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EFFECTIVE SOLUTION OF THE DIRICHLET BVP OF THERMOELASTICITY
WITH MICROTEMPERATURES FOR AN ELASTIC SPACE WITH A
SPHERICAL CAVITY
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Abstract. In the present paper the linear theory of thermoelasticity with microtemperatures
is considered. The representation of regular solution for the equations of steady vibration of
the 3D theory of thermoelasticity with microtemperatures is obtained. We use it for explicitly
solving Dirichlet boundary value problem (BVP) for an elastic space with a spherical cavity.
The obtained solutions are represented as absolutely and uniformly convergent series.
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1. Introduction

A thermodynamic theory for materials with inner structure whose particles, in ad-
dition to the classical displacement and temperature fields, possess microtemperatures
was established by Grot [1]. The linear theory of thermoelasticity with microtem-
peratures was presented in [2], where the existence theorems were proved and the
continuous dependence of solutions of the initial data and body loads were established.
The fundamental solutions of the equations of the three-dimensional (3D) theory of
thermoelasticity with microtemperatures were constructed by Svanadze [3]. The rep-
resentations of the Galerkin type and general solutions of the system in this theory were
obtained by Scalia, Svanadze and Tracina [4]. The 3D linear theory of thermoelasticity
for microstretch elastic materials with microtemperatures was constructed by Iesan [5],
where the uniqueness and existence theorems in the dynamical case for isotropic mate-
rials are proved. A wide class of external BVPs of steady vibrations is investigated by
Svanadze [6]. Effective solution of the Dirichlet and the Neumann BVPs of the linear
theory of thermoelasticity with microtemperatures for a spherical ring are obtained in
[7-8].

The two-dimensional model of thermoelasticity with microtemperatures is consid-
ered by Basheleishvili, Bitsadze and Jaiani in [9,10,11,12]. In particular, fundamental
and singular solutions of the system of equations of the equilibrium of the 2D thermoe-
lastisity theory with microtemperatures were constructed. Uniqueness and existence
theorems of some basic boundary value problems of the 2D thermoelasticity with mi-
crotemperatures are proved and the explicit solutions of boundary value problems for
the half-plane are constructed.

In the present paper the linear theory of thermoelasticity with microtemperatures is
considered. The representation of regular solution for the equations of steady vibrations
of the 3D theory of thermoelasticity with microtemperatures is obtained. We use it for
explicitly solving Dirichlet boundary value problem (BVP) of steady vibrations for an
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elastic space with spherical cavity. The obtained solutions are represented as absolutely
and uniformly convergent series.

2. Basic equations

We consider an isotropic elastic material with microtemperatures. Let us assume
that DT is a ball, of radius R;, centered at point O(0,0,0) in space E5 and S is a spher-
ical surface of radius R;. Denote by D~-whole space with a spherical cavity. D+ :=
DTJS, D™ :=E5\D*.Let x:=(x1,79,73) € E3, 0x:= aiml, %, aixg) )

The basic homogeneous system of equations of steady vibrations in the linear theory
of thermoelasticity with microtemperatures has the following form [2]

pAu + (A + p)graddivu — Bgradf + ow’u = 0 (1)
ke AW + (k4 + ks5)graddivw — ksgradf + ksw =0 (2)
(kA + ag)0 + Bodivu + kydivw = 0 (3)

where u = (uy,u2)7 is the displacement vector, w = (wy,w;)” is the microtemperature
vector, 6 is the temperature measured from the constant absolute temperature
To (To > 0) by the natural state (i.e. by the state of the absence of loads), ay =
waly, 60 = iwﬁTo, ks = 1tbw — ]{?2, b > 0, a, )\, M, ﬁ, k’, k?j j =
1,...,6, are constitutive coefficients, A is the 3D Laplace operator and w is the oscilla-
tion frequency (w > 0). The superscript “7T” denotes transposition.

We will suppose that the following assumptions on the constitutive coefficients hold [2]
w>0, 3A+2u>0, a>0, b>0, k>0,
3ky + k5 + k?@ > 0, k’@ + k’5 > 0, (lfl + k3T0>2 < 4T()]€]€2

Definition 1. A vector-function U(Uy, Us, Us, Uy, Us, Ug, Uz) defined in the domain
D~ is called regular if [6]

1.
Ue (D )nci (D),
2. .
U=3U"x), 9=’ vy, v, 00,057,027, u),
(4)
UY e C*(D7)NCY (D),
3. '
(A+ )0 =0, (5)
and

0 . ; o x _
(% — z)\j) Ul(]) = eMo(|x|7Y),  for |x|>1, (6)
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U9 =0 =0 =0, m=1,23, j=1,2.5 [1=12..T,

where /\5, j = 1,2,3 are roots of equation D(—¢§) = 0, where

D(A) = (MQA + pr)k’lk’gA + (k}7A + kg)[ﬁﬁoA + (,U{)A + pr)(k:A + CL())],

1
AN+ A2+ A2 = ok [10(aoks + kks + kiks) + pw’kks + BBoks]

1
N2+ NI+ A2 = o [ks(poao + BPBo) + pw?(aoks + kks + kiks)] ,

apkspw®  agpkgAINE
pokks pokkr

ATAAS = ;Mo = A+ 2, kr = kg + ks + ke,

the constants A2 and A\? are determined by the formulas

The quantities /\?, 7 = 1,2,3,5 are complex numbers and are chosen so as to
ensure positivity of their imaginary part, i.e. it is assumed that 1 m)\g > 0.

Equations in (6) are Sommerfeld-Kupradze type radiation conditions in the linear
theory of thermoelastisity with microtemperatures.

The external Dirichlet BVP is formulated as follows:

Find in the unbounded domain D~ a regular solution U(u, w, ) of the equations
(1),(2),(3) by the boundary conditions

u =F(y), w =f(y), 0 =f(y), yes,

where F~(f1, fo, f3), £ (fa, f5, fs), f7 are prescribed functions on S.
The following theorem is valid [6].
Theorem 1. The external Dirichlet BVP admit at most one reqular solution.

3. Expansion of regular solutions

The following theorem is valid [6].

Theorem 2. The reqular solution U = (u, w,0) € C*(D™) of system (1-3) for
x € D™, is represented as the sum

u:Zu(j)(X>’ W — Z wi (x), QZZQU)’ (7)

Jj=1 J=1,2,3,5 Jj=1
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where

[ e|w i=1234

4 2
ul) — A+ A
=114

A+ N

w(®) [ N )\2 w, l#p, p=1,2305, (8)
1=1,2,3,5

A+ N
9<Q>—{HA2 A?]Q l#4q q=1,2,3.

u(j),w(j)and 0U) are reqular functions satisfying the following conditions
(A+Xu? =0, (A+X)wh =0, (A+22)§™ =0,
j:1’2’3’47 l:17273757 m:17273.

Thus, the regular in D~ solution of system (1-3) is represented as a sum of functions
u),  wb), U which satisfy Helmholtz’ equations in D~.

Lemma 1. In the domain of reqularity the regular solution of system (1),(3) can
be represented in the form

u = agrade; + asgrades + asgrades + u®,
w = bigrado + bagradps + bsgradps + w'® (9)

0 = @1 + @2 + s,

where
(A+M)p; =0, j=1,23 (A+xHu¥ =0,
(10)
divu® =0, (A+\)w® =0, diow® =0,
a; and b;, j=1,2,3, are constants.
Proof. Replacing u, w and 6 by their values from (8), and substituting
u, w, 0 into (1),(3), after some calculations we obtain

(A + pw?) (kA + kg)(u® +u® +u®) =

(A + p)kiks
Bo
(KA + ag)(krA + ks ) (01 + 02 + ©3)

grad | — (AT@1 4+ A3z + M) + B(krA + ks) (o1 + 2 + ¢3) (11)
(A+p)
+
Bo

Equation (11) is satisfied by

(1A + pw?) (k7 A + kg)uM) =
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{ A1) [ — JA2) (ks — BoA2) — bk 2] + Blks — Wf)} gradpr,

Bo
(HA + p?) (k7 A + kg)ul® =
A+
{ ( 60 Iu) [(ao — k’)\%)(l{ig — k7)\§) — ]{71]63/\3] + ﬁ(kB - ]C7/\g)} gradg02,
(HA + p?) (k7 A + kg )ul® =
A+
{ ( 60“) (a0 — kAZ) (ks — krA2) — kyksA2] + B(ks — m@} gradips.
last identity gives
u) = aigradp;, u® = aygradp, u® = asgradps (12)
where
a; = L Ao = L A2 = L
B Y T Y APy BT A
Similarly
wl) = bigrade, w® = bygradp, w® = bsgrades,
where
poo_ ks o ks, ks
YT RAZ — kA2 T kA — kA2 T kA2 — kA2
Thus

3
u = agrady; + asgrades + azgrades + u® = > a;grady; + u(4),
=1
3
w = bigradp; + bagradps + bygradps +w® = Y bigradp; + w®),
=1
3 (13)
0=w1+p2+ps=73 v
j=1

(A+M)p; =0, j=1,2,3, (A+I2)u =0,

divu® =0, (A+X)w® =0, divw® =0,

Now let us prove that if the vector U(u,w,0) = 0, then ¢ = vy = 3 = 0,
u® = w® = 0. It follows from (13) that

div]a;gradp, + asgradps + azgrades +u] =0,

div[bigradep, + bagradeps + bygrades + W(5)] =0,
©1(x) + p2(x) + p3(x) = 0.
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From these equations we obtain
2 2 2 _
a1A1p1 + a2y + azAzpsz =0,

b1)\%§01 + 52/\3902 + 53)\5903 =0,
©1(X) + pa(x) + p3(x) = 0.

The determinant of this system is

Dy = 5/€3M/€6)\z21/\§(/\% - )\3)0\% — )\:2),)()\% — )\g)(kﬁﬂo)\g - k’?/i)\i) 7& 0.
(pw? — poA3) (pw? — 110A3) (pw? — poA3) (ks — k7 AT) (ks — k7 A3) (ks — k7 )3)

Thus we have ¢ = o =3 =0, u® =0, w® =0 and the proof is completed.
We introduce the notations. If g(x) = g(g1, 92, 93) and q(x) = q(¢1, g2, g3), then by
symbols (g.q) and [g.q] will be denoted scalar product and vector product respectively

3
(g-q) = ng(ﬂm [g.a] = (9203 — 9342, 931 — 9143, G142 — G2,
k=1

Let us consider the metaharmonic equation
(A+v*)p =0, Imv#0.

For this equation the following statements are valid and we cite them without proof.
Lemma 2. If the regular vector v satisfies the conditions

A+ =0, Imv#0, divy =0,
(x-4) =0, x€D*(orD"),
then it can be represented in the form
h(x) = [x- V]h(x),
where

(A +v*)h(x) =0, V:(a 0 a).

Dy’ Oy’ Dy

/ h(x)ds = 0,

S(0,a)

In addition if

where S(0,a) C DT (orD™) is an arbitrary spherical surface of radius a, then between
the vector 1 and the function h there exists one-to-one correspondence.
Lemma 3. If the regular vector ¢ satisfies the conditions

(A+M)p =0, ImA#0 divip =0, x€& D (orD™),
then it can be represented in the form

h(x) = [x- V]ps(x) + rot[x - V]pa(x),
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where
(A+X)p; =0, j=34

In addition if

/ pids =0, j=3,4,
S(0,a)

where S(0,a) C Dt (orD™) is an arbitrary spherical surface of radius a, then between
the vector 1 and the functions ¢;, j = 1,..,4, there exists one-to-one correspon-
dence.
Lemma 2 and Lemma 3 are proved in [13].
Lemma 2 and Lemma 3 lead to the following result.
Theorem 3. The vector U = (u,w, ), is a reqular solution of the homogeneous
equations (1),(3), in D" (orD™), if and only if, when it is represented in the form
> H 3
u(x) = ; dep; + — rot
(9 = 3= a grad; + 24 ror?(x),

7j=1

3
w(x) =Y bjgrady; + @ rotap3(x), (14)
j=1 ks
0(x) = p1(x) + pa(x) + p3(x),
where
(A + XDy =0, divy® =0,
(A+X)p* =0, divg®=0,
(15)

PP (x) = [x - V]bs(x) + rot[x - V]ihu(x),

3 (x) =[x+ Vipa(x) + rot[x - V]ps(x),

(f ) Pids =0, (A+A])y; =0, j=34,
S(0,a

[ @ids=0, (A+X)p; =0, j=45,
S(0,a)

S(0,a) C DY (orD™) is an arbitrary spherical surface of radius a. Between the vector
Ulkx) = (u,w,0) and the functions ¢;, ; j = 1,..,4, there exists one-to-one
correspondence.

Remark. By virtue of the equality

rotrot[z.V]p, = —Alx. V],
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formula (14) can be written as

u(x) = i

ajgradyp; — [x - V]ihs(x) + /ﬁ rot[x - V]is(x),

J=1

w(x) = ébjgmdgaj — [x - V]ps(x) + :—Z rot[x - V]ps(x), (16)

0(x) = p1(x) + p2(x) + p3(x).

Below we shall use solution (16) to solve the Dirichlet boundary value problem of steady
vibrations for an elastic space with spherical cavity.

4. Some auxiliary formulas

In the sequel we use the following notations: let us introduce the spherical coordi-
nates

r1 = psinvcosp, xo=psinvsing, x3= pcosv,
y1 = Rysindgcos gy, yo = Rysindysingy, y3 = Rycosty, y €S, (17)

pPP=xi+as+ri 0<9<7m 0<¢<2r 0<p<Ry.

The operator 5 Sf(x) is determined as follows
x- V], = 0 k=123 x€kE
k — aSk(X) — 44 3
Simple calculations give
0 —xi—xi——cos 015193—31'712
95.(x)  Oms  Com, PV, o0
0 —xi—xi——sin ct19£—|—cos2
0S5(x)  P0m  loms PNV, T %oy
0 0 0 0

0S5(x) ~ Mor,  Pom  0p

The following identities are true [13]

(x - rotg(x)) = kzi:o ggii};) , Z 0 (rot[x - V]h), =0,

~—
ol

Il
[e=]




Effective Solution of the Dirichlet BVP of ....

k;o 85’1?()() [x - gl = p*divg(x) — (x - g(x)) - P(%(X - g(x)),
0 R, 3. 9gu(x)
kgl 3Sk(x) [X ) TOtg(X)]k - _(pa_p + 1) ; 8Sk(x)’
! 0 o 0 o 0
50560 " 05ux) Do Do DSk(x) (18)
3 0? 0? ) 1 52 s

=0,

2500 o Tt Sintiagr 95,

s 0 0 Y0 OY(d.p)
D TR T TN e i G T e

@F)=hil) L gesle Flom@. Y e ki)

k=1
) =@ Yl ki@, S ot —hi(@), = k(@)
4 ) k:185k(z) k 5 ) 8Sk(z) k 6 ) 7 7 :

Let us assume that fr. &k = 1,..,7 are sufficiently smooth(differentiable) functions.
Let us expand the functions h; in spherical harmonics

hy (Z) = Z hl:m(ﬁ? 90)’
m=0
where h, is the spherical harmonic of order m :

= _2m—|—1
ke = 47TR%

/ P, (cosv)h, (y)dsS,,

S

P, is Legendre polynomial of the m-th order, ~ is an angle formed by the radius-vectors

Ozx and Oy,

3
1
COS7y = m ;mkyk

From these formulas it follows that if g, is the spherical harmonic the operator
0

5. k =1,2,3, does not affect the order of the spherical function:
k

5 %gg((;)) = —m(m + 1)gm(x).
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The general solutions of the equations (A + M)y = 0,

domain D~ have the form [13]

B(x) = 3 U Np)Yu(0,0), p> Ri,

m=0
where
) Vv Rngi; (Axp)
Ui’ (Akp) = :

VAH L (AR

1
2

k = 1,2,3,4,5, in the

(19)

5. The Dirichlet BVP for an infinite space with the spherical cavity

The solution of the Dirichlet BVP problem

uw =F(fi,fo,f3), w =1 (fu,[5.f6), 0 =fr
in the domain D~ is sought in the form (16).
From (16) we get
(x u)—ia %+c 3 0"y
- = k‘p ap 1 £ asz(x)7
S ma Y,y
= 05 (x) 08 x) = 0SE(x)
5. Py - by
—alpZ +1
% as6g 5 TN L a5t
5 O —23: OV (k. w) —ib 22 L 23: O (20)
Z10S(x) = 0SE(x)’ = 9p T 0SE(x)’
5.0 0% > 8
X -Wlp=0> +b
,;1 ISk (x) [ e =1 ; 8S2(x) ; 0S2(x
' P 0 N~ P
+b — — +1 ;
s 2 a5200 ~ 3, Y 2 a5
i Owi i Pos i 1
= ) = ) €1 = 19> C2 = 15
£ 05(x) &~ 0Sp(x) L ST BTN
Suppose the functions ¢, (x), m =1,2,3,4,5, and v;, j = 3,4, are sought
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in the form

er(x) = 5 U ) Yim (9, 0), k=1,2,3,

m=0

oi(x) = > U ap)Yim(,0), J =45, (21)

m=0

Ui00 = X W p)Zim(0,), G =34, p> R,

where Yy,,, and Zj,, are the unknown spherical harmonic of order m,

VRH,) (Ap)
\Ilgrll,)(Akp) = (17)7L+§ .
Remark. The conditions [ ¢;ds =0, j=3,4, [ ¢ds=0, j=45in
5(0,a) 5(0,a)

fact mean that
Yio = Ys0 = Z3g = Zso = 0.

Substituting the expressions of ¢,,(z), m =1,2,3,4,5 and ¢;(x), j = 3,4 in (20),
we obtain

3 00 o
(X ’ u) = Z Z kpa (1)()‘kp)yk’m - Z m(m + 1)\115,11)()\4p)23m,
k=1 m=0

m=0

fe’e) 3 a
> m(m+1) {— > ax Vi) (Akp) i + oz + DV Map) Zom, } ,

Z m(m \If (1) (/\4p)Z4m,
m=0 (22)

(x-w) = E > bkp U () Yim — 2 Y m(m+ D)W (Asp) Y,

=1m=0

m=0
3 0
X WL =
,;1 8Sk(x)[ b 3 ;
> m(m+1) {— > bWl (Aep) Yiem + alpgs + DY (a0 Yim, } ,
m=0 k=1
3 a 00 " 3 o) "
> 5 == mm+ DT Asp)Vom, 0= > T (N\ep)Yim (D, ).
k:l

m=0 k=1 m=0



12 Bitsadze L.

Passing to the limit as p — R; and taking into account boundary conditions for the
determination of Y,,,; and Z,,; we obtain the system of algebraic equations

3 0
> ag {/J—\I/%)()\kp)l Yim — cim(m + 1) Zs,, = h,,,
k=1 ap p=R;
; 9 1) -
m(m—+1){ =3 arYim + 1 | (o5 + DU (Aap) Zom & = hy |
=1 dp P

—m(m + 1)Zy, = hs,,,

3 0
S b o VDO Vi = camn ¥ = i,
k=1 14 p=R;

3 0
m(m+1) < — 3 b Yim + ¢ [(p— + DU (Xsp) Yim, ¢ = hz,.
k=1 dp p=R

—m(m + 1)Y5,, = hg,

6m>

Zao = Yo = Z39 = Y50 = 0,

Yim + Yom + Yam = hopy hag = hgy = hyg = hso = 0. (23)

By virtue of Theorem 1 we conclude that the system (23) for m > 0 is uniquely solvable
and the functions Y}, and Z;,, are possible to express by the known functions h,,.

If we take into account the sufficient conditions of convergence of absolutely and
uniformly convergent series with respect to the spherical harmonic and the property
of functions ‘If,(%)()\kp) we conclude that the obtained solutions are represented as ab-
solutely and uniformly convergent series.
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