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THE PROBLEM OF STATICS OF THE THEORY OF ELASTIC MIXTURE OF
FINDING FULL-STRENGTH CONTOUR INSIDE THE POLYGON

Svanadze K.

Abstract. In the present work we consider the problem of statics of the linear theory of
elastic mixture of finding a full-strength contour for a finite doubly-connected domain whose
outer boundary is a convex polygon, while the inner boundary is a smooth closed contour. It
is assumed that absolutely smooth rigid punches are applied to every link of the polygon. The
punches are under the action of external normal contractive forces. The goal of the problem
is to find an unknown contour under the condition that tangential normal stress vector on it
takes constant value.
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1. Introduction

The problems of the plane theory of elasticity for infinite domains weakened by
equally strong holes have been studied by many authors, particularly in [1], [9] the same
problem for simple and doubly-connected domains with partially unknown boundaries
are investigated in [2], [10] etc. The mixed boundary value problems of the plane theory
of elasticity for domain with partially unknown boundaries have been studied by R.
Bantsuri [3]. Analogous problem in the case of the plane theory of elastic mixtures is
considered in [15].

In [14] using the method suggested by R. Bantsury in [4], the author gives a solution
of the mixed problem of the plane theory of elasticity for a finite multiply connected
domain with a partially unknown boundary having the axis of symmetry. Analogous
problem in the case of the plane theory of elastic mixtures has been studied in [16].
The problem of statics of the plane theory of elasticity of finding an equally strong
contour for square which is weakened by a hole and by cuttings at vertices have been
investigated in [5] by R. Bantsuri and G. Kapanadze. The analogous problem in the
case of the plane theory of elastic mixtures has been studied in [17].

In the work of R. Bantsuri and G. Kapanadze [6] the problem of statics of the plane
theory of elasticity of finding a full-strength contour inside the polygon are considered.

In the present paper in the case of the plane theory of elastic mixtures we study
the problem analogous to that solved in [6]. For the solution of the problem the use
will be made of the generalized Kolosov-Muskhelishvili’s formula [17] and the method
developed in [6].

2. Some auxiliary formulas and operators

The homogeneous equation of statics of the theory of elastic mixtures in a complex
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form looks as follows [8]
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Here p, o, i3, Ay, p = 1,5 are elasticity modules characterizing mechanical
properties of a mixture, p; and py are its particular densities. The elastic constants
pa, H2, 3, Ap,  p = 1,5 and particular densities p; and py will be assumed to satisfy
the conditions of the inequality [13].

In [7] M. Basheleishvili obtained the following representations:

1

U= < Z; i ZZ ) = my(z) + 526@'(2) +Y(2), (2.2)

= ( %ﬁj ii%i; > = 858(1,) (A= 2B)p(2) + Bz () + 2ub(2)|, (23)

where ¢ = (@1, p2)T and ¥ = (¢1,12)T are arbitrary analytic vector-functions;
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n = (n1,ng)7 is the unit vector of the outer normal, (T'U),,p = 1,4, the stress compo-
nents [7]
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Introduce the vectors:
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M = (rir)’ T = (a2, 790) T, 7 = M 4 70, (2.4)

NV = (ry, )" 0@ = (rigyr) o =0 + 9@, e =g =y (2.5)
Let (n,S) be the right rectangular system, where S and n are respectively, the
tangent and the normal of the curve L at the point ¢t = t; + ity. Assume that n =
(n1,m9)" = (cosa, sina)” and S° = (—ny, ny)T = (—sina, cosa)”, where « is the angle
of inclination of the normal n to the ox; axis.
Introduce the vectors

), (26)

_ ( TU)m + (TU)zny _( (TU)enq — (TU)1n,
o ( (TU)3nqy + (TU)4ng ) r 08 = ( (TU)any — (TU)3ns ) , (2.7)
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Up = (uiny + ugng, ugng +ugnz)™,  Us = (ugny — uing, ugny — uzng

[ ’ ’ ’ ’ TSO
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2171 11702, F'22701 12 2:|

O — T . (28)

" " " " SO
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Let us call the vector (2.8) the tangential normal stress vector in the linear theory of
elastic mixture.
After elementary calculations we obtain

on = TWeos’a + 7@ sin®a + nsinacosa,
op = T Wsin2a + 1@ cos?a — 7SINQCcosa,
0 =3 [(7-(2) — 7'(1))sm2a + ncos2a — 5*} .

Direct calculations allow us to check that on L [15]

On+ 0, =7=22E — A— B)Rey (t), (2.9)
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on + 20 <%[és +%> +1 [US—Q,u (Ogg —%)} =20 (t), (2.10)
(A = 2E)p(t) + Bt (D) + 2u{®)]s = —i /L oy +io)ds,  (2.11)

where det(2E — A — B) > 0, gio is the curvature of L at the point t = ¢, + its.
Everywhere in the sequel it will be assumed that the components U,, and U, are bounded
8].

Formulas (2.2), (2.3), (2.9) and (2.10) are analogous in the linear theory of elastic
mixtures to those of Kolosov-Muskhelishvili [12].

3. Statement of the problem and the method of its solving

In the present work we consider the problem of statics of the linear theory of
elastic mixture of finding a full-strength contour for a finite doubly-connected domain
whose outer boundary is a convex polygon, while the inner boundary is a smooth
closed unknown contour. It is assumed that the unknown contour is free from external
stresses and absolutely smooth rigid punches are applied to the polygon boundary; the
punches are under action of normal contractive forces.

Our problem is to find strained state of the polygon (with a hole) and analytic form
of the unknown contour under the condition that the tangential normal stress vector
(2.8) on it takes constant value (the condition of the unknown contour full-strength).

Statement of the problem. Let smooth rigid punches be applied to the boundary
of a convex polygon which is weakened by an internal hole, and let the punches be
under the action of external normal contractive forces; the hole boundary is free from
external forces.

We consider the problem: Find elastic equilibrium of the polygon and analytic form
of an unknown contour under the condition that the tangential normal stress vector
on it takes constant value oy = K°  K°= (K?, K))T = const.

By D we denote a doubly-connected domain whose internal boundary is a smooth
closed curve L; (an unknown part of the boundary), and the external boundary is a
polygon Lg. By A} (j = 1,n) we denote vertices (and their affixes) or the polygon
(Go) and assume that the point z = 0 lies inside the contour L. The positive direction
on L = Lo|J L, is taken that which leaves the domain D on the left.

It is not difficult to note that in the case under consideration the og = 0 (see
(2.7)) on the entire boundary of D, and the U,(t) (see (2.6)) is a piecewise constant
(unknown) vector on L.

Relying on the analogous Kolosov-Muskhelishvilis formulas (2.9) - (2.11) the above
posed problem is reduced to finding two analytic vector-functions ¢(z) and (2) in
domain D, by the following boundary conditions on L = Lo J L :

, 1
Rep (t)=H, t€L;, H= 5(2E—A—B)—1K°, (3.1)

Img (t) =0, te Ly, (3.2)
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Ree™t) [(A — 2E)o(t) + Bty (t) + 2up(t)| = C(t), t € Ly, (3.3)

(A —=2E)p(t) + Bte'(t) + 2u(t) =0, t € Ly, (3.4)
where «(t) is the angle lying between the ox; — axis and external normal to the
boundary at the point ¢ € Ly,

C(t) = Re{—i tO o(to)expila(ty) — a(t)]dSy + (61 + i6@)exp(—ia(t))},t € Ly,

§U) = ((59), SINT, (j =1,2), are arbitrary real constant vectors.
Moreover if t € Ly then we can write

Ret e = Ree1® A1),

where A%(t) = A} for t € ALAY,.
Since a/(t) is the piecewise constant function, we obtain for C'(¢) the representation

k
Ct) = Z PWsin(ay — ;) + 6Weosay, + 6P sinay, = Cy,

j=1

fort € AJAY,,, k=1,n, (A) ;= AY) where qy is the value of the function «(t)
on AJAY ..,

n

' Sj+1 - -
pU) — _/ o,(S)ds, j=1,n, ZP(’“) Cos ay, = ZP(k)sinak =0,
s k=1

i k=1 —
P = (R0, PP,

(the equilibrium conditions), Thus, C(t) is the piecewise constant vector-function con-

taining n arbitrary real constants to be defined in the sequel.

Now note that, the conditions (3.1) and (3.2) is the Keldysh-Sedov problem having

a solution [11]

1
p(z)=Hz = 5(2E —A-B)'K"%, z€D (3.5)

(an arbitrary constant is assumed to be equal to zero).

Let the function z = w(¢) map conformally a circular ring G(1 < [{| < R) onto
the domain D. We assume that the contour ly(|¢| = R) turns into Ly and the contaur
l1(|¢] = 1) into L.

By virtue of (3.3), (3.4) and (3.5) for the vector-functions ¢ (¢) = ¥ [w({)] holo-

morphic in the ring GG, we obtain the following boundary value problem:

Ree O K%u(€) — 2uin(€)] = ~C(©), |e] = R, (3.6)

S K%(0) = 2(7) =0 o] =1 (3.7)
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Note that on [y there takes place the equality

1 , 1
§Ree_w‘(”)K0w(o) = §Kofo(a) = Fy(0), (3.8)
where fo(o) = Rele @ A%)], A%c) = A2, o € I (i are the arcs of the
circumference [y corresponding to the sides L) k = 1, n.

Let us consider a new unknown vector-function W(¢) = (Wy, W)T defined by the
formula

WE) = P K(Q), 1< <R, -
7 Lo (1), h<il<n >

By the conditions (3.7) and (3.8) we can conclude that W(() is the vector-function,
holomorphic in the ring G*( < |¢| < R) and satisfying the boundary conditions

Ree ™ OW(¢) = Fo(€), € €l
Ree * W (o) = Fj(0), o€l (3.10)
where [ the circumference |(| = 5, Fi(0) = C(0) + Fo(o).

Since Fy(§) and Fj(o) are the piecewise constant vector-functions, from (3.10) by
means of multiplication by the abscissa s, with respect to the vector-function W' (¢)
we obtain the boundary value problem

’

Refice ™ OW (o)) =0, o €U (3.11)

Consider now the polygon (G;) lying completely inside the contour L; and similar
to the polygon (Gy); the corresponding vertices lie on one and the same ray emanating
from the point z = 0 (the similarity coefficient ¢ remains unfixed yet).

We denote by Af (that is, A5 = ¢~'AY,), vertices of the polygon (G;) and by Lj
the boundary.

By D* we denote the doubly-connected domain which is bounded by the polygons
(G1) and (Gp), and as the positive direction on the boundary of D* (Lgl|J L) we
choose that which leaves the domain D* on the left.

Let the function z = wy(¢) map conformally the circular ring G*(R™! < |(] < R)
onto the domain D* (this can be achieved by the choice of ¢). Assume that (|(| = R)
corresponds to Lo and I (|¢| = R™!) corresponds to L.

Taking into account that on [, and [j the equalities:

)1

Rele™ S K wo(€)] = Fo(€), € € lo,

| 1
Re[e‘la(")EKOwo(U)] = -Fy(o), o€l (3.12)
q
take place, we obtain with respect to the vector-function %K 0wy (¢) the boundary value

problem (3.11). Thus the vector-functions W'(¢) and 2K (¢) satisfy one and the
same boundary conditions on [oUl;
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Taking into account the results cited in [6], we can conclude that the necessary and
sufficient condition for solving the problem (3.11) is of the form

n ap \ =1 [ ay 1—k
IE(@) (?) _ 1, (3.13)

and the solution itself is given by the formula

e =v1(%)" (1- £) (1- ﬁ) TOICTRO], (314

k=1

where by a;, we denote the preimages of the points AY (ar € ly), k =1,n, v =
(11, 1)T is an arbitrary real constant vector,mv, is the innear angle at the vertex

Ai, k=1n and
_ IO_OI ﬁ Ye—1 - C Te—1
R4J§ RYay)

Jj=1k=1

Since Y p_, (v — 1) = —2 form (3.13) we get the relation ¢ = R2.

On the basis of the above results we can conclude that the problem of finding a
full-strength contour inside the polygon is closely connected with the problem of con-
formal mapping of a doubly-connected domain, bounded by polygons, onto the circular
ring. In order that the above-mentioned problems (3.10) and (3.12) be identical, it is
necessary that the equality (see [6])

(1 - %) Fy(0) = C(o), oel, (3.15)

hold, or what is the same thing,

1 1
3 ( — ﬁ) KO(A(l)cosam + Ag’sz’nam) =

Dsin(cn, — ;) + dWcosay, + 8P sinay, (3.16)

Ms

where A?n = Aﬁ,ll) + z'Am . m=1,n.

If we choose the constants PU) = (Pl(j), PZ(j))T, j=1,nand 6V, 6@ (two of PV
are expressed through the rest ones) in such a way that the equality (3.16) holds, we
obtain W(¢) = 3K (), and hence the equation of the unknown contour L; will be

2

Wl( ) FWQ(O’), O'Gll
2

t:wo(a) KO

and the vector-function 2u1)(¢) will be represented in the form 2u1)y(¢) = 2 K wy (%),
(edq.



The Problem of Statics of the Theory of Elastic Mixture of ...

As an example, we consider the case with the rectilinear polygon (Gy). Assume that
to every polygon side are applied punches whose middle is under the action of normal
concentrated force —P, (P = (P, P»)T).

The coordinate origin is at the center of the polygon (Gy) and the ox; — axis is
perpendicular to the side A? A9. Owing to the symmetry in the case we may assume
that

2T

o o
AY = exp {—W—Z+ﬂ(k—1)} ;o =—(k—1) ar= Rexp {ﬂ(l{—l)] :
noon n

n

It can be shown that the function fo(c) = Re [e7**(@) A%(o)] is constant: fy(o) = rcosZ,
and the vector-function C'(t) in this case has the form

P 2
10 = g [ ] ¢ Vs
2 1 ) 9
n 2 n n n n

2 2
+vW cos —W(k — 1) +v@sin —W(k —1).
n n

Taking v = 1PctgZ; @ = —1P, we get C(t) = —1Pctg™ and hence (3.15)
results in the relation

wo_ PR

= ) 1
r(R? —1)sin® (3:17)

In particular, if we assume that the polygon side is equal to unity, i.e. a, =
2rsin 7 = 1, then from (3.17) we obtain

,  2PR?

R
whence we conclude that K? > 2P;; (j = 1,2) and also, when R increases (i.e. when
the hole shrinks to the point) K° — 2P, while as R — 1 i.e., when K° increases and
does not exceed critical value, the hole contour approaches to that of the polygon.
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