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Abstract. We establish condition which guarantees convergence in measure of logarithmic
means of the two-dimensional Fourier series.
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Let T? := [—m, m)? denote a cube in the 2-dimensional Euclidean space R?. The
elements of R? are denoted by (z,y).

The notation a < b in the paper stands for a < ¢b, where ¢ is an absolute constant.

We denote by Lo(T?) the Lebesgue space of functions that are measurable and finite
almost everywhere on T?. mes(A) is the Lebesgue measure of the set A C T2

We denote by L, (T?) the class of all measurable functions f that are 27-periodic
with respect to all variables and satisfy

T / ] <o
’]I‘Q

The weak — Ly (T?) space consists of all measurable, 27-periodic relative to each
variable functions f for which

||f||weak—L1(T2) = Sl}\lp )\mes{(x,y) € T2 : |f($,y)| > )\} < Q.

Let f € Ly (T?). The Fourier series of f with respect to the trigonometric system
is the series

S [(ﬂ — Z f(n7 m) ei(nz-{-my)’
where

f(n’m) = !

e / F(,y)e = drdy
T2

are the Fourier coefficients of the function f. The rectangular partial sums are defined
as follows:

Sxu(Fi.p) z z Fn,m) o),
—N m=—

In the literature the notion of the Riesz’s logarithmic means of a Fourier series is
known. The n-th Riesz logarithmic mean of the Fourier series of the integrable function
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f is defined by

1 Self) o L
[

where Si(f) is the partial sum of its Fourier series. This Riesz’s logarithmic means
with respect to the trigonometric system has been studied by a lot of authors. We
mention for instance the papers of Szdsz, and Yabuta [13, 15]. This mean with respect
to the Walsh, Vilenkin system is discussed by Simon, and Gat [12, 2].

Let {qx : kK > 0} be a sequence of nonnegative numbers. The Nérlund means for
the Fourier series of f are defined by

Zk v kZQkSn k

If ¢ = then we get the (Norlund) logarithmic means:

k+1’

(1)

Although, it is a kind of “reverse” Riesz’s logarithmic means. In [5] some convergence
and divergence properties of the logarithmic means of Walsh-Fourier series of functions
in the class of continuous functions, and in the Lebesgue space L are proved.

In one of his last papers [14] Tkebuchava constructed a set of logarithmic summation
methods which contains both of the above mentioned logarithmic summation methods
as limit cases. Namely, for any integers n,ng such that 0 < ng < n let Tkebuchava’s
means 1, ,, be defined by

Ty (f32)
1 (& Selfiw) N Si(fw)
L= : Sn ) : )
[ (n,ng) <;no—k+1+ O(fx)+k§rlk—no+l
where
no—1 1 1
l = T | - -
<n7n0> kzon() k+1+ +kzlk_n0+1
= no+

It is clear that [ (n,ng) < logn. This summation method includes the Riesz (for
no = 0) and Norlund (for ny = n) logarithmic methods, too.
Define the kernels F,, ,,, of Tkebuchava’s means by

1 Dy Dy
an = - 5 Dn T
T 1 (nyng) <1€Z:0no—k:—l—1+ ot Z kE—mng+1

k=no+1

Tkebuchava [14] gave estimates of kernels. Namely, the following theorem holds.
Theorem T (Tkebuchava). Let 0 < ng < n. Then

log® (ng + 2) log® (ng + 2)

1 F.n < _— .
+ log (7 + 2) Sl ,o”Ll(qr)N + log (1 +2)
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The mixed logarithmic means of double Fourier series are defined by

Sn—ij (f32,9)

(LnoRm)(fvxy Z+1 ]+1)

szO

The Norlund logarithmic means and Riesz logarithmic means of double Fourier
series are defined by

nzmjfxy)
1)(j+1)

Sij (fi2,9)
Z (i+1)(G+1)

(Ln o L) (f;2,y)

Y

(R o B) (f32,)

respectively.
It is evident that

(LpoLy) (f;z,y) = /f (s,t) F, (x — s) Fy, (y — t) dsdt,

(R o Rp) (fiz,y) = /fst o (2= 8) G (y — t) dsdt
and

(Lpo Ru) (fiz,y) = /f (5,8) F, (z — 8) Gy (y — 1) dsdt,
where : )

Let Lo = Lo(T?) be the Orlicz space ([10], Ch 2) generated by Young function @,
i.e. Q is a convex continuous even function such that Q(0) = 0 and

lim AC) = +oo0, lim Q)

u—4oco U u—0 U

=0.

This space is endowed with the norm

I loremy = int(k> 05 [ QA1 /0 < 1),
’]I‘Q

In particular, if Q(u) = ulog?(1 4 u) (u, 8 > 0), then the corresponding space will
be denoted by Llog” L(T?).

The rectangular partial sums of double Fourier series Sy, (f;z,y) of the function
f€L,(T?,1<p< oo converge in L, norm to the function f, as n — oo [16]. In the
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case Ly (T?) this result does not hold . But for one dimensional case and for f € Ly (T),
the operator S, (f) is of weak type (1,1) [17]. This estimate implies convergence of
Sn. (f; ) in measure on T to the function f € Ly (T). However, for double Fourier series
this result does not hold [9, 11]. Moreover, it is proved that quadratical partial sums
Snn (f;z,y) of double Fourier series do not converge in two-dimensional measure on
T? even for functions from Orlicz spaces wider than the Orlicz space Llog L (T?). On
the other hand, it is well-known that if the function f € Llog L (T?), then rectangular
partial sums S, ,, (f;z,y) converge in measure on T?.

(Classical regular summation methods often improve the convergence of Fourier
seeries. For instance, the Fejér means of the double Fourier series of the function
f € L; (T?) converge in Ly (T?) norm to the function f [16]. These means present the
particular case of the Norlund means.

It is well known that the method of Norlund logarithmic means of double Fourier
series is weaker than the Cesdro method of any positive order. In [7] it is proved, that
these means of double Fourier series in general do not converge in two-dimensional mea-
sure on T? even for functions from Orlicz spaces wider than Orlicz space L log L (T?).
Thus, not all classic regular summation methods can improve the convergence in mea-
sure of double Fourier series.

The results for summability of logarithmic means of Walsh-Fourier series can be
found in [3, 4, 6, 5, 13, 15].

In [7] the mixed logarithmic means (L, o R,;,) of rectangular partial sums multiple
Fourier series are considered and it is proved that these means are acting from space
L (T?) into space weak — Ly (T?). This fact implies that mixed logarithmic means of
rectangular partial sums of double Fourier series converge in measure. In particular,

the following is true.
Theorem GG1(Goginava, Gogoladze). Let f € Ly (T?). Then

(RnoLy) (f;z,y) — f in measure on T?, as n,m — oo.

Theorem GG2 (Goginava, Gogoladze). Let f € Llog L (T?). Then

(Ly o L) (f;z,y) — f in measure on T2, as n,m — oo.

Theorem GG3 (Goginava, Gogoladze). Let Lg (T?) be an Orlicz space, such that
Lo (T%) € Llog L (T?).

Then the set of the functions from the Orlicz space Lg (T?) with logarithmic means
(L o Ly,) (f) of rectangular partial sums of double Fourier series convergent in mea-
sure on T? is of first Baire category in Lg (T?).

For any integers n, ng, m such that 0 < nyg < n we put

(Tano © Lin) (f30,y) = f 5 (Frng X Fin) -
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It is easy to show that

(Tnmo ) fa'r y /f St nno - )Fm(y—t)dsdt

This summation method includes the (R, o L,,) (for ng = 0) and (L, o L,,) (for
ng = n) methods, too.

On the basis of the above facts we can formulate the following problem:

Let f € Ly (T?). What condition on the ny = ng(n) ensure the convergence in
measure on T? of the (T}, ,,, © L,) means of the two-dimensional trigonometric Fourier
series?

A solution of this problem is given in

Theorem 1. a)Let f € Ly (T?) and

logng (n) = O (@) :

Then
(Tymg © Lin) (f;2,9) — f in measure on T2, as n,m — 0o.

b) Let

mlog ng (n) _

n—oo +/logn
Then the set of the functions from the space L(T?) with logarithmic means
(T © Lin)(f) of rectangular partial sums of double Fourier series convergent in mea-
sure on T? is of first Baire category in Ly (T?).

In order to prove Theorem we apply the reasoning of ([1], Ch. 1) formulated as the
following proposition in a particular case.

Theorem G. Let H : Li(T?) — Lo(T?) be a linear continuous operator, which
commutes with family of translations £, i. e. VE € & Vf € [(T?) HEf = EH.
Let ||fllz,r2y = 1 and X > 1. Then for any 1 < r € N under condition mes{(x,y) €
T2 : |Hf| > \} > % there exist By, ..., B, El, .. E. € £ ande; = £1, i=1,...,r such

that
(ZstxE )

Theorem GGT (Gét, Goginava, Tkebuchava). Let {H,,}:°_, be a sequence of lin-
ear continuous operators, acting from the space Ly(T?) into the space Lo(T?). Suppose
that there exists the sequence of functions {x}32, from the unit ball S(0,1) of space
L1(T?), sequences of integers {my}32, and {vy}32, increasing to infinity such that

mes{(x,y) € T? : >\ >

1
g

= ir]ifmes{(x,y) €T?: |Hp, & (7,y) | > v} > 0.

Then K - the set of functions f from the space Li(T?), for which the sequence
{H,.f} converges in measure to an a. e. finite function is of first Baire category in
the space Ly(T?).



8 Baramidze L., Goginava U.

The proof of Lemma GGT can be found in [3].

Set
N 7 (12k +1)  m(12k+5) B T
S m e+ 1/2) T T 6 (m+1/2) ™ T 6(m+ 1/2)
[
Jm = U [Oékm + Yms 5km - ’Ym] .
k=1

Lemma T (Tkebuchava). Let 0 < z <+, and x € J,,. Then

S log (no + 2)

F, . — _—
no(=2) 2 xlog (n+2)

The proof of Lemma T can be found in [6].
Proof of Theorem 1. a) In [8] it is proved that the one dimensional operator
Ly, (f) := f* Fy, (see (1)) is of weak type (1,1), i. e. for f € Ly (T') we have

1£om (P lawear—rycrry S 1Ly - (2)
On the other hand, Tkebuchava in [14] proved that

sup HFn,noHLl(T) <%0
n

when
logng = O <\/logn) : (3)

Set
) = {(g’y) €T2 : |<Tn,n0 o Lm) (f7X7Y)| > )\} :

Then from (2) and (3) we have

Ames () (4)
= A/Hg(x,y)dxdy:)\/ /Hg(x,y)dy dz

S NG Fano) (Dl pyrzy S ey »

where I is a characteristic function of the set E.

By virtue of standart argument (see [17]) we can prove the validity of part a) from
the estimation (4).

Now, we prove part b). Let

T logng (n) ~ lim log ng (1) _

n—oo +/logn k—o0 log ny,

By Lemma GGT the proof of Theorem will be complete if we show that there exists
for the sequences of integers {ny : k > 1} and {v;, : kK > 1} increasing to infinity, and
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a sequence of functions {& : n > 1} from the unit bull S (0, 1) of space L; (T?), such
that for all n

mes{(aj,y) € T2 : }(Tnk,no(nk) o Lnk) (€k7x>y)| > Vk} >

First, we prove that
I 2
o]
(Tnk,no(nk) o Lnk) ( 72 . 3Ly Y

Nk

. (5)

co| —

mes {(x,y) €T?:

log® ng (ny)
3/2 '
n,'~ logny

~Y

From Lemma T we have

]I[O,’ynk]z
(Tnk,no(nk) o Lnk) L, Y

2
T,

11
'VTF / Frpno(n) (z —u) Fy, (y — v) dudv
ng

[O’V“kf

logng (ng) 1

> og e vt (x,y) € Jn, X Jn,.
Set
A Ve log ng (ny)
it ilogny, '
Then we can write
]I[Onn )? 3/2
mes ¢ (7,y) € T (Tnk no(ny) © Lnk) ( 2 i y) e nk/ }
n
I 2
1 (Tagnotua) © L) ( [0’72”'“] xy) Znim}
n

Y,
=
=
D
n

logmg (ng) 1 /2
" logne xy ™k

~Y

(AV2
=
R
— S —/
B
s
m
S
x>
X
5&

< log ng (ng) }

xnz/Q log ny

Vv
3, =
1]

_ . Z \/n_klog L) (nk)

2
iy log ny,
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Hence (6) is proved.
Then by the virtue of Theorem G there exists Ei,..., B, , B}, ..., E. € & and
€1,...,&, = =1 such that

Tk H 2
0,7n
mes{(z,y) € T?*: Z&' (Tnk,no(nk) OLnk.> %;Eﬂ:,lﬂy (7)
i=1 Tk
< 32 1
~ Ny b > g’
where
nk/ log ny,
T ~
log® ng (ng)
Denote
log® ng (ng)
Vg,
log ny,
and

fk(%y):izé‘i 2

Ty £

Thus, from (7) we obtain (5).
Finally, we prove that & € S (0, 1). Indeed,

re |Mon, )

1
1€kl 1y 2y < — Z

2
k= T

L) -4

Hence, & € S (0,1), and Theorem is proved.
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