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ON HIGHER ORDER “ALMOST LINEAR” FUNCTIONAL DIFFERENTIAL
EQUATIONS WITH PROPERTY A AND B

Koplatadze R.

Abstract. An operator differential equation is considered. A particular case of this equations
is the ordinary differential equation

u™(t) —i—p(t)‘u(t)‘“(t) signu(t) =0,

where p € Lioc(R+; R), i € C(R4;(0,400). This equation is “almost linear” if the condition
liminf p(¢) = 1 holds, while if lim inf 1(¢) # 1 or limsup p(t) # 1, then the equation is an es-
t—+o00 t—+o00

t—+o0
sentially nonlinear differential equation. “Almost linear” differential equations are considered

and sufficient condition are established for oscillation of solutions.
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Introduction

This work deals with study of oscillatory properties of solutions of a functional-
differential equation
u™ (t) + F(u)(t) = 0, (1.1)

where F' : C(Ry; R) — Li(Ry; R) is a continuous mapping. Let 7 € C(Ry; Ry),
lim 7(¢) = +oo. Denote by V(1) the set of continuous mappings F' satisfying the

t——+o0

condition: F(x)(t) = F(y)(t) holds for any t € R, and z,y € C(R4; R) provided
that z(s) = y(s) for s > 7(¢). For any t, € R4, we denote by Hy, . the set of all
functions u € C(R4; R) satisfying u(t) # 0 for ¢t > t,, where t, = min{to, 7.(t9)},
T(t) = inf{7(s) : s > t}. Throughout the work whenever the notation V(7) and Hy, ,
occurs, it will be understood, unless specified otherwise that the function 7 satisfies
the conditions stated above.

It will always be assumed that either the condition

F(u)(t)u(t) >0 for t>ty, we Hy,, (1.2)
or the condition
F(u)(t)u(t) <0 for t>ty, u€ Hyr (1.3)

is fulfilled.

A function u : [tg, +00) — R is said to be a proper solution of equation (1.1), if it is
locally absolutely continuous along with its derivatives up to the order n — 1 inclusive,
sup{|u(s)| : s >t} > 0 for t > ty and there exists a function @ € C(Ry; R) such that
u(t) = u(t) on [tg, +00) and the equality

a™(t) + F(u)(t) =0
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holds for t € [ty, +00). A proper solution u : [tg, +00) — R of equation (1.1) is said to
be oscillatory if it has a sequence of zeros tending to +o0o0. Otherwise the solution w is
said to be nonoscillatory.

Definition 1.1 We say that equation (1.1) has Property A if any of its proper
solutions is oscillatory when n is even either is oscillatory or satisfies

WD @®)] L0 for tt+oo (i=0,....,n—1) (1.4)

when 7 is odd.
Definition 1.2 We say that equation (1.1) has Property B if any of its proper
solutions either is oscillatory or satisfies either (1.4) or

u?(@#)] ++oo, for tt+oo (i=0,...,n—1) (1.5)

when n is even and either is oscillatory or satisfies (1.5) when n is odd.
The ordinary differential equation with deviating argument

u™ (1) + p() [ula () " sign u(o(t)) = 0 (1.6)

is a particular case of equation (1.1); where p € Lioe(Ry; R),
w € C(Ry;(0,+00)). In the case tliin p(t) = 1, we call differential equation (1.6)
—+400
“almost linear”, while if lzm Jrinf w(t) # 1 or limsup p(t) # 1, then we call equation (1.6)
—400

t——+00
essentially nonlinear generalized Emden-Fowler type differential equation.

Everywhere below we assume that the inequality

A (s)
‘F(u)(t)} > Z/() |u(s)‘ dsri(s,t) for t>ty, we€ Hy,, (1.7)
i=1 Y Tilt

holds, where
p € C(Ry;(0,400)), 7,0, € C(Ry; Ry), 7i(t) < oi(t)
for te€ Ry, t£+moo7—i<t) =400 (i=1,...,m), (1.8)

r; » Ry X Ry — R, are nondecreasing in the first argument and Lebesgue integrable
in the second argument on any finite subsegment of [0, +00).

Study of oscillatory properties of differential equation of type (1.1) begin in 1990.
Namely, in [1,2] for the first time a new approach was used for establishing oscillatory
properties. Investigation of “almost linear” (essentially nonlinear) differential equa-
tions, in our opinion for the first time, was carried out [3.,4] ([5-7]).

In the present paper the both cases of Properties A and B will be studied for
“almost linear” differential equations.

2. Necessary conditions of the existence of monotone solutions

Let to € Ry, ¢ € {1,...,n — 1}. By Uy, we denote the set of proper solutions of
equation (1.1) satisfying the conditions
uD(t) >0 for t>ty (i=0,...,0—1),

| | 2.1
(_1)’L+£u(l)(t) Z 0 fOr t Z tO (’L = ﬁ, RN (e 1) ( K)
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Theorem 2.1 Let F' € V (1), conditions (1.2) ((1.3)), (1.6), (1.7) be fulfilled, ¢ €
{1,...,n =1}, £+ n be odd (¢ + n be even),

+o0 m_ roi(t)
/ t”_EZ/ sV ri(s, 1) = 400, (2.2¢)
0 i=1 7 (t)
400 m oi(t)
/ =it Z/ s dyri(s,t) = +oo, (2.3¢)
0 i=1 7 (t)
and
liminf p(t) > 0. (2.4)

t—-+o0

Moreover, let Uy, # & for some ty € Ry. Then there exist A € [{ — 1,/] such that

lim sup (liminfgg(t, /\,5)) <=1 (n—t—-1),
e—0+ t—+o0

where
+o0 Che(V)
it 1.€) = #4020 [ s gyt () ™
t

s m oi(§)
< [mgte ey [T g, e ds. (2.4)

to i=1 Y Ti(&)
7(t) =max { max(s,01(s),...,0m(s)) : 0 < s < t},

oty = 10 for A= ¢,
YT e for Aei—1,0),

0 for A\=/¢-1
hoe(A) = ’ he(A) = hic(A) + hae(N). 2.5
() {gfome(g_w () = hae) + B (3 (2.5)
Theorem 2.2 Let the conditions of Theorem 2.1 be fulfilled and
t

Then there exist X € [¢ — 1, (] such that

lim sup (liminfgg,l(t, )\,5)> <({l-D'(n—0-1),
e—0+ t—+00

where

“+00

gea(t, N e) = thJrhzs(A)/

t

anfhs()\)(s . t)nfffl /8(5 i 5)571@4

to

m ai(€)
5| O e gyac s, (2.8)
i=1 Y Ti(€
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hie, hoe and h. are given by (2.6).
3. Sufficient conditions of nonexistence of monotone solutions

Theorem 3.1 Let F' € V(1), conditions (1.2) ((1.3)), (1.6), (1.7), (2.2,)—~(2.4) be
-1

fulfilled, ¢ € {1,...,n— 1}, with { +n odd (¢ +n even), and for any A € [{ — 1,/]
lim sup (hmmfgg(t A z—:)) >l - (n—0-1). (3.1y)
e—0+ t=+

Then for any ty € Ry, Upy, = &, where gy, hie, hoe and h. are defined by (2.5) and
(2.6).

Theorem 3.2 Let F' € V (1), conditions (1.2) ((1.3)), (1.6), (1.7), (2.2,)(2.4) and
(2.7) be fulfilled, ¢ € {1,...,n—1}, with {+n odd ({+n even) and for any X\ € [{—1,/]

lim sup (hm inf g (¢, A, 8)) > -1 (n—0—1) (3.2¢)
e—0+ t—+o0

Then for any ty € Ry, Upy, = &, where gp, hiz, ho: and h. are defined by (2.6) and

(2.8).

4. Functional differential equation with property A

Relying on the results obtained in Section 3, in Sections 4 and 5 we establish
sufficient conditions for equation (1.1) to have Properties A and B.

Theorem 4.1 Let F' € V (1), conditions (1.2), (1.6), (1.7) and (2.4) be fulfilled and
forany £ € {1,....,n—1} with {+n odd and A € [{ —1,/] conditions (2.2,), (2.3¢) and
(3.1¢) hold. If moreover, (2.3¢) holds when n is odd, then equation (1.1) has Property
A.

Theorem 4.2 Let F' € V (1), conditions (1.2), (1.6), (1.7), (2.4), (2.7) be fulfilled
and for any € € {1,...,n — 1} with { +n odd and A € [{ — 1,{] conditions (2.2,),
(2.3¢) and (3.2¢) hold. If moreover, (2.3¢) holds when n is odd, then equation (1.1) has
Property A.

Theorem 4.3 Suppose F' € V (1), condition (1.2) be fulfilled and for large ty € Ry

a;t

m Bit
> sz(t)/ |u(s)|1’&ds for t >ty, uwe€ Hy, (4.1)
i=1

and

1 1 m _1
ek nt1 H H 4 _ 14 ™
I%Lnﬁgof t / ( pils ) ds > m ( : <B’ % ) X

xe M1+ MNANA=1)---(A=n+1): N € [0,n—1]>.

Then equation (1.1) has Property A, where

pi € Line(R4;Ry), 0<a;<fBi<+o0 (i=1,...,m), d€[0,+00). (4.2)
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Theorem 4.4 Suppose F' € V (1), condition (1.2) be fulfilled and for large ty € R,

|F(u)(t)| > Zpi(t)‘u(ait)‘k% for t > 1y, uwe Hy, (4.3)

i=1

and

pmint [ (Tt0) s>
>—max<<Ha ) AN =1)-- ()\—n—i-l):)\E[O,n—l]).

Then equation (1.1) has Property A, where

pi € Libe(Ry;Ry), a; € (0,400) (i=1,...,m), de]0,+00). (4.4)

5. Functional differential equation with property B

Theorem 5.1 Let F' € V (1), conditions (1.3), (1.6), (1.7), (2.4) be fulfilled and for
any L € {1,...,n— 1} with £ +n even and X\ € [{ — 1,{] conditions (2.2¢), (2.3;) and
(3.1¢) hold. If moreover, (2.39) when n is even, and (2.2,)) hold then equation (1.1) has
Property B.

Theorem 5.2 Let F' € V(7), conditions (1.3), (1.6), (1.7), (2.4), (2.7) be fulfilled
and for any ¢ € {1,...,n—1} with {+n even and X\ € [{ —1,(] conditions (2.2,), (2.3,)
and (3.2;) hold. If moreover, (2.3¢) when n is even, and (2.2,,) hold then equation (1.1)
has Property B.

Theorem 5.3 Suppose F' € V (1), conditions (1.3), (4.1), (4.2) be fulfilled and

1 m
n+1 I I 1+)\ 1+)\ m
lz},glﬁgof / ( pils > ds > P — < I_Il ) "

u+AMu—1y~u—n+w:Aemn—u)

Then equation (1.1) has Property B.
Theorem 5.4 Suppose F' € V(7), conditions (1.3), (4.3), (4.4) be fulfilled and

imint7 [ (I o>
>—maX< Ha

Then equation (1.1) has Property B.

S\V

-@WAM—1y~Q—n+U:AeMn—H>
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