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ON OSCILLATORY PROPERTIES OF SOLUTIONS OF n-TH ORDER
GENERALIZED EMDEN-FOWLER DIFFERENTIAL EQUATIONS WITH
DELAY ARGUMENT

Koplatadze R.

Abstract. In the paper the following differential equation
u™ () + p(t) [u(r ()" signu(r(t)) = 0

is considered, where n > 3, p € Lipc(R4+; R-), p € C(R4;(0,400)), 7 € C(R4+; Ry), 7(t) < 't
fort € Ry and . li_IEl 7(t) = +00. We say that the equation is “almost linear” if the condition
—1T00

lim p(t) =1 is fulfilled, while if limsup u(t) # 1 or liminf p(t) # 1, then the equation is an
t——+o00 t—+oco t——+oo

essentially nonlinear differential equation. In case of “almost linear” and essentially nonlinear
differential equations to have Property A have been extensively studied [1-5]. In the paper
new sufficient conditions are established for a general class of essentially nonlinear functional
differential equations to have Property B.
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1. Introduction

This work deals with the investigation of oscillatory properties of solutions of a
functional-differential equation of the form

u™ (t) + p(t) [u(r ()" signu(r (1)) = 0, (1.1)

where

p € Line(Ry; R.),  p € C(Ry; (0, +00)),

reC(RGRY), 7)<t and  lm 7(t) = +oo. (1.2)
—+00
It will always be assumed that the condition
p(t) <0 for te R, (1.3)

is fulfilled.

Let tp € R;. A function u : [ty, +00) is said to be a proper solution of equation (1.1)
if it is locally absolutely continuous together with its derivatives up to order n — 1 in-
clusive, sup{|u(s)| : s > t} > 0 for t > t, and there exists a function u € C'(R;; R) such
that (t) = u(t) on [t, +0o) and the equality @™ (¢) + p(t)|u(r(t))|*® signu(r(t)) = 0
holds almost everywhere for ¢ € [tg, +00). A proper solution u : [ty,+00) — R of
equation (1.1) is said to be oscillatory if it has a sequence of zeros tending to +oo.
Otherwise the solution u is said to be nonoscillatory.
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Definition 1.1. We say that equation (1.1) has Property A if any of its proper
solutions is oscillatory when n is even, and either is oscillatory or satisfies

(@) L0 as tT+oo (i=0,...,n—1) (1.4)

when n is odd.
Definition 1.2. We say that equation (1.1) has Property B if any of its proper
solutions is either oscillatory or satisfies either (1.4) or

(@)t 400 as tt4o0 (i=0,...,n—1) (1.5)

when n is even and either is oscillatory or satisfies (1.5), when n is odd.
Definition 1.3. We say that equation (1.1) is almost linear if the condition

tliin u(t)

—+00

= 1 holds, while if lgm +inf p(t) # 1 or limsup p(t) # 1, then we say that the equa-
—+o0

t—-+o0
tion is an essentially nonlinear differential equation.

Oscillatory properties of almost linear and essentially nonlinear differential equa-
tion with advanced argument are studied well enough in [1-5]. For Emden-Fowler
equations with deviating arguments, essential contribution was made in [6-9]. In the
present paper for the generalized differential equation with delay argument, sufficient
conditions are established for equation (1.1) to have Property B. Analogously results
for Property A, see [10].

2. Essentially nonlinear differential equation with property B
The following notations will be used throughout the work

a=inf{u(t):t€ R}, B=sup{u(t):te R},

(2.1)
T(—1)(t) = sup {s >0, 7(s) < t}, T(—k) = T(=1) © T(=(k—1))s Kk =2,3,...

Clearly 7(_1)(t) > t and 7(_1) is nondecreasing and coincides with the inverse of 7
when the latter exists.
Let a € [1,400), v € (1,40), £ € {1,...,n— 2} and t, € R,. Denote

t “+o00o

A (1) =0 exp{w) / N / f”—€—2<f<§>>1+“—”“<€>|p<§>|d§ds}, (2.2)
T(—1) T s

A=+ 2 [ [T e

ok <n - E)' T(,i)(t*) s
Lo

< (5 A (7€) Ol ds (=23, (23)

¥ it a>1,
Vo) = 1 : (2.4)
_ f =1
Om—o - °

In the section, when o« > 1, we derive sufficient conditions for functional differential
equation (1.1) to have Property B.
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Proposition 2.1. Let a > 1, conditions (1.2) and (1.3) be fulfilled and for any
Ce{l,...,n} with { +n even, the conditions

/ m (e, 7)) |p(t)|dt = 400 for ¢ € (0,1] (2.5,.)
0

and

oo e
[ ) ol = oo for £ n-2) (260
0

be fulfilled. Moreover, let for any large t, € R, for some k € N, v € (1,400) and
Je(1,q

+o0 +o0 w(€)—o
/ | / gn“5(T<§))5+@1>u<s>(%p,gfvgyt*(7(g))) P p(©)lde ds = +o0. (272)

(=) (b

Then equation (1.1) has Property B, where « is defined by first condition of (2.1) and
p,(:})t is given by (2.2)—~(2.4).

Proposition 2.1'. Let « > 1, f < 400, conditions (1.2) and (1.3) be fulfilled
and for any ¢ € {1,...,n — 2} with £ + n even, conditions (2.5,1) and (2.64) hold.
Moreover, let for some k € N, v € (1,+00) and 6 € (1,a] condition (2.7,) be fulfilled.
Then equation (1.1) has Property B, where o and 5 are defined by (2.1) and p,(gagt is
giwen by (2.2)~(2.4).

Theorem 2.1. Let o > 1, conditions (1.2), (1.3), (2.51.) and

£))#@)
lim inf (1))
t—400

>0 (2.8)

be fulfilled. Moreover, let for some ¢ € (1, ] the conditions

+oo  ptoo
kA / £7279(7(€))°p(€) € ds = +oo, (2.9)

when n is odd and

+oo +oo
A k/ £75-9(r(£))7 14O [p(£) d ds = +o0, (2.10)

when n is even, be fulfilled. Then equation (1.1) has Property B, where « is defined by
the first condition of (2.1).

Theorem 2.1'. Let a > 1 and B < +o0, conditions (1.2), (1.3), (2.51.1), (2.61) and
(2.8) be fulfilled. Moreover, let for some ¢ € (1, ), when n is odd (n is even) condition
(2.9) ((2.10)) holds. Then equation (1.1) has Property B, where o and § are given by
(2.1).

Remark 2.1. In Theorem 2.1 condition (2.5;.) cannot be replaced by condition
(2.511). Indeed, let n >3, c € (0,1), ¢1 € (¢, 1),

! —1)" —u(t)
pu(t) =nlogst, p(t) = —;fn ¢ (t"‘l + %) and 7(t) =t.
1
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It is obvious that condition (2.5;;) is fulfilled, but for large ¢, equation (1.1) has
the solution u(t) = c(t" 1 + #) Therefore, equation (1.1) has the solution wu,

satisfying the condition th+m u™ D (t) = ¢(n—1)!, that is equation (1.1) does not have
—+400

Property B.
Theorem 2.2. Let o > 1, let conditions (1.2), (1.3), (2.51.), (2.61) and (2.8) be
fulfilled and
+oo
lim inf ¢ / 378 [p(s)|ds > 0. (2.11)
t

t——+o0

Moreover, let for some § € (1,a] and v > 0

[ [ ety oo ds = oe 212)
0 s

Then equation (1.1) has Property B, where « is defined by the first condition of (2.1).
Theorem 2.2'. Let a« > 1 and f < 400, conditions (1.2), (1.3), (2.511), (2.61),
(2.8) and (2.11) be fulfilled. Moreover, if for some 6 € (1,a] and v > 0, condition
(2.12) holds, then equation (1.1) has Property B, where a and 5 are given by (2.1).
Theorem 2.3. Let a > 1, conditions (1.2), (1.3), (2.51.), (2.61), (2.8) and (2.11)
be fulfilled. Moreover, if there exists m € N such that
lim inf ~ ®)
t—+00 t

> 0, (2.13)

then equation (1.1) has Property B, where « is given by the first condition of (2.1).
Theorem 2.3'. Let a > 1 and f < 400, conditions (1.2), (1.3), (2.51.1), (2.61),
(2.8), (2.11) and for some m € N condition (2.13) be fulfilled. Then equation (1.1) has
Property B, where o and 8 are given by (2.1).
Theorem 2.4. Let o > 1, conditions (1.2), (1.3), (2.5,-1,), (2.6,—1) and

£))#(®)
lim sup% < 400 (2.14)

t—4o00

be fulfilled. Moreover, if for some § € (1, q]

[ e eer e ipe s = oo 215)
0 s

then equation (1.1) has Property B, where « is given by the first condition of (2.1).
Theorem 2.4'. Let a > 1 and f < 400, conditions (1.2), (1.3), (2.5,-11), (2.6,,—1)
and (2.14) be fulfilled. Moreover, if for some 6 € (1,a] condition (2.15) holds, then
equation (1.1) has Property B, where o and B are given by (2.1).
Theorem 2.5. Let o > 1, conditions (1.2), (1.3), (2.5,-1.), (2.75-1) and (2.14) be
fulfilled and

t——+o0

+o0
lim inf ¢ / (7(5))HO-IE) (5) [ ds > 0. (2.16)
t
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Moreover, if for some § € (1,a] and v >0

/+°° / i 170 (7(£)) T+ IHEO WO (£)|de ds = 400, (2.17)
0 s

then equation (1.1) has Property B, where a is given by (2.1).

Theorem 2.5. Let a > 1 and f < +oo, conditions (1.2), (1.3), (2.5,-11),
(2.6,,-1), (2.14) and (2.16) be fulfilled and for some 6 € (1,«) and v > 0 condition
(2.17) holds. Then equation (1.1) has Property B, where a and [ are given by (2.1).

Theorem 2.6 Let o > 1, conditions (1.2), (1.3), (2.5,-1.¢), (2.6,—1), (2.14) and
(2.17) be fulfilled. Moreover, if for some m € N condition (2.13) holds, then equation
(1.1) has Property B, where a is given by (2.1).

Theorem 2.6’. Let a > 1 and § < +00, conditions (1.2), (1.3), (2.5,-11), (2.6,,—1)
and (2.17) be fulfilled. Moreover, if for some m € N condition (2.13) holds, then
equation (1.1) has Property B, where o and 8 are given by (2.1).

3. Quasi-linear differential equations with property B

In the section we define sufficient conditions for functional differential equations
(1.1), when o = 1, to have Property B.

Proposition 3.1 Let o = 1, conditions (1.2) and (1.3) be fulfilled and for any
¢ e{l,...,n+ 1} with { + n even, conditions (2.5,.) and (2.6;) hold. Let moreover,
for any large t, € Ry and for some k € N

1 [t +o0 -
1imsup—/ / gn—f—l(T(f))(f 1)u(t)><
t S Js
(—k) (t

t——+o00
1 (1) M(&)
(e r(€)) (€l ds . (31,)

Then equation (1.1) has Property B, where « is given by the first condition of (2.1).
Proposition 3.1'. Let o« =1 and B < +o00, conditions (1.2) and (1.3) be fulfilled
and for any £ € {1,...,n} with {4+n even, conditions (2.5¢1) and (2.6,) hold. Moreover,
let for any large t, € R, and for some k € N, condition (3.1;) holds. Then equation
(1.1) has Property B, where o and 3 are given by (2.1).
Theorem 3.1 Let a = 1, conditions (1.2), (1.3), (2.51), (2.61) and (2.8) be fulfilled
and

t “+o0
limsup% /0 / 2 (€)|dE ds > 0. (3.2)

t——+o0

Then equation (1.1) has Property B, where « is defined by first condition of (2.1).
Theorem 3.1'. Let « = 1 and f < 400, conditions (1.2), (1.3), (2.511), (2.61),
(2.8) and (3.2) be fulfilled. Then equation (1.1) has Property B, where o and [ are
given by (2.1).
Theorem 3.2 Let a = 1, conditions (1.2), (1.3), (2.51.), (2.61) be fulfilled. Let

moreover "
£
lim inf ~ ) > 1 (3.3)
t——+o00
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and .
lim inft/ §"37(s))ds > (n — 1)\ (3.4)
t—-+o0 t
Then for equation (1.1) to have Property B it is sufficient that
1 t “+o00
imsup [ [ € @) Olplldgds > 0. (35)
t=t+oo T Jo Js

Theorem 3.2'. Let « = 1 and f < 400, conditions (1.2), (1.3), (2.511), (2.61),
(3.3) and (3.4) be fulfilled. Then equation (1.1) has Property B, it is sufficient that
condition (3.5) holds.

Theorem 3.3 Let a = 1, conditions (1.2), (1.3), (2.5,-1.¢), (2.6,—2) be fulfilled.

Moreover, if the conditions
(r (1))

lim inf <1 (3.6)
t—+o00
and e
lim inft/ (7(5)) =31 |p(s)|ds > 2(n — 2)! (3.7)
t—+o00 ¢
are fulfilled, then for equation (1.1) to have Property B it is sufficient that
1 t “+o00o
fimsup [ [ € (€)@ lple)ldg ds > 0. (33)
t——+o00 0 s

Theorem 3.3'. Let a = 1 and f < +oo, conditions (1.2), (1.3), (2.5,-11),
(2.6,-1), (3.6) and (3.7) be fulfilled. Then for equation (1.1) to have Property B,
it is sufficient that condition (3.8) holds.
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