Seminar of I. Vekua Institute
of Applied Mathematics

REPORTS, Vol. 40, 2014

ON THE EXISTENCE OF AN OPTIMAL ELEMENT IN QUASI-LINEAR
NEUTRAL OPTIMAL PROBLEMS

Tadumadze T., Nachaoui A.
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1. Formulation of main results

Let R" be the n-dimensional vector space of points x = (z!,..., 2™)T, where T is
the sign of transposition, let a < tg; < tgo < t11 < t12 < b,0< 7 < 7,0 < 0y < 09 be
given numbers with t1; — t92 > max{7, o2 }; suppose that O C R is a open set and
U C R is a compact set, the function F(t,z,y,u) = (fO(t, z,y,u), f1(t,z,y,u), ...,
f™(t,z,y,u))T is continuous on the set I x O? x U and continuously differentiable with
respect to x and y, where I = [a, b]; further, let ® and A be sets of measurable initial
functions ¢(t) € Ko, t € [T,t02] and ¢(t) € Ki,t € [T, t2], respectively, where 7 = a —
max{1y, 02}, Ky C O is a compact set, K; C R is a convex and compact set ; let {2 be
a set of measurable control functions u(t) € U,t € I and let g*(to,t1, 7,1, g, 21),i = 0,1
be continuous scalar functions on the set [to1, o2 X [t11, tia] X [T1, 2] X [071, 03] X X X O,
where Xy C O is a compact set.

To each element w = (to,t1, 7,0, T, @, s, u) € W = [tor, toz] X [t11,t12] X [11, 2] X
[01,09] X Xog X @ x A x Q we assign the quasi-linear neutral differential equation

2(t) = At)x(t — o) + f(t,x(t), x(t — 7),u(t)),t € [to, t1] (1.1)
with the initial condition
x(t) = p(t), 2(t) = <(t),t € [T, t0), x(to) = o, (1.2)

where A(t) = (a}(t)),i,j = 1,n,t € I is a given n x n -dimensional continuous matrix
function, f = (f',..., f")T.

Remark 1.1. The symbol #(t) on the interval [7,ty) is not connected with deriva-
tive of the function p(t).

Definition 1.1. Let w = (to,t1, 7,0, 20, ¢,5,u) € W. A function z(t) = z(t;w) €
O,t € [T,t4], is called a solution corresponding to the element w, if it satisfies condition
(1.2) and is absolutely continuous on the interval [to, ;] and satisfies equation (1.1)
almost everywhere (a.e.) on [to, t1].
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Definition 1.2. An element w = (to, t1, 7, 0, Zo, ¢, <, u) € W issaid to be admissible
if there exists the corresponding solution x(t) = x(t; w) satisfying the condition

g(t()?tla’r? g, xO?'x(tl)) :Oa (13)

where g = (¢, ..., ¢').

We denote the set of admissible elements by W,. Now we consider the functional

J<w) = go(t07 tla T,0,X0, x(tl))‘i‘

/ttl [ao(t):i:(t — o)+ fOt a(t), x(t — 7), u(®) |dt, w € W,

where z(t) = z(t; w), and ag(t) = (aj(t),...,al(t)),t € I is a given continuous function.
Definition 1.3. An element wy = (o0, t10, 70, 0, 00, P0, S0, Uo) € Wy is said to be
optimal if

J(wo) = inf J(w). (1.4)

weWy

The problem (1.1)-(1.4) is called the quasi-linear neutral optimal problem.
Theorem 1.1. There exists an optimal element wq if the following conditions hold:
1.1. W() 7é @;
1.2. There exists a compact set Ko C O such that for an arbitrary w € Wy

z(t;w) € Ky, t € [T,11];
1.3. The sets
P(t,z) = {F(t,z,y,u): (y,u) € Ko x U}, (t,x) € [ x O

and
Pi(t,x,y) = {F(t,x,y,u) Tu € U},(t,x,y) el x0O?

are convetw.
Remark 1.2. Let Ky and U be convex sets, and

F(t,z,y,u) = B(t,z)y + C(t, z)u.

Then the condition 1.3 of Theorem 1.1 holds.

Theorem 1.2.There exists an optimal element wy if the conditions 1.1 and 1.2 of
Theorem 1.1 hold, moreover the following conditions are fulfilled:

1.4. The function f(t,z,y,u) has a form

ft,z,y,u) = D(t, z)y + E(t, x)u;

1.5. The sets Ko and U are convex and for each fized (t,x) € I x O the function
Ot z,y,u) is conver in (y,u) € Ky x U.
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The proof of existence of optimal delay parameters, initial functions and initial
moment is the essential novelty in this work. Theorems of existence for optimal control
problems involving various functional differential equations with fixed delay , initial
function and moment are given in [1-5].

2. Auxiliary assertions

To each element p = (to, T, 0, Zo, p, ¢, u) € II = [to1, toz] X [11,Ta] X [01,09] X O X
® x A x © we will set in correspondence the functional differential equation

q(t) = A(t)h(to, <, )t — o) + f(t, q(t), hlto, 0, q)(t = 7), u(t)) (2.1)

with the initial condition
q(to) = o, (22)
where the operator h(tg, ¢, q)(t) is defined by the formula

p(t),t € [7,t0),

te
q(t),t € [to, b]. (23)

h(to, v, q)(t) = {

Definition 2.1. Let pu = (to, 7,0, 70, 0,6,u) € II. A function ¢(t) = q(t;u) €
O,t € [r1,rs], where r1 € [tor,to2], ™2 € [t11,112], is called a solution corresponding to
the element p and defined on [ry,re, if tg € [r1,72], and it satisfies condition (2.2)
and is absolutely continuous on the interval [r1, 73] and satisfies equation (2.1) a.e. on
[11,73].

Let K; C O,7 = 3,4 be compact sets and K, contains a certain neighborhood of
the set K3.

Theorem 2.1. Let ¢;(t) € Ks,i = 1,2, ..., be a solution corresponding to the ele-
ment p; = (toi, Ti, iy Toiy iy Siy i) € 114 = 1,2, ..., respectively,defined on the interval
[to, t1:], where t1; € [t11,t12]. Moreover,

hHl tOi = too, hm g; = 0p, hm tli = th- (24)
1—00 1— 00 1—00
Then there exist numbers 6 > 0 and M > 0 such that for a sufficiently large ig the

solution ;(t) corresponding to the element ;i > iy, respectively, is defined on the
interval [tog — 0,110 + 0] C 1. Moreover,

Pi(t) € Ky, | %(t) |< M, t € [too — 0, t10 + 9]

and
Yi(t) = qi(t), t € [toi, tri] C [too — 9,10 + ).

Proof. Let ¢ > 0 be so small that a closed ¢ -neighborhood of the set K3 : K3(¢) =
{r € O : 31 € Ks,|r — 2| < e} is contained intKy. There exists a compact set
Q C Ry x Ry
K3(€) X [KO U Kg(i‘:)] C Q C K4 x [KQ @) K4]
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and a continuously differentiable function x : R} x R} — [0, 1] such that

_JL(zy) €Q,
x(@,y) = {0, (r,y) ¢ Ky x [KoU K4 (25)

(see [6]). For each i = 1,2, ... the differential equation

() = A(t)h(tos, i, ) (t — 07) + D(t, D (t), hlte, i, V) (t — T2), wilt)),

where
otz y,u) = x(z,y) f(t, 2, y,u),

with the initial condition
Y(toi) = Zoi,
has the solution ;(t) defined on the interval I (see proof of Theorem 4.1,[7]). Since
(¢i(t), h(toi, i, ¢5)(t — 73)) € K3 X [KoU K3] C Q,t € [tos, tuil,
(see (2.3)), therefore
X(@i(t), hltoi, i, i) (t — 7)) = 1,1 € [tos, taal,
(see (2.5)),i.e.
O(t, qi(t), hlto, pi, a:)(t — 73),ui(t)) = f(t, qi(t), hltoi, i, i) (t — 73), wi(t)),

t € [tos, t1s)-

By the uniqueness
Vi(t) = qi(t), t € [toi, tri)- (2.6)
There exists a number M > 0 such that

| () |[<KMteli=1,2,.. (2.7)
Indeed, first of all we note that
| ¢(t7 1/}1(t)7 h<t0i7 2% ¢1)<t - Tl>7ul(t)) |S sup { | ¢(t,l‘, y7u> |: te I? LS K47

yEK4UK0,u€U} =Ny,i=1,2,....

It is not difficult to see that for sufficiently large 7y we have

[b — tOi:| _ [b — %00

:| = d77/ Z iO)
0;

0o

where [a] means the integer part of a number a, i.e.
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If t € [a,to; + 0;) then

| i(t) |=] A(t)si(t — 03) + &(t, i (t), hltor, @i, ) (t — 73), wi(t)) |
<|| A || Ny + Ny := M,

where

| Al|l=sup{ | A(t) [t €I}, Ny=sup{|&|: &€ Ki}.
Let t € [to; + 04, to; + 20;) then
| 0i() [<I Al Walt = 03) | +N1 <|[ A || My + Ny := M,
Continuing this process we obtain
|0 (t) ||| A || My + Ny i= My, t € [to; + (j — 1oy, toi + joi), 5 = 3, ..., d.
Moreover, if tg; + do; < b then we have
| i) |< Myga, t € [toi + do, b).

It is clear that for M = max{Mj, ..., M4} the condition (2.7) is fulfilled.
Further, there exists a number §; > 0 such that for an arbitrary ¢ = 1,2..., [to; —
do, t1; + o) C I and the following conditions hold

ilto) =i < [ [|A (b 51 00)(5 = )
o (s, ¥i(s), htoi, i, i) (s — 1), wi(s))|ds < €.t € [to; — o, Lo,

i) = it < [ [JAGh (b, 6 9 = )

t1i
+o(s,vi(s), h(toi, i, i) (s — Tl)vul(s))’] ds < e,t € [t1s, t1 + o).
These inequalities, taking into account ¢;(to;) € K3 and ;(t1;) € Ks, (see (2.6)),
yield
(1i(t), h(toi, i, i) (t — 7)) € Ks(e) % [Ko U Ks(e)], t € [to; — o, t1s + do),
ie.
X(Wi(t), h(toi, i, i) (t — 7)) = 1,t € [toi — do, tri + o)1 = 1,2, ...,

Thus, ;(t) satisfies equation (2.1) and the conditions ;(to;) = e, Vs(t) € Ky, t €
[toi — 0o, t1; + o), i.e. ;(t) is the solution corresponding to the element p; and defined
on the interval [to; — do, t1;+ o] C I. Let § € (0, dp), according to (2.4) for a sufficiently
large ig we have

[toi — do, t1i + 0o] D [too — 0, t10 + 0] D [toi, t1i], 7 > io.
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Consequently, 1;(t), 7 > ig solutions are defined on the interval [foo—9, t10+0] and satisfy
the conditions: wz(t) € K4, ’ w,L(t) |§ M,t S [too - 5, ti0 + 5], wz(t) = ql<t>,t S [tOi;tli]a
(see (2.6),(2.7)).
Theorem 2.2.([8]). Let p(t,u) € R} be a continuous function on the set I x U
and let the set
P(t) ={p(t,u) :ue U}

be conver and
pi(+) € Li(I), pi(t) € P(t) a.e. on [,i=1,2, ...
Moreover,
lim p;(t) = p(t) weakly on I.

1—00
Then
p(t) € P(t) a.e. on [

and there exists a measurable function u(t) € U,t € I such that

p(t,u(t)) = p(t) a.e. on I.

3. Proof of Theorem 1.1

Let
w; = (toi, tii, Ti, Oiy Toiy i, Sis i) € Wo, i =1,2, ...

be a minimizing sequence,i.e.

lim J(w;) = J = inf J(w).

i—00 weWy

Without loss of generality, we assume that

lim t()i = too, lim tli = tlo, lim T; = 70, lim g; = 0y, lim To; — Xoo-

The set A C Ly([7,t02]) is weakly compact (see Theorem 2.2), therefore we assume
that
lim ¢;(t) = go(t), weakly in t € [T, tgs]. (3.1)
1—>00

Introduce the following notation:

zd(t) = /t [ao(s)j:i(s — o) + (s, 2:(5), 24(s — 73), ui(s)) | ds,
i(t) = x(tswi), pi(t) = (27(1), (1)), ¢ € [toi, tui]-
Obviously,

A

2i(t) = @i(t),t € [T, t01), pi(tos) = (0, 20:)7,
Ti(t) = (1), t € [T, t0i),
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where A(t) = (ag(t) A(t))T. Tt is clear that
J(w;) = ¢°(toi, tis 7o, 0y Toi Ti(ths)) + 29 (ti).

To each element p = (to, T, 0, zo, ¢, s, u) € II we will set in correspondence the func-
tional differential equation

~

2(t) = A(t)h(to, s, 0)(t — o) + F(t,v(t), h(to, p,v)(t — 7),u(t)),

with the initial condition
Z(to) =20 = (OaxO)T>

where z(t) = (v9(¢),v(t))T € RL™™.
It is easy to see that

(to:) = (0, z01)"

(see (2.3)). Thus, p;(t) is the solution corresponding to p; = (to;, Ti, 04, Toi, iy iy Us) € 11
and defined on the interval [to;,t1;]. Since z;(t) € Ky, therefore in a similar way (see
the proof of Theorem 2.1) we prove that | #;(t) |< N, t € [tol,th] i=1,2,...., N3 > 0.
Further, there exists a compact H; C H = {z = (v°,v)7 : v* € RL,v € O} C RI™
such that pz(t) S Hl,t c [t0i7t1i]~

Let Hy C H be a compact set containing a certain neighborhood of the set H.
By Theorem 2.1 there exists a number § > 0 such that for a sufficiently large iy the
solutions z;(t) = z(t; p;), ¢ > 4o are defined on the interval [tog — d,t10 + 0] C I and the
following conditions hold

{p%( ) = A( )h<t02a C,,l’l)(t Z) + F(t>$i(t)v h(tOiv Pis SBZ)(t - Ti)’ ui(t))7t € [tOivtli]7
i) =

2(t) € Ha, | 2i(t) |< M, t € [tog — 6,t10 + 6], (3.2)
Zz(t) = ,0,(25) = (l‘?(t),l’z(t))T7t € [tol‘,th‘],i Z io. '
Thus, there exist numbers Ny > 0 and N5 > 0 such hat
|F<t7vl(t)7 h(tOM 9027102)(15 - Ul)?“l(t>>| S N57 (3 3)
| h(tos, i, 0:i)(t —1;) |< Na, t € [too — 9, t10 + 6], > .

The sequence z;(t) = (vV)(t),v:(t))T,t € [too — 6, t10 + 8],i > ig is uniformly bounded
and equicontinuous. By the Arzela-Ascoli lemma, from this sequence we can extract a
subsequence, which will again be denoted by z;(t),7 > 4o, that

lim 2(t) = 20(t) = (v](t), vo(t))" uniformly in [teg — &, 10 + 9]

1—00

Further, from the sequence Z;(t),7 > i, we can extract a subsequence, which will again
be denoted by Z;(t),7 > i, that

lim 2;(t) = y(t) weakly in [tog — 6,10 + 9],

1—00
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(see (3.2)). Obviously,

t

20(t) = lim z(t) = ilirilo[zi(too —0)+ / Zi(s)ds]

1—>00 too -5

t

= Zo(too — (5) + / 7(8)615

too—0
Thus, 2o(t) = (%) i.e.
hIIl Zl(t) = Zo(t) Weakly in [too — 5, th + 5]
1—00

Further, we have

zi(t) = z0; + / [/Al(s)h(t% Giy 03)(s — ;) + F(s,v5(8), h(tos, i, vi) (s — 1), ui(s)) | ds

toi
= 20i + V14(t) + V2 + 015(t) + 02, t € [too, tio), 7 > i,
where

t
20i = (073301')T7191i(t) - / A<3)h<toz‘a§i>@i)(5 — 0;)ds,

too

01:(t) = / F(s,v;(s), h(toi, pi,vi)(s — 7i), ui(s))ds,

too

too
19% = / A(S)h(tOH Sis Ul)(s - O_i)ds’
toi

Oy = / : F(s,vi(s), h(toi, vi, vi)(s — 73), ui(s))ds.

toi
Obviously, ¥9; — 0 and 65; — 0 as ¢ — oo.
First of all we transform the expression 9;(t) for ¢ € [tog, t10]. For this purpose, we
consider two cases. Let t € [too, too + 00, we have

Ou(t) = 039 (t) + 02 (1),

where

t t
a0(t) = / Als)hlton, st i) (s — 0)ds, 02(0) = [ 9D (s)ds,

too too
95 (5) = Als) | ltor, i 3)(s = 1) = hlton, i, 0)(s = 7).
It is clear that .
[0 1< [ 190 | ds.t € ot 3.9

too

Suppose that to; + o; > to for i > ip. According to (2.3)

19&?(3) =0,s€ [t007t6?) U (téf),tu],
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where
féli) = min{ty; + 03, too + 04}, t((ﬁ) = max{to; + 0, o0 + 0;}
Since
L))y
}ggo(t()z‘ toi') =0,

therefore,

lim 1953) (t) = 0, uniformly in ¢ € [too, t10], (3.5)

71— 00

(see (3.3)). For 199)(15),15 € [too, too + 00| we get

t—o; R
0 (t) = / A(s + 03)h(toos si, 03) (s)ds = 932 (1) + 95 (1),
t

00— 04

where

t—oo

90 (1) = /t o A(s + o0)si(s)ds, 9 () = / [A(s Vo) — Als + ao)] G(s)ds

00—00 topo—oo
too—oo R t—o; R
—|—/ A(S —|—0‘i)h(t00,§i,@i)(8)d$+ / A(S+0i)h(t00,§i,@i)(8)d8.
too—0; t—oo
Obviously,
lim 195?) (t) = 0 uniformly in t € [too, too + 00)
71— 00
and
t—oo .
tim 90 (¢) = lim 90 (¢) = / Als + 00)(s)ds
1—00 1—00 to0—00
t A
= / A(8)so(s — ag)ds, t € [too, too + 00] (3.6)
too
(see (3.1)).

Let t € [t()o + ap, tl()] then
98 (1) = 97 (too + 00) + 90 (1),

where .
9O () = / A(8)h(tor, i, 0:) (5 — 03)ds.
too+o0

Further,

t t
99 (1) = / A(8)h(too, si,0:)(s — 03)ds + / 99 (s)ds = 9\ (1) + 9P (1),
too+oo too+o0
It is clear that
lim 193) (t) = 0 uniformly in t € [too + 00, t10],

i—00
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(see (3.5)). For 195? (t),t € [too + 00, t10] we have

t—o; .
90 (t) = / A(s + 0:)h(too, si, 01) (s)ds = 93 (1) + 900 (8),
too+oo—0;

where

too

t—oo N R
/ A(s + oo)is(s)ds, 919 (1) = / Als + o) h(tao, <5, 00) (s)ds

too too+oo—0;

N
—
= ©
=
—~
~
~—
I

t—o; R t—oo . .
+/ A(s + o) h(too, i, 05) (s)ds + / [A<s +0,) — A(s + a9) |0s(s)ds.
t

—o9p too
Obviously,
lim 1980) (t) = 0 uniformly in ¢ € [too + 00, t10]

1—00
and

too+oo
lim 04 () = lim 9 (too + 00) + lim 9O () = / A(t)so(t — og)dt

1—00
too

’ 19(9) B too+oo A t—oo A . q
+ lim vy, () = (t)so(t — oo)dt + (s 4+ 00)0o(s)ds

1—00
too too

:/00 UOA(t)go(t_go)dH/ A(s)io(s — a0)ds. (3.7)

too too+oo

Now we transform the expression 60y;(t) for ¢t € [too, t10]. We consider two cases again .
Let t € [too, too + 70, we have

Bu(t) = 65 (1) + 62 (1),

t t
o0 (1) = / F(s, 0i(5), htoo o v0) (5 — 72), wi(s))ds, 02 (1) = / 03 (3)ds,
too too
07 (s) = F(s,vi(s), h(tor, s, 0:) (5 — 75), ui(s)) — F(s,0:(5), h(too, 0, v:) (s — 72), wi((s)).
It is clear that .
162(1) |< / 169)(s) | ds, t € [t tro)- (3.8)
too

Suppose that to; + 7; > too for i > ig. According to (2.3)
95’)(3) =0,s € [too,té?) U (té%),tu],

where
tﬁ*) = min{ty; + 7, too + 7}, t%) = max{to; + 7, too + i}

Since

lim (15, — t5)) = 0

i—00
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therefore,
lim QS) (t) = 0 uniformly in ¢ € [tgo, t10], (3.9)
1— 00

(see (3.3)). For 0\ (),t € [too, too + 7o, We have

t—7;
6\ (t) = F(s + 73, vi(s + ), h(too, 01, 0:)(s), wi(s + 73))ds

too—Ti

= 01 (t) + 01 (1), > o,
where .
B
%ﬂwz/‘ F(s + 70, v0(s + 7o), 01(8), wi(s + 72))ds,
t

00—70

t—7;
HS) (t) = /t F(s+7,vi(s 4+ m), h(too, vi, v:i)(s), ui(s + 7))ds

00— T4

t—710
—/' F(s + 70, 005+ 70), @i(s), (s + 7)) ds.
t

00—70

For t € [too, too + T0] we obtain

t00—70
0 (1) = / F(s + 73, vi(s + 1), h(too, i, v:) (), wi(s + 7)) ds
t

00—T4

+/t B [F(s +75,vi(5 +73), 0i(5), ui(s +73)) = F(s 4 70, v0(s + 70), @i(s), us(s + 7)) ds

00—70

t—7;
+/ F(s+1;,v(s + 1), h(too, pi, v:)(8), ui(s + 7;))ds.
t

)

Suppose that | 7, — 79 |[< § as i > . According to condition (3.3) and

lim F(S + 7'1',’01(8 + Ti)a y,U) = F(S + 70, UO(S + TO)a y,U)

i—00
uniformly in (s,y,u) € [too — 7o, too] X Ko X U, we have

lim GS) (t) = 0 uniformly in ¢ € [toq, too + To)-

1—00

From the sequence Fj(s) = F(s+7y,vo(s+70), i(s), ui(s+7:)),1 > ig,t € [too — 7o, tool,
we extract a subsequence, which will again be denoted by Fj(s),i > i, such that

llggo Fi(s) = Fo(s) weakly in the space L1 ([too — 7o, too)),
(see (3.3)). It is not difficult to see that
Fi(s) € P(s+ 10,v0(s + 70)), s € [too — 7o, too]-
By Theorem 2.2

FQ(S) € P(S + 7'0,1)0(3 + TQ)) a.e.s € [too - Tg,too]
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and on the interval [too — 7o, too] there exist measurable functions g (s) € Ko, up1(s) €
U such that

Fo(s) = F(s+ 70,v0(s + 70), po1(s), uo1(s)) a.e.s € [too — To, Loo)-

Thus ,
t—T1o
lim Gﬁ)(t) = lim Gg?)(t) = / Fo(s)ds
i—00 i—00 too—T70
t—710
= [ Pl munls + 7). o) o (5)ds
too—To0
t
= / F(S,U0(5>,(p01(5—To),uOl(S—To))ds,t € [too,too—l-To]. (310)
too

Let t € [too -+ To, tlo] then
01 (t) = 01 (too + 70) + 01 (1), t € [too + 7o, o),

where .

09 (1) = /t F(s,vi(s), h(toi, 0i,v:) (s — 7), wi(s))ds.

00+70
Further,
6 7 8
01 (t) = 057 (1) + 017 (8),

t t
o0 () = / F(s, vi(s), hltao, 0 v1)) (s — 7). ws(s))ds, 68 (1) = / o) (s)ds.
00+70

00+70

It is clear that
lim HS)(t) = 0 uniformly in t € [too + 7o, t10),

i—00

(see (3.8),(3.9)). For the expression (99 (t),t € [too + To, t10] We have

t—T1;
Hg)(t) = / F(s+1;,v(s + 1), h(too, pi vi)(s), wi(s + 7;))ds
too+70—Ti
=0 (t) + 01, (), i > o,
where .
o
6&?)(15) = / F(s+ 10,v0(s + 70), v0(s), w;(s + 7))ds,

too

t—7;
OSO)(t) = / F(s+7,vi(s 4+ 7), h(too, vi, v:)(s), ui(s + 7))ds
t

00+70—Ti

t—710
—/ F(s+ 710,v0(s + 70),v0(s), ui(s + 7))ds.

too

Clearly, for ¢ € [too + 7o, t10] We get

too
619 (4) — / Fls + 75, vi(s + 7)., h(too, 01, v)(s), us(s + 7:))ds
t

00+70—T;
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—|—/TO[F(S—l—n,vi(s+T¢),vi(s),ui(s+n))—F(s—1—7'0,1)0(3—1—7'0),110(5),%(5—l—Ti))]ds

too

t—T;
—|—/ F(s + 73, vi(s + 7i), h(too, pi, vi) (), ui(s + 73) )ds.
t

—70

According to condition (3.3) and
lim F(s+7,vi(s 4+ 1), vi(s),u) = F(s + 19, v0(s + 70), vo($), )
1—00

uniformly in (s,u) € [too, t10 — 7o) X U, we obtain

080) (t) = 0 uniformly in ¢ € [tgo + 7o, t10]-

From the sequence F;(s) = F(s+79,v0(s+70),v0(8), wi(s+7)),1 > ig, t € [too, t10— 7o),
we extract a subsequence, which will again be denoted by Fj(s),i > i, such that

lliglo Fi(s) = Fo(s) weakly in the space L ([too, t10 — To])-
It is not difficult to see that
F;(s) € Pi(s+ 70,v0(s + 70),v0(8)), $ € [too, t10 — To)-
By Theorem 2.2

F()(S) - P1<S + T(),U()(S + T()),’U()(S)), a.e.s € [t()(), th — 7'0]

and on the interval [too, t10 — 7o) there exists a measurable function ug(s) € U such
that
Fo(s) = F(s 4+ 70, v0(s + 70), vo($), ug2(s)) a.e.s € [too, t10 — To)-

Thus,

too+T70
lim 98) (t) = linl 9%1)(t00+70)+1inl 88) (t) = / F(s,v0(8), vo1(s—70), up1(s—70))ds

1—00
too

t—T70 too+T70
+/ Fo(s)ds:/ F(s,v0(s), @ou(s — 7o), w01 (5 — 70))ds

too too
t—7o too+70
+/ F (5470, vo(s+70), vo($), ug2(s))ds :/ F(s,v0(s), vo1(s—70), uo1(s—70))ds
too too
t
—I—/ F(S,U0<8)7’l}0(8—To),UOQ(S—TQ)>dS,t € [tOO—I—Tg,tlQ], (311)
too+70

(see (3.10)).
Introduce the following notation

)@, s € [7,t00 — T0) U (too, toz),
Po(s) =
©o1(8), s € [too — 7o, too)s
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i, s € [a,to) U (t1o, b],
uo(s) = § uo1(s — 70), S € [too, too + Tol,
ug2(s — 79), s € (too + 7o, t10),

where ¢ € Ky and u € U are fixed points;

~Jeo(t),t € [7,too),
wo(f) = {vo(t)ﬂf € [too, t1ol;
To(t) = <o(t),t € [T,t00),

(see Remark 1.1),
wo(t) = v°(t),t € [too, t1o]-

Clearly, wo = (too, t10, 70, 00, Too, Yo, S0, Uo) € W. Taking into account (3.6),(3.7),(3.10)
and (3.11) we obtain

x)(t) = /t [ao(s)jto(s —00) + (s, 20(5), 20(5 — To),uo(s))] ds,t € [too, t1o],

too

2o(t) = 200 + /t [A(s)sco(s — 00) + £(s,20(s), (5 — 7o), uo(s»} ds, t € [too, t1o].

too

It is not difficult to see that

1—00 1—00

= llgélo[zz(th) — 2i(to)] + }LTJ%(QO) — 2(t10)] + 20(t10) = 20(t10)

= (1°(t10), vo(t10))" = (20 (t10), zo(t10))" € H,

(see (3.2)). Consequently,

0= ilirilog(tOi’tli’ i, iy Toi, Ti(t1:)) = g(too, t10, To, 00, oo, To(t10)),

i.e. the element wy is admissible and xy(t) = x(t;wo), t € [T, t10].
Further, we have

~

J = glglo[go(tontu,ﬂ, iy Toi, Ti(t1i)) + 20 (t1:)] = g(too, tio, To, 70, Toos To(t1o))

+$8(t10) = J(wo)

Thus, wy is an optimal element.

4. Proof of Theorem 1.2

First of all we note that the sets A C Ly ([7, tg2]) and Q C Ly (I) are weakly compacts
(see Theorem 2.2). Let

w; = (toi, t1i, Ti, 04, Toiy Pis Sis i) € Wo, i =1,2, ...
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be a minimizing sequence,i.e.

lim J(w;) =.J = inf J(w).

i—00 weWy

Without loss of generality, we assume that

lim £; = too, 11m t1i = o, .hm Ti = To, hm 0; = 0p, hm Zo; = X0,
1—>00

lim; o i (t) = wo(t), weakly on [T, tos],
limy; 00 5;(t) = so(t), weakly on [7, toa], (4.1)
lim; o0 u;(t) = up(t) weakly on I.
(see (3.1)).
To each element p = (to, 7, 0,20, ¢,5,u) € II we will set in correspondence the
functional differential equation

C(t) = A(D)h(to, s, Ot — o) + C(t,<(1)(to, 9, O)(t = 7) + D(t,C(¢))ult)

with the initial condition
C(to) = xo

It is easy to see that for x;(t) = x(t; w;) we have

@i(t) = A(t)h(to, s, 2:)(t — 0:) + C(t, 2:(1)) htoi, pi, i) (t — 7))+
D(t,a:z(t))ul(t),t c [toi,th’],
i (toi) = xo;.

Thus, z;(t) € K; is the solution corresponding to p; = (to;, 7i, i, Toi, Pis i, U;) and
defined on the interval [to;,t1;]. Let Ky C O be a compact set containing a certain
neighborhood of the set K5. By Theorem 2.1 there exists a number § > 0 such that
for a sufficiently large iy the solutions (;(t) = ((t; u;),7 > ip are defined on the interval
[too — 5, tlo + (S] C I and

Cl(t) < [A(Q,t € [too — 5, th -+ (5] C,L( ) = iIZ',L( ) t e [tOiatli]ai Z io.
After this (see the proof of Theorem 1.1) we prove in the standard way that
lim (;(t) = (o(t) uniformly in ¢ € [ty — 9, t10 + 9],
1—00

and ' _
11111 Cz(t) = go(t) Weakly ont & [too - 5, tl() + 5]7
i—00

where (y(t) is the solution corresponding to the element g = (o0, 70, 00,
Zoo, o, S0, Up), defined on the interval [tgo — d,t10 + ] and satisfying the condition
Co(too) = xpo. Moreover,

lim x;(ty;) = hm Gi(ty) = hm [Q(tlz) Gi(t10)]

i—00
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+ }H&Kﬁ(tlo) — Co(t10)] + Co(tio) = Co(t10)s

Hence,

0= lll)fglo 9(toi, t1is Ti, 04, Tois Ti(t1:)) = g(too, t1os 7o, 00, Too, Co(t10))-

Introduce the following notation

~ Jwolt),t € [7,t00),
molt) = {go(t),t € [too, t10) (4.2
o(t) = <o(t),t € [7,t00), (4.3)

(see Remark 1.1).
Clearly the function zy(t) is the solution corresponding to the element wy, =
(0o, t10, 705 70, Too, Y0, S0, o) € W and satisfying the condition

9(t00, t10, To, 00, oo, To(t10)) = 0,
i.e. wg € Wy.

Now we prove optimality of the element wy. We have,

Zliglo 9° (tois tris i, 01y Toi, i (i) = g° (toos t1os To, 705 Toos To(t0)),

/ " o (D)s(t — o3)dt = / Cao()h(ti &, E) (1 — o),

toq toq

/t FOt, 2a(t), it — 72), wi))dt = /t JOt, Gi(t), h(toi, i G (t — 72), uq(t))dt.

0

In a similar way (see proof of Theorem 1.1) it can be proved that

tlz .
/ ao(t)h(ti, i, G)(t — mi)dt = 015 + 02 + 03i
t

01
t15
/ FOt, G(1), htos, 0i, G)(E — T3), wi(t))dt = y1i + Yai + V34,
toq

0

where
t0o ti0—o0
oL = / ao(t + 00)&(t)dt, 02 = / ao(t + oo )05 (t)dt
too—00 too
too
s = / SOt + 70, Colt + 7o), pi(t), st + 7)),
too—70
t10—7o0
Yoi :/ SOt + 70, Co(t +70), Colt), wi(t + 7)) dt
too
and

1—+00 i—00
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The functionals

/too POt + 70, Co(t + 7o), 0(8), u(t))dt, (p,u) € AxQ

00—70

and —
/ FO(t + 70, Colt +70), Co(t), u(t))dt,u € Q
too

are lower semicontinuous (see [3]).
It is not difficult to see that, if

lim w;(t) = wuo(t) weakly on I

1—00

then
lim u;(t + 7;) = up(t + 70) weakly on [tog — 7o, t10 — 7o),
1— 00

(see (4.1)). Using the latter and above given relations, we get

J = lim J(w;) = lim [¢° (tos, t1i, Tiy 0iy Tois Ti(t1)) + 015 + 025 + 03

1—00 1—00
_ 0 :
+71i + Yoi + 73] = g (too, t10, To, 00, Toos To(t10)) + iliglo[gli + 02]

too

+ilinoé[71i + 72i] = ¢°(to0, t10, To, 00, Too, Zo(t10)) + / ao(t + 00)Co(t)dt

too—o0

+/10"0 ao(t—l—ao)éo(t)dt‘i‘/oo POt + 70, Go(t + 70), po(), uo(t + 70) )t

too too—7o0

tio—7o
+/ SOt + 70, Colt + 7o), Co(t), uo(t + 70))dt = g°(too, t10, To, 00, Too, To(t10))

too

tio
+/ [&Q(t)jﬁ'o(t - 0'0) + fo(t, l‘o(t), ZEo(t - Tg), Uo(t)) dt = J(wo),
too

(see (4.2),(4.3)). Here, by definition of J, the inequality is impossible. The optimality
of the element wy has been proved.
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