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ON HIGHER ORDER “ALMOST LINEAR” FUNCTIONAL DIFFERENTIAL
EQUATIONS WITH PROPERTY A AND B

Koplatadze R.

Abstract. An operator differential equation is considered. A particular case of this equations
is the ordinary differential equation

u(n)(t) + p(t)
∣∣u(t)∣∣µ(t) signu(t) = 0,

where p ∈ Lloc(R+;R), µ ∈ C(R+; (0,+∞). This equation is “almost linear” if the condition

lim inf
t→+∞

µ(t) = 1 holds, while if lim inf
t→+∞

µ(t) ̸= 1 or lim sup
t→+∞

µ(t) ̸= 1, then the equation is an es-

sentially nonlinear differential equation. “Almost linear” differential equations are considered

and sufficient condition are established for oscillation of solutions.
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Introduction

This work deals with study of oscillatory properties of solutions of a functional-
differential equation

u(n)(t) + F (u)(t) = 0, (1.1)

where F : C(R+;R) → Lloc(R+;R) is a continuous mapping. Let τ ∈ C(R+;R+),
lim

t→+∞
τ(t) = +∞. Denote by V (τ) the set of continuous mappings F satisfying the

condition: F (x)(t) = F (y)(t) holds for any t ∈ R+ and x, y ∈ C(R+;R) provided
that x(s) = y(s) for s ≥ τ(t). For any t0 ∈ R+, we denote by Ht0,τ the set of all
functions u ∈ C(R+;R) satisfying u(t) ̸= 0 for t ≥ t∗, where t∗ = min{t0, τ∗(t0)},
τ∗(t) = inf{τ(s) : s ≥ t}. Throughout the work whenever the notation V (τ) and Ht0,τ

occurs, it will be understood, unless specified otherwise that the function τ satisfies
the conditions stated above.

It will always be assumed that either the condition

F (u)(t)u(t) ≥ 0 for t ≥ t0, u ∈ Ht0,τ , (1.2)

or the condition
F (u)(t)u(t) ≤ 0 for t ≥ t0, u ∈ Ht0,τ (1.3)

is fulfilled.
A function u : [t0,+∞) → R is said to be a proper solution of equation (1.1), if it is

locally absolutely continuous along with its derivatives up to the order n− 1 inclusive,
sup{|u(s)| : s ≥ t} > 0 for t ≥ t0 and there exists a function u ∈ C(R+;R) such that
u(t) ≡ u(t) on [t0,+∞) and the equality

u (n)(t) + F (u)(t) = 0
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holds for t ∈ [t0,+∞). A proper solution u : [t0,+∞) → R of equation (1.1) is said to
be oscillatory if it has a sequence of zeros tending to +∞. Otherwise the solution u is
said to be nonoscillatory.

Definition 1.1 We say that equation (1.1) has Property A if any of its proper
solutions is oscillatory when n is even either is oscillatory or satisfies∣∣u(i)(t)

∣∣ ↓ 0 for t ↑ +∞ (i = 0, . . . , n− 1) (1.4)

when n is odd.
Definition 1.2 We say that equation (1.1) has Property B if any of its proper

solutions either is oscillatory or satisfies either (1.4) or∣∣u(i)(t)
∣∣ ↑ +∞, for t ↑ +∞ (i = 0, . . . , n− 1) (1.5)

when n is even and either is oscillatory or satisfies (1.5) when n is odd.
The ordinary differential equation with deviating argument

u(n)(t) + p(t)
∣∣u(σ(t))∣∣µ(t) signu(σ(t)) = 0 (1.6)

is a particular case of equation (1.1), where p ∈ Lloc(R+;R),
µ ∈ C(R+; (0,+∞)). In the case lim

t→+∞
µ(t) = 1, we call differential equation (1.6)

“almost linear”, while if lim inf
t→+∞

µ(t) ̸= 1 or lim sup
t→+∞

µ(t) ̸= 1, then we call equation (1.6)

essentially nonlinear generalized Emden-Fowler type differential equation.
Everywhere below we assume that the inequality∣∣F (u)(t)

∣∣ ≥
m∑
i=1

∫ σi(t)

τi(t)

∣∣u(s)∣∣µ(s)ds ri(s, t) for t ≥ t0, u ∈ Ht0,τ , (1.7)

holds, where

µ ∈ C(R+; (0,+∞)), τi, σi ∈ C(R+;R+), τi(t) ≤ σi(t)

for t ∈ R+, lim
t→+∞

τi(t) = +∞ (i = 1, . . . ,m), (1.8)

ri : R+ × R+ → R+ are nondecreasing in the first argument and Lebesgue integrable
in the second argument on any finite subsegment of [0,+∞).

Study of oscillatory properties of differential equation of type (1.1) begin in 1990.
Namely, in [1,2] for the first time a new approach was used for establishing oscillatory
properties. Investigation of “almost linear” (essentially nonlinear) differential equa-
tions, in our opinion for the first time, was carried out [3,4] ([5–7]).

In the present paper the both cases of Properties A and B will be studied for
“almost linear” differential equations.

2. Necessary conditions of the existence of monotone solutions

Let t0 ∈ R+, ℓ ∈ {1, . . . , n − 1}. By Uℓ,t0 we denote the set of proper solutions of
equation (1.1) satisfying the conditions

u(i)(t) > 0 for t ≥ t0 (i = 0, . . . , ℓ− 1),

(−1)i+ℓu(i)(t) ≥ 0 for t ≥ t0 (i = ℓ, . . . , n− 1).
(2.1ℓ)
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Theorem 2.1 Let F ∈ V (τ), conditions (1.2) ((1.3)), (1.6), (1.7) be fulfilled, ℓ ∈
{1, . . . , n− 1}, ℓ+ n be odd (ℓ+ n be even),∫ +∞

0

tn−ℓ

m∑
i=1

∫ σi(t)

τi(t)

s(ℓ−1)µ(s)dsri(s, t) = +∞, (2.2ℓ)∫ +∞

0

tn−ℓ−1

m∑
i=1

∫ σi(t)

τi(t)

sℓµ(s)dsri(s, t) = +∞, (2.3ℓ)

and
lim inf
t→+∞

µ(t) > 0. (2.4)

Moreover, let Uℓ,t0 ̸= ∅ for some t0 ∈ R+. Then there exist λ ∈ [ℓ− 1, ℓ] such that

lim sup
ε→0+

(
lim inf
t→+∞

gℓ(t, λ, ε)
)
≤ (ℓ− 1)! (n− ℓ− 1)!,

where

gℓ(t, λ, ε) = tℓ−λ+h2ε(λ)

∫ +∞

t

s−n(s− t)n−ℓ−1
(
σ(s)

)−hε(λ)

×
∫ s

t0

(s− ξ)ℓ−1ξn−ℓ

m∑
i=1

∫ σi(ξ)

τi(ξ)

ξ
λ+h1ε(λ)
1 dξ1ri(ξ1, ξ)dξ ds, (2.4)

σ(t)=max
{
max(s, σ1(s), . . . , σm(s)) : 0 ≤ s ≤ t

}
,

h1ε(λ) =

{
0 for λ = ℓ,

ε for λ ∈ [ℓ−1, ℓ),

h2ε(λ)=

{
0 for λ = ℓ− 1,

ε for λ ∈ (ℓ−1, ℓ],
hε(λ) = h1ε(λ) + h2ε(λ). (2.5)

Theorem 2.2 Let the conditions of Theorem 2.1 be fulfilled and

lim inf
t→+∞

t

σi(t)
> 0 (i = 1, . . . ,m). (2.7)

Then there exist λ ∈ [ℓ− 1, ℓ] such that

lim sup
ε→0+

(
lim inf
t→+∞

gℓ,1(t, λ, ε)
)
≤ (ℓ− 1)! (n− ℓ− 1)!,

where

gℓ,1(t, λ, ε) = tℓ−λ+h2ε(λ)

∫ +∞

t

s−n−hε(λ)(s− t)n−ℓ−1

∫ s

t0

(s− ξ)ℓ−1ξn−ℓ

×
m∑
i=1

∫ σi(ξ)

τi(ξ)

ξ
(λ+h1ε(λ))µ(ξ1)
1 dξ1ri(ξ1, ξ)dξ ds, (2.8)
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h1ε, h2ε and hε are given by (2.6).

3. Sufficient conditions of nonexistence of monotone solutions

Theorem 3.1 Let F ∈ V (τ), conditions (1.2) ((1.3)), (1.6), (1.7), (2.2ℓ)–(2.4) be
fulfilled, ℓ ∈ {1, . . . , n− 1}, with ℓ+ n odd (ℓ+ n even), and for any λ ∈ [ℓ− 1, ℓ]

lim sup
ε→0+

(
lim inf
t→+∞

gℓ(t, λ, ε)
)
> (ℓ− 1)! (n− ℓ− 1)!. (3.1ℓ)

Then for any t0 ∈ R+, Uℓ,t0 = ∅, where gℓ, h1ε, h2ε and hε are defined by (2.5) and
(2.6).

Theorem 3.2 Let F ∈ V (τ), conditions (1.2) ((1.3)), (1.6), (1.7), (2.2ℓ)–(2.4) and
(2.7) be fulfilled, ℓ ∈ {1, . . . , n−1}, with ℓ+n odd (ℓ+n even) and for any λ ∈ [ℓ−1, ℓ]

lim sup
ε→0+

(
lim inf
t→+∞

gℓ1(t, λ, ε)
)
> (ℓ− 1)! (n− ℓ− 1)!. (3.2ℓ)

Then for any t0 ∈ R+, Uℓ,t0 = ∅, where gℓ1, h1ε, h2ε and hε are defined by (2.6) and
(2.8).

4. Functional differential equation with property A

Relying on the results obtained in Section 3, in Sections 4 and 5 we establish
sufficient conditions for equation (1.1) to have Properties A and B.

Theorem 4.1 Let F ∈ V (τ), conditions (1.2), (1.6), (1.7) and (2.4) be fulfilled and
for any ℓ ∈ {1, . . . , n− 1} with ℓ+n odd and λ ∈ [ℓ− 1, ℓ] conditions (2.2ℓ), (2.3ℓ) and
(3.1ℓ) hold. If moreover, (2.30) holds when n is odd, then equation (1.1) has Property
A.

Theorem 4.2 Let F ∈ V (τ), conditions (1.2), (1.6), (1.7), (2.4), (2.7) be fulfilled
and for any ℓ ∈ {1, . . . , n − 1} with ℓ + n odd and λ ∈ [ℓ − 1, ℓ] conditions (2.2ℓ),
(2.3ℓ) and (3.2ℓ) hold. If moreover, (2.30) holds when n is odd, then equation (1.1) has
Property A.

Theorem 4.3 Suppose F ∈ V (τ), condition (1.2) be fulfilled and for large t0 ∈ R+∣∣F (u)(t)
∣∣ ≥ m∑

i=1

pi(t)

∫ βit

αit

|u(s)|1−
d

ln sds for t ≥ t0, u ∈ Ht0,τ (4.1)

and

lim inf
t→+∞

1

t

∫ t

0

sn+1
( m∏

i=1

pi(s)
) 1

m
ds >

1

m
max

( m∏
i=1

(
β1+λ
i − α1+λ

i

)− 1
m×

×eλd(1 + λ)λ(λ− 1) · · · (λ− n+ 1) : λ ∈ [0, n− 1]

)
.

Then equation (1.1) has Property A, where

pi ∈ Lloc(R+;R+), 0<αi<βi<+∞ (i = 1, . . . ,m), d ∈ [0,+∞). (4.2)
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Theorem 4.4 Suppose F ∈ V (τ), condition (1.2) be fulfilled and for large t0 ∈ R+∣∣F (u)(t)
∣∣ ≥ m∑

i=1

pi(t)
∣∣u(αit)

∣∣1− d
ln t for t ≥ t0, u ∈ Ht0,τ (4.3)

and

lim inf
t→+∞

1

t

∫ t

0

sn
( m∏

i=1

pi(s)
) 1

m
ds >

>
1

m
max

(( m∏
i=1

α
− λ

m
i

)
eλdλ(λ− 1) · · · (λ− n+ 1) : λ ∈ [0, n− 1]

)
.

Then equation (1.1) has Property A, where

pi ∈ Lloc(R+;R+), αi ∈ (0,+∞) (i = 1, . . . ,m), d ∈ [0,+∞). (4.4)

5. Functional differential equation with property B

Theorem 5.1 Let F ∈ V (τ), conditions (1.3), (1.6), (1.7), (2.4) be fulfilled and for
any ℓ ∈ {1, . . . , n − 1} with ℓ + n even and λ ∈ [ℓ − 1, ℓ] conditions (2.2ℓ), (2.3ℓ) and
(3.1ℓ) hold. If moreover, (2.30) when n is even, and (2.2n) hold then equation (1.1) has
Property B.

Theorem 5.2 Let F ∈ V (τ), conditions (1.3), (1.6), (1.7), (2.4), (2.7) be fulfilled
and for any ℓ ∈ {1, . . . , n−1} with ℓ+n even and λ ∈ [ℓ−1, ℓ] conditions (2.2ℓ), (2.3ℓ)
and (3.2ℓ) hold. If moreover, (2.30) when n is even, and (2.2n) hold then equation (1.1)
has Property B.

Theorem 5.3 Suppose F ∈ V (τ), conditions (1.3), (4.1), (4.2) be fulfilled and

lim inf
t→+∞

1

t

∫ t

0

sn+1
( m∏

i=1

pi(s)
) 1

m
ds >

1

m
max

(
−

m∏
i=1

(
β1+λ
i − α1+λ

i

)− 1
m×

×eλd(1 + λ)λ(λ− 1) · · · (λ− n+ 1) : λ ∈ [0, n− 1]
)
.

Then equation (1.1) has Property B.
Theorem 5.4 Suppose F ∈ V (τ), conditions (1.3), (4.3), (4.4) be fulfilled and

lim inf
t→+∞

1

t

∫ t

0

sn
( m∏

i=1

pi(s)
) 1

m
ds >

>
1

m
max

(
−

m∏
i=1

α
− λ

m
i · eλd · λ(λ− 1) · · · (λ− n+ 1) : λ ∈ [0, n− 1]

)
.

Then equation (1.1) has Property B.
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