Then for equation (1.1) to have Property A, it is sufficient that

+oo m
[ ([T
>%max{—>\()\—1). A—n+1 (HO‘Z )72:)\6[0,71—1]}.

Theorem 2.5. Let F' € V(7), conditions (1.2), (2.4) and (2.5) be fulfilled, where
a; <1and d; € (—00,0] (i =1,...,m). Then for equation (1.1) to have Property A,
it 1s sufficient that

+00 m #
lglﬁgof t /t s 2 ( gpl(s)> ds
A

>lmax{—/\()\—1)- A—n+1 (Hae ) m:)\e[n—Z,n—l]}.

m

Theorem 2.6. Let F' € V(7), conditions (1.2), (2.4) and (2.5) be fulfilled, where
a; > 1 and d; € [0,+00) (i =1,...,m). Then for equation (1.1) to have Property A,
it is sufficient that the condition

400 m 1
. . n—2 m
it 2T to) "

1

> Emax{ —)\()\—1)---(A—n+1)(ﬁaiedi>_;:)\E [0,1]}
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liminf ¢

im in} /t+00 §"2 < erjpz(s)> %ds

1 TVL
>Emax{—)\()\—1)- —n+1<Ho¢Z )
holds when n is odd
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e (1,2 U m—zn—u}

3. Almost linear functional differential equation with property B

Theorem 3.1. Let F' € V(7), conditions (1.3), (2.1) and (
for the equation (1.1) to have Property B it is sufficient that

liminf ¢

.2) be fulfilled. Then
+o0 m 1
n—1+-2L ) m
it [ o5 () o

His

1 {MAD~4An+n(ﬁ(+%
> — max
" (

N) e
=1 . Ae0,n—2]p,
(ﬁil"r’}’i‘i')\ _ a;ﬂﬁ’\))E
2.3).
Theorem 3.2. Let F €V
Gi<1,d; € (—00,0] (i=1,...,m)

(1), conditions (1.3), (2.1) and (
sufficient that the condition

—3

<
Il

1
where v and d are given by (

2) be fulfilled, where
Then for equation (1.1) to have Property B, it is
liminf ¢

t—5400 /t st <sz ) ds

1 {MAD~%An+U<ﬁO+% -3
> — max
" (

N) e
- =1 :)\G[n—3,n—2]}
[T (3

3|

3=

Ly +A
i e ))
=1

holds when n is even and the condition

liminf ¢

it 715 (T o) "o

. {/\(,\1)...()\n—|—1)<lﬁl(1—|—%—|—)\)>;
> — max — T
m <£l[1( I+ a;-l-'yi—&-)\))E

:)\E[O,l]U[n—B,n—2]}

_Ad

m
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holds when n is odd, where v and d are given by (2.3).
Theorem 3.3. Let F' € V(7), conditions (1.3), (2.1) and (2.2) be fulfilled, where
a; >1,d; €10,+00) (i=1,...,m). Then for equation (1.1) to have Property B, it is

sufficient that the condition

+o0 m 1
lim inf t/ sVt (sz(8)> "ds
t i=1

t——+o0

3|

1 A(A—l)---(A—nH)e—%(ﬁ(1+%~+A)
> — max = Ae 1,2
m { < :nl (ﬁilJr’YHr)\ B a;ﬂﬁ/\)) m }

~

holds when n is even and the condition

~+o00 m 1
lim inf t/ sVt (sz(5)> "ds
t i=1

t——+o0

m 1
) A(A—1)---(A—n+1)e—%<H(1+%+A)”
>Emax{ - = :/\6[0,1]}
yitd I vtA )™
e alt )

holds when n is odd, where d and ~y are given by (2.3).
Theorem 3.4. Let F' € V(7), conditions (1.3), (2.1) and (2.5) be fulfilled. Then

for equation (1.1) to have Property B, it is sufficient that

+o0 m 1
) n—2 ) m
it 1 [+ ()"

A

> imax{)\(/\—1)--~()\—n+1)<.17_71[ozz-edl>_m tAE [O,n—Q]}.

m

Theorem 3.5. Let F' € V(1), conditions (1.3), (2.4) and (2.5) be fulfilled, where
a; <1 andd; € (—00,0] (i =1,...,m). Then for equation (1.1) to have Property B,

it 1s sufficient that the condition

400 m 1
. . n72 ) m
l%gl +1{1}101“ t /t s <i|:|1 pz(s)> ds

m Py

> %max{)\()\—1)---(A—n+1)<Hai6d")_m tAE [n—3,n—2]}

=1
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holds when n s even and the condition

+o0 m %
ot o2 (Tt "

> imax{)\(/\—1)--~(/\—n+1)<ﬁaiedi>_%

:AG[O,l]U[n—B,n—Q]}

holds when n is odd.

Theorem 3.6. Let F' € V(7), conditions (1.3), (2.4) and (2.5) be fulfilled, where
a; > 1 and d; € [0,+00) (i =1,...,m). Then for equation (1.1) to have Property B,
it 1s sufficient that the condition

+oo m L
I%gﬁcr}of t/t 3"2<Epi(s)> ds
> %max{)\()\—1)---()\—n+1)<1jaied">_$ tAE [1,2]}

holds when n is even and the condition

+o00 m 1
. . n72 ) m
1%21 +1Cr>1of t /t s <i|:|1 pz(s)> ds

> imax{)\()\—1)---(A—n+1)<ﬁaied")_$ TN E [0,1]}

m .
=1

holds when n s odd.
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