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Abstract. The estimation of the increment of solution is obtained with respect to small
parameter for nonlinear delay functional differential equation with the continuous initial con-
dition. Moreover, value of the increment is calculated at the initial moment. This estimation
plays an important role in proving the variation formulas of solution.
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Let R" be the n-dimensional vector space of points x = (x!,...,2™)T, where T is
the sign of transposition; suppose that O C R? and V' C R; are open sets. Let
the n-dimensional function f(¢,z,y,u) satisfy the following conditions: for almost all
t € I = [a,b], the function f(t,-): O* x V — R" is continuously differentiable; for any
(z,y,u) € O* x V, the functions

f(t?‘%?y? u)? fw(t?‘%?y7 u)? fy<t7$7y7u)7 fu(t7x7y7 u)

are measurable on [; for arbitrary compacts K C O,U C V there exists a function
mu(t) € L(I,]0,00)), such that for any (z,y,u) € K* x U and for almost all ¢ € [
the following inequality is fulfilled

| [t 2y, u) |+ folt, 2y, u) | 4| fy(t 2y, u) | 4| fult, 2y, w) [< mgp(t).

Furthermore, let 0 < 7 < 7 be given numbers and let £, be the space of continuous
functions ¢ : Iy — R?, where I} = [7,b],7 =a—1; 0 = {p € E, : p(t) € O,t € I}
is a set of initial functions; let F, be the space of bounded measurable functions
w:l — R} and let Q@ = {u € E, : clu(l) C V} be a set of control functions, where
u(l) = {u(t) : t € I} and clu(I) is closer of the set u([).

To each element u = (to, 7,,u) € A = (a,b) x (11, 72) X & x  we assign the
controlled delay functional differential equation

o(t) = f(t,z(t), z(t — 7), u(?)) (1)
with the initial condition
x(t) = o(t),t € [T, Lo (2)

Condition (2) is said to be a continuous initial condition since always x(ty) = ¢(to).
Definition 1. Let u = (to,7,,u) € A. A function z(t) = z(t;u) € O,t €
[7,t1],t1 € (to,b), is called a solution of equation (1) with the initial condition (2) or
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a solution corresponding to p and defined on the interval [7, ;] if it satisfies condition
(2) and is absolutely continuous on the interval [to, 1] and satisfies equation (1) almost
everywhere on [tg, t1].

Let p1o = (to0, 70, Y0, o) € A be a fixed element. In the space £, = Rtlo XRixE,x E,
we introduce the set of variations:

V = {6p = (0ty, 61,0p,0u) € E, — o : | 6ty |< a, | 07 |< a,

k k
i=1 i=1

where dp; € E, — @o,0u; € By — ug,i = 1,k are fixed functions ; a > 0 is a fixed
number.

Theorem 1([1]). Let x¢(t) be the solution corresponding to po = (too, To, o, Uo)E A
and defined on [7,t10],t10 € (too,b) and let Ko C O and Uy C V be compact sets
containing neighborhoods of sets po(I1) U xo([too, t10]) and clug(I), respectively. Then
there exist numbers 1 > 0 and §; > 0 such that, for any (¢,du) € [0,e1] X V, we have
to+edp € A. In addition, a solution x(t; poy+edp) defined on the interval [7,t10+d1] C
I, corresponds to this element. Moreover,

z(t; pro + €0p) € Ko, t € [T, ti0 + 01), (3)
up(t) + edu(t) € Uy, t € I.

Due to the uniqueness, the solution x(¢; y9) is a continuation of the solution x(t)
on the interval [7,t19 + d1].
Theorem 1 allows one to define the increment of the solution x(t) = x(t; po) :
Ax(t;edp) = x(t; po + €6p) — wo(t),
(t,e,0p) € [T,t10 + 01] X [0,61] X V.
Theorem 2. Let the following conditions hold:
1. the function po(t),t € Iy is absolutely continuous and the function po(t) is
bounded;

2. there exist compact sets Ko C O and Uy C V' containing neighborhoods of
sets o(I1) Uxo([too, t10]) and clug(I), respectively, such that the function f(t,x,y,u) is
bounded on the set I x K2 x Up;

3. there exist the limits
Jim - o(t) = @, lim f(w,u(t)) = f7,

where w = (t,z,y) € (a,te] x O*,wy = (too, vo(ten), o(too — 70)). Then there exist
numbers €4 € (0,e1] and 09 € (0,01] such that

max | Ax(t;edp) |< O(edp) (4)

tE[f',th"rag]
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for arbitrary (g,0p) € [0,e3] x V=, where V= = {dpu € V : 6ty < 0}. Moreover,

Ax(too; £6p1) = 5[5@(7500) 4 g5 — F)0t| + o(eop).

Here the symbols O(t;edpu), o(t; edu) stand for quantities that have the correspond-
ing order of smallness with respect to ¢ uniformly with respect to ¢ and u.
Theorem 3. Let the conditions 1 and 2 of Theorem 2 hold and there exist the
limats
lim ¢o(t) = &, li_)m flw,up(t)) = fT,w € [too, b) x O*.
w—wo

t—too+

Then there exist numbers g5 € (0,e1] and o2 € (0,081] such that inequality (4) is valid
for arbitrary (e,0u) € [0,&2] X VT, where V' = {éu € V : ty > 0}. Moreover,

AZL‘(tOO + 65t0; 85#) =& 5@(t00) + {QDS_ - f+}5t0] + 0(6(5[,6)

Theorems 2 and 3 are proved by the scheme given in [2,3].
Theorem 4. Let the conditions of Theorems 2 and 3 hold. Moreover,

G~ =ei =T =1
Then there exist numbers g5 € (0,e1] and o9 € (0,81 such that inequality (4) is valid
for arbitrary (e,0u) € [0,e2] X V' and

Al’(too + 8(5t0; 85”) =& |:(5g0(t00) + f(sto] + ’)/(E(S,U), (5)
where R
o(edp) + O(ed or Oty <0,
o(edu) for oty > 0.

Here O(gdp) = 0 for 6ty = 0.

Proof. Tt is clear that inequality (4) holds for arbitrary (g,d0u) € [0,e2] x V and
formula (5) is valid for oty > 0 .

Let 6ty < 0 then

too+edto .
Ax(too + edty;edp) — Ax(too; edp) = / Ax(t;eop)dt

too
too+edto .
= / [ (£, 2(t; o + €0p), x(t — 75 po + €6p1), u(t)) — o(t)]dt = O(edp),
too
(see (3) and the conditions I and 2 ), i.e.
Azt 4 e0to; £0p) = Ax(toe; dp) + O (6 )

— &|dp(ton) + foto] + o(=0p) + O(=p).
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