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ON THE SYSTEM OF INTEGRAL EQUATIONS CONNECTED WITH
THE SCHRODINGER EQUATION
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Abstract. The particle transport in the micromaterials having crystal structure
is considered from the relativistic point of view. The process is modeled by the
system of partial differential equations connected with the 3D non-stationary
Schrodinger equation with the appropriate initial-boundary conditions. For the
small time interval this system is reduced to the Fredholm integral equation. The
sufficient conditions of existence of the solution of this system is obtained.
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Let us consider a particle transport at the 3D crystal nanostructure.
This structure is periodical. Let us denote one sample (period) of this
structure by Gy in the coordinate system Oxyz and let the crystal area V
contain n number of these samples.

Some metals in the solid state form a cubical crystal lattice, for example
gold, silver, germanium [1-4]. We will consider the general case, when Gy is
a simply-connected domain of any form. For the crystal lattice it is sufficient
to consider the movement of one particle [1-4]. The particle transport at
this system could be described by the Schrodinger equation [1-4]

B IUR
ma = —%A@D +(E-U)y, (1)

where A is the Plank constant, m is a mass of the electron, £ — U is the
energy, 1 is a wave function, 1) = u+1v. Also the following initial-boundary
conditions are satisfied:

U‘t:O = Yo, u‘t:() = Uo, U‘Fx{0<t<T} =0, u‘Fx{O<t<T} =0, (2)
where I" is the boundary of the considered structure, ug, vy are the definite
continuous functions. The condition (2) reflects initial quantum states of a
particle, when it is confined at the quantum box Gy [1-4].

The equation (1) is equivalent to the following system of partial differ-
ential equations in the area Q7 =V x {0 <t < T}:

a@ =pBAu— (E—-U)u
o 3)
a— = —pAv+ (E—U)w,



On the System of Integral Equations .... 31
U}t:O = Yo, u‘t:O = Yo,
(u= U)|F><{O<t<T}, =0,
where o« = h = const, = % = const. Suppose that £ — U = ¢(x,y, z, 1),
then the system (3) becomes:
0
aa_/U — BAU - C(.’L‘7 Y, z, t)“a
' (4)
ou
amy = —BAv + c(x,y, z, t)v.

At the small time-interval 0 < ¢ < t; (¢; is rather small), the system (4)
could be written as:

v—
OzﬁAu—cu,
ty

- (5)
ozu ; Yo _ —BAv + cv.
1

Let us rewrite the system (5) in the form:

I Uil
Ap= Sy 20810
BB

Putting first equation of (6) into the second, the system (6) could be
equivalently reduced to the following partial differential equation with re-
spect to uq

L @@ 808u Oc Ou N 54_0‘_2 u—gu
L 5 0z 0z  oydy 9202 gzl pz) gt

O[2

a
BQtz to = Bt 7 Ao thQ Yo =
with a boundary condition u|, = 0, where uy = u(t;).

Suppose Aul‘r = 0. Applying Poisson’s formula [5,6,7] we obtain the
following integro-differential equation

= f(@,y,2), (7)

Mz ok [ (2Caun 1 2 (P00, 0c0u  duy (& o
YT oan ), 5 ! 5 ox0zr  oyoy 9202 gz gz )t
AC I A | ) !

+7u1—f(x,y,z)>G(a:,y,z,a:,y,z)dv, (8)

where dV' = da'dy'dz’, G(x,y,z,2',y,2") is Green’s function for the area
V.



32 Khatiashvili N.

Using Green’s formulas after simple transformations (8) implies [5,6,7]
_ ——/ 1—de' ()

+i/uz @8G+808G+808G Jv
4T ! B \Ox dxr 0Oy dy 0z 0z
1

ol
47T ul(— )GdV’——/fxyz)G(xy,zxyz)dV’

52 52t2
Once again, applying Poisson’s formula from (9) we obtain

1
1672

Uy =

/ wKo(@,y, 2,2y, )V’ (10)
1%

o [ G e G VY
™ JvJv

where

Ko(x7y7z7 'Qj/?y/?'zl) = /(G($?y7 Z,x//,y”7 Z”)G(x//7y//7 Z//7$,7 y/7’z/)
v

(80 0G  0c0G  0coG

%%_Fa_ya—y—{-aa) G(ZL‘ Y,z 7377?/72)

2 2
+ (%—l— ;Qé—t%) G(x,y,z, 2" y"2" G "y 2" 2y, 2))dV”,
where dV" = dx"dy"dz".

(10) is the Fredholm equation with a weakly singular kernel and we can
use the Fredholm theory [5,6,7].

For the small parameters applying Banach theorem [7] one obtains the
following sufficient condition for the existence of the solution of this equa-
tion.

Theorem. If
;/ KO(xay7Z7x,7y,7Z/)dV/ << ]-a
16(m)* Jv

then there exists a unique solution of the equation (10) and this solution is
given by the series f,, where fq is the second (known) term of (10) and

1

fn:fO‘i‘W

/ Ko(l’, Y, z, 'Tla yla Z/)fn—ldvl-
14

Note 1. If Gy and V are parallelepipeds, then Green’s function G
is representable by the Fourier series and consequently we can obtain the
solution of the equation (10) by means of Fourier series.
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Note 2. If ¢ > 0 is a function only of time then we can obtain more
simple equations than (10).
Let us rewrite the system (6) in the form:

Au—gu:gv_vo,
Av— Syp=_210"M10
B Bt

If we admit, that right hand sides of this equations are known, we obtain
6,7,8]:

1 au—uy) e
== = dv’ 12
T V{B t } r v (12)
1 av—uy) e *r
= = av’ 13
! dm V{B 31 } r ’ (13)
where 72 = (z — /)2 + (y — ¢)? + (2 — /)2, dV' = da/dy'd?’, k? = %

Putting (12) into (13) and taking into account the boundary condition
[5,6,7], after simple transformations we obtain the following integral equa-
tion

1 a?

(4n)2 523

1 voe k.
S 14
T .

U= —

/ (uw—ug)K(z,y, 2,29, 2")dV’
v

where

_/_
6kr€k7’

Koy, 24y, ) = / av’,

v T
(T/)2 — (IN _ $/)2 + (y/l _ y/)2 _|_ (Z” _ Z/>2, dv// — dl‘”dy”dz”.

(14) is the Fredholm equation with a weakly singular kernel.
The Banach theorem implies the following sufficient condition for the
existence of the solution of this equation.

If
1 o? < 1
(4m)2 | p?t3 M’
/ K(z,y,z,2',y,2")dV' < M,
1%

then there exists a unique solution of the equation (14) and consequently
of the system (11).

Acknowledgement. The designated project has been fulfilled by finan-
cial support of the Georgia Rustaveli Foundation (Grant#GNSF/ST08/3-



34 Khatiashvili N.

395). Any idea in this publication is possessed by the author and may not
represent the opinion of the Foundation itself.

REFERENCES

1. Auletta G., Fortunato M., Parisi G. Quantum Mechanics. Cambridge University
Press, 2009.

2. Landau L.D., Lifshitz E.M. Quantum Mechanics. Pergamon Press, Ozford, 1977.

3. Nabok A. Organic and Inorganic Nanostructures. Boston London, Artech House
MEMS series, 2005.

4. Springer Handbook of Nanotechnology, ed. B. Bhushan, Berlin: Springer-Verlag,
2004.

5. Tikhonov A.N., Samarsky A.A. Equations of Mathematical Physics. (Russian)
Nauka, Moscow, 1966.

6. Bitsadze A.V. Equations of Mathematical Physics. (Russian) Nauka, Moscow,
1980.

7. Mikhlin S.G. Mathematical Physics. (Russian). Nauka, Moscow, 1968.

Received 29.01.2010; revised 18.07.2010; accepted 20.10.2010.
Author’s address:

N. Khatiashvili

I. Vekua Institute of Applied Mathematics of
Iv. Javakhishvili Thilisi State University

2, University St., Thilisi 0186

Georgia

E-mail: ninakhatia@gmail.com



