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7. integrali 

7.1. integralis cneba. farTi 

SemoviRoT gansazRvruli integralis cneba 6.1 paragrafSi SemoRebuli cnebisgan 

gansxvavebuli formiT. 

gansazRvra 7.1.1. f  0  funqciis gansazRvruli integrali [ , ]a b  segmentze, romelic 

f x dx f
a

b

a

b

( )   

saxiT Caiwereba, warmoadgens im figuris farTs, romelic SemosazRvrulia 

y f x ( ) 

funqciis grafikiT da 

y  0 , x a  da x b  

wrfeebiT (ix. nax. 7.1.1). aRniSnuli figuris farTs SeiZleba mivuaxlovdeT naxazze da-

xazuli marTkuTxedebis farTebis jamis zRvris saxiT, roca marTkuTxedebis maqsi-

maluri sigane nulisken miiswrafis: 
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n
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xfdxxf
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0max
lim:)(  , 1:  kkk xxx , (7.1.1) 

es zRvari damokidebuli ar unda iyos 

qveintervalebad dayofaze da k  wertilebis 

SerCevaze. Tu arsebobs (7.1.1) zRvari, f funqcias 

],[ ba -ze integrebadi funqcia ewodeba. 

Tu 

f x c( )   const , 

radgan marTkuTxedis farTobi misi sigrZisa da 

siganis namravlis tolia, nax. 7.1.1-dan, cxadia, 

cdx c b a
a

b

  ( ) . 

es ukanaskneli uSualod gamomdinareobs (7.1.1)-

danac. 

gansazRvra 7.1.2. f funqciis dadebiToba Cven mxolod farTis cnebasTan mimarTebaSi 

TvalsaCinoebisTvis moviTxoveT. (7.1.1) tolobiT gansazRvruli integralis cnebis 

gamoyeneba maSinac SeiZleba, roca f funqcia uaryofiT mniSvnelobebsac iRebs. 

gansazRvra 7.1.3. Tu a b , maSin 

 
a

b

b

a

dxxfdxxf )(:)( . 

Teorema 7.1.4. vTqvaT, f da g funqciebi integrebadia [ , ]a b -ze da c mudmivia, maSin: 

1. cf c f
a

b

a

b

  ; 

nax. 7.1.1 

kx  

k 

x a=x0 b=xn xk 

f(k) 

o 

y 
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2.  
b

a

b

a

b

a

gfgf )( ; 

3. f f f
a

b

a

c

c

b

    , sadac c a b] , [ ; 

4. f f
a

b

a

b

  ; 

5. Tu f g  da a b , maSin f g
a

b

a

b

  . 

gansazRvruli integralis yvela es Tviseba advilad mtkicdeba rimanis*) integralis 

zemoT moyvanili ganmartebidan gamomdinare. 

Sedegi 7.1.5. Tu f uwyveti funqciaa [ , ]a b -ze, maSin 

)(max)()()(min)( xfabdxxfxfab
bxa

b

a
bxa 

  . 

damtkiceba. Tu gamoviyenebT 7.1.4 Teoremis me-5 Tvisebas, sadac 

g f x c
a x b

  
 

max ( ) : const , 

miviRebT, rom 

)()( abccdxdxxf
b

a

b

a

  . 

analogiurad miiReba qvemodan Sefaseba. 
niadagSi wylis infiltracia _ filipsis modeli. pirobebis farTo diapazonSi, 
 

          2/1 bxay                           (7.1.2) 

saxis funqcia niadagSi wylis infiltraciis y  siCqares akavSirebs x  drosTan (Philips, 

1957-1958). atmosferuli naleqebi warmoadgens siTxes Txevad an myar mdgomareobaSi 

(wvima, Tovli, hidrometeoritebi da a. S.) mosuls Rrublebidan an daleqils haeridan 

miwis zedapirze da sagnebze. is izomeba mosuli wylis fenis sisqiT milimetrebSi (mm). 
wylis niadagSi infiltraciis siCqare izomeba mm/sT-Si. konkretul situaciaSi (7.1.2) 

damokidebulebis gamoyeneba damokidebulia minimalur siCqareze riTac wyali Jonavs 

niadagSi am ukanasknelis srulad gajerebamde. es minimaluri siCqare (7.1.2) formulaSi 

warmodgenilia a  mudmiviT, romelic Tavis mxriv damokidebulia niadagis tipze.  meore 

wevri (7.1.2)-is marjvena mxareSi miuTiTebs imaze, rom infiltraciis siCqaris cvlileba 

SeiZleba gamovxatoT infiltraciis dawyebis momentidan ganvlili drois monakveTisa 

(ufro zustad, 2

1


x -is) da b  mudmivis namravliT, romelic axasiaTebs niadagis 
tenianobis**) xarisxs. Tu infiltraciis dawyebis momentisaTvis niadagi wyliT TiTqmis 

gajerebulia, maSin es wevri Zalze mcire iqneba, radgan, roca 0b , Cven gveqneba 

infiltraciis siCqare wyliT gajerebuli niadagis pirobebSi.  

                                                 
*) g. f. b. rimani (1826 _ 1866) _ germaneli maTematikosi. 
**) tenianobas axasiaTeben tenSemcvelobiT – wylis raodenobiT, romelic modis masalis 

mSrali nawilis erTeul masaze. 



kalkulusi 4  leqcia 12 

3 

vTqvaT, mocemuli adgilisaTvis (7.1.2)-s aqvs 

                             2/1515  xy        (7.1.3) 

saxe. misi saSualebiT SeiZleba infiltraciis siCqaris gamoTvla drois nebismier 

momentSi (siCqare gamoTvlilia meaTedis sizustiT): 
x= 0,1 0,2 0,5 1,0 2,0 5,0 sT 
y= 30,8 26,2 22,1 20,0 18,5 17,2 mm/sT 

 

 

wylis saerTo raodenoba (Q) , romelic iJoneba niadagSi drois garkveul SualedSi, 

grafikulad warmoadgens im geometriuli nakvTis farTs, romelic SemosazRvrulia 

(7.1.3) wiriT, abcisTa RerZiT da drois intervalis sazRvrebiT abcisaTa RerZze (ufro 

zustad, maTze y  RerZis paralelurad gavlebuli wrfeebiT). (Q) sididis ganzomilebaa 

mmsT
sT

mm
  

vTqvaT, unda gamovTvaloT niadagSi CaJonili wylis saerTo raodenoba drois 

]0,1;0,5[ intervalSi. e.i. Cven unda gamovTvaloT nax. 7.1.2-ze daStrixuli farTis 

farTobi, romelic, rogorc es am paragrafSi vnaxeT, Semdegi integralis  

 

  )(90879,9390879,01063162277,07071067,0106

1,05,0106
2/1

54,015515)515(

5,0

1,0

2/15.0

1.0

2/1
5.0

1.0

5.0

1.0

2/1

mm

 
 x

dxxdxdxx
 

tolia (fesvebi amoRebulia meaTmilionedis sizustiT). 

7.2. kalkulusis ZiriTadi Teorema 

Teorema 7.2.1. Tu f uwyveti funqciaa Ria intervalze, romelic [ , ]a b  segments 

Seicavs, maSin: 

0,1 0,5 

22,1 

30,8 

0 x  

 y  

nax. 7.1.2. 

farTi 
2/1515  xy  wiris qveS SemosazRvruli 

1,0,0  xy  da 5,0x  wrfeebiT 
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1. 
d

db
f x dx f b

a

b

( ) ( )  ;                                       (7.2.1) 

2. Tu  f x F x ' ( ) , maSin ).()(:)()( aFbFxFdxxf
b

a

b

a

       (7.2.2) 

(7.2.2) formulas niuton-laibnicis formula ewodeba, romelic 6.1 paragrafSi 

gansazRvruli integralis ganmartebad miviReT. F x( )  funqcias, rogorc es 6.1 

paragrafSi iyo aRniSnuli, ewodeba f x( )  funqciis pirvelyofili, primitiuli funqcia. 

mas uwodeben agreTve antiwarmoebuls an ganusazRvrel integrals da weren f x dx( )  

formiTac. 

damtkiceba. warmoebulis cnebis Sesabamisad 

b

f

b

ff

b

ff

dxxf
db

d

bb

b

b

a

b

bb

a

b

b

a

bb

a

b

b

a



























 000
limlimlim)( .            (7.2.3) 

vTqvaT, b  0 , maSin, 7.1.5 Sedegis Tanaxmad, 

)(max)()(min xfbdxxfxfb
bbxb

bb

b
bbxb 




  ,                   (7.2.4) 

e. i. b -ze gayofis Semdeg,  

)(max

)(

)(min xf
b

dxxf

xf
bbxb

bb

b

bbxb 










. 

Tu b -s nulisken mivaswrafebT, miviRebT, rom 

)(

)(

lim)(
0

bf
b

dxxf

bf

bb

b

b









 

saidanac 

).(

)(

lim
0

bf
b

dxxf
bb

b

b








                        (7.2.5) 

roca b  0 , maSin (7.2.4)-is analogiurad miviRebT, rom 

)(max)()()(min)( xfbdxxfxfb
bxbb

b

bb
bxbb 




  , 

saidanac,  b -ze gayofisa da 7.1.3 gansazRvris gaTvaliswinebiT, gamomdinareobs, rom 

)(max

)()(

)(min xf
b

dxxf

b

dxxf

xf
bxbb

b

bb

bb

b

bxbb 















. 

aqedan, b -s nulisken miswrafebis Semdeg, miviRebT 

).(

)(

lim
0

bf
b

dxxf
bb

b

b








                        (7.2.6) 
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radgan (7.2.5) marjvena da (7.2.6) marcxena zRvrebi tolia, amitom arsebobs 

).(

)(

lim
0

bf
b

dxxf
bb

b

b








                        (7.2.7) 

 (7.2.3)-dan da (7.2.7)-dan gamomdinareobs (7.2.1). 

Tu (7.2.1)-s gamoviyenebT, gveqneba, rom  x a b[ , ] -sTvis 

d

dx
F x f t dt F x

d

dx
f t dt f x f x

a

x

a

x

( ) ( ) ' ( ) ( ) ( ) ( )








       0 . 

cnobilia, rom Tu raime intervalze funqciis warmoebuli nulis tolia, maSin es 

funqcia raime C mudmivis tolia*). amitom 

F x f t dt C
a

x

( ) ( )  .                          (7.2.8) 

Tu am ukanasknelSi CavsvamT 
x a , 

miviRebT, rom 

F a f t dt C
a

a

( ) ( )  , 

saidanac 

C F a ( ) .                              (7.2.9) 

amdenad, (7.2.8)-dan da (7.2.9)-dan davaskvniT, rom 

f t dt F x F a
a

x

( ) ( ) ( )   .                       (7.2.10) 

Tu (7.2.10)-Si CavsvamT 

x b , 

cxadia, 

f t dt F b F a
a

b

( ) ( ) ( )   . 

rac emTxveva (7.2.2)-s, radgan advili misaxvedria, rom integralis mniSvneloba sain-

tegracio cvladze damokidebuli ar aris. 
 

                                                 
*) amis mkacrad dasamtkiceblad unda gamoviyenoT lagranJis Teorema saSualo 
mniSvnelobis Sesaxeb, romelic Cveni kursiT gaTvaliswinebuli ar aris. Tumca 

meqanikuri mosazrebiT is cxadia. marTlac, Tu )(tfs   gamoxatavs materialuri 

wertilis moZraobas wrfis gaswvriv, amasTan misi siCqare, roca 0tt  , igivurad 

nulis tolia 0)('  tfv , maSin, roca 0tt  , wertili adgilzea gaCerebuli da 

sawyis O  wertilamde s  manZili drois yovel momentSi ar icvleba, e.i., mudmivia. 
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7.3. wiriTi integrali 

ganvixiloT sivrceSi dekartis Oxyz  koordinatTa sistema. vTqvaT,  raime wiria, 

romelic mocemulia 

)(),(),( tzztyytxx                           (7.3.1) 

gantolebebiT, sadac t  warmoadgens ],[   segmentze cvlad parameters, xolo 

)(),(),( tztytx  ki am parametris sami uwyveti funqciaa. aseT wirs Jordanis*) wiri 

ewodeba. 

Jordanis wirs martivi ewodeba, Tu parametris or sxvadasxva mniSvnelobas am wiris 

ori sxvadasxva wertili Seesabameba, garda, SesaZlebelia im SemTxvevisa, roca 1t  da 

.2 t  sxvanairad rom vTqvaT, Jordanis wiri martivia, Tu ]),[,( 2121  tttt  

utolobas Sedegad mosdevs 

,0)]()([)]()([)]()([ 2
21

2
21

2
21  tztztytytxtx  

garda, SesaZlebelia, im SemTxvevisa, roca ., 21   tt  

roca parametris 1t  da 2t mniSvnelobebs Jordanis wiris ori sxvadasxva 

wertili Seesabameba, wirs gaxsnils vuwodebT. aseT SemTxvevaSi parametris t  da 

t  mniSvnelobaTa Sesabamis wertilebs  wiris boloebi ewodeba. 

roca 
.)()(),()(),()(  zzyyxx   

Jordanis wirs Sekruli ewodeba. 

advili misaxvedria, rom Jordanis martivi gaxsnili wiri ],[  monakveTis urTier-

Tcalsaxa da uwyveti asaxvaa. savsebiT aseve, Jordanis martivi, Sekruli wiri wrewiris 

urTierTcalsaxa da uwyvet asaxvas warmoadgens.  
vigulisxmoT, rom Jordanis (7.3.1) wirze gansazRvrulia wertilis )(Mf  funqcia. es 

imas niSnavs, rom (7.3.1) wiris yovel M wertils Seesabameba garkveuli )(Mf  

mniSvneloba. cxadia, )(Mf  funqcia SesaZlebelia ganvixiloT, rogorc zyx ,,  cvladebis 

funqcia, sadac ),,( zyx  anu M wertili (7.3.1) wirzea moTavsebuli. amgvarad, nacvlad 

)(Mf  gamosaxulebisa, SeiZleba vweroT ),,( zyxf , sadac ),,( zyx wertili (7.3.1) wirs 

ekuTvnis. 

Tavis mxriv, zyx ,,  koordinatebi (7.3.1) gantolebebiTaa gansazRvruli da amitom 

)(Mf  SegviZlia warmovidginoT rogorc t  parametris rTuli funqcia: 

.,)](),(),([)(   ttztytxfMf  

ganvixiloT Jordanis martivi (gaxsnili an Sekruli)  wiri da am wirze gansaz-
Rvruli ),,()( zyxfMfw   funqcia. 

aseT funqcias uwyveti ewodeba  wiris raime M  wertilSi, Tu yovel dadebiT   

ricxvs iseTi dadebiTi   Seesabameba, rom, roca M  da  ),( 0MM  ),(( 0MM  

aRniSnavs manZils M  da 0M  wertils Soris), gveqneba 

.)()( 0  MfMf  

 wirze gansazRvrul )(Mfw  funqcias uwyveti ewodeba mTels am wirze, roca es 

funqcia uwyvetia am ukanasknelis yovel wertilSi. 

                                                 
*) m. e. k. Jordani (Marie Ennemond Camille Jordan, 5.1.1838  22.1.1922) 
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Teorema 7.3.1. Jordanis nebismier  wirze gansazRvruli, uwyveti )(Mf  funqcia 

SemosazRvrulia, e.i. moiZebneba iseTi dadebiTi A ricxvi, rom  wiris yovel M  

wertilSi gveqneba 

.)( AMf   

Teorema 7.3.2.  Jordanis  wirze uwyveti )(Mf  funqcia Tanabrad uwyvetia am wir-

ze, e.i. yoveli dadebiTi   ricxvisaTvis iseTi 0  ricxvi moiZebneba, rom, roca  
,),(,,   NMNM  

gveqneba 

.)()(  NfMf  

Teorema 7.3.3.  Jordanis  wirze uwyveti funqcia, ganxiluli rogorc t  cvladis 

rTuli ))(),(),(( tztytxf  funqcia,  uwyvetia t -s mimarT mTels ],[   segmentze da, 

maSasadame, Tanabrad uwyvetia t -s mimarT, roca 
.  t  

ganvixiloT raime wrfevadi (e.i. sigrZis mqone) Jordanis   wiri, gansazRvruli 

(7.3.1) gantolebebiT, sadac )(),( tytx  da )(tz  uwyveti funqciebia ],[   segmentze. 

vigulisxmoT, rom   wirze gansazRvrulia wertilis )(Mf  funqcia. aRvniSnoT A -Ti 

  wiris is wertili, romelsac parametris t  mniSvneloba Seesabameba, xolo B -Ti 

 is wertili, romelsac Seesabameba t  mniSvneloba. vimoZraoT  -s gaswvriv A -dan 

B  wertilisaken da aRvniSnoT  -ze mimdevrobiT 121 ,...,, nMMM  wertilebi. aRvniSnoT, 

zogadobisaTvis, 0MA  -iT, nMB  -iT. 

cxadia, rom   wiris yoveli 1kk MM  rkali )1,..,2,1,0(  nk  agreTve wrfevadia. 

aRvniSnoT TiToeuli am rkalis sirgZe ks -Ti )1,..,2,1,0(  nk . aviRoT 1kk MM  rkalze 

)1,..,2,1,0(  nk  TiTo kP  wertili )1,..,2,1,0;( 1   nkMMP kkk  da SevadginoT jami 

.)(
1

0






n

k
kk sPf                           (7.3.2) 

am jams f  funqciis rimanis jami ewodeba   wiris aRebuli danawilebisa da arCeu-

li )1,..,2,1,0(  nkPk  wertilebisaTvis. 

warmovidginoT, rom ,n  ise, rom TiToeuli Semadgeneli 1kk MM  rkalis diamet-

ric (raime simravlis diametri am simravleSi Semavali nebismier or wertils Soris 

manZilTa simravlis zust zeda zRvars ewodeba) miiswrafis nulisken. Tu, aseT 

SemTxvevaSi, arsebobs (7.3.2) jamis garkveuli zRvari, romelic araa damokidebuli arc 

dayofis wesisa da arc )1,..,2,1,0(  nkPk  wertilebis SerCevaze, maSin am zRvars 

ewodeba )(Mf  funqciis pirveli gvaris wiriTi integrali   wirze da mas ase aRniS-

naven: 

 
 ABAB

dszyxfdsMfdsMf ),,()()(  

amrigad, 

,)(lim)(
1

0
0







n

k
kk

AB

sPfdsMf


 

sadac   aRniSnavs 1kk MM )1,..,2,1,0(  nk  Semadgeneli rkalebis diametrTa Soris 

udidess. 
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advili misaxvedria, rom wirze pirvelad arCeuli ( A -dan B -saken) moZraobis mimar-

Tulebis Secvla Sebrunebuli (e.i. B -dan A -saken) mimarTulebiT integralis gan-

sazRvraSi cvlilebas ar gamoiwvevs, radgan 1kk MM  rkalis sigrZe Cven wminda geo-

metriuli azriT gvesmis. amgvarad integrebis mimarTulebas gavlena ara aqvs pirveli 

gvaris wiriTi integralis mniSvnelobaze, e.i. 

.)()(  
BAAB

dsMfdsMf  

samarTliania Semdegi tolobebi: 

;,)()( constKdsMfKdsMKf
ABAB

   

.)()()]()([  
ABABAB

dsMdsMfdsMMf   

marTebulia agreTve Semdegi 

Teorema 7.3.4. Tu )(Mf  funqciis pirveli gvaris wiriTi integrali arsebobs da 

,,)( constHHMf   mTel   wirze, maSin 

,)( HLdsMf 


 

sadac L  aRniSnavs   wiris sigrZes. 
Teorema 7.3.5. Tu   wrfevadia da ),,()( zyxfMf   uwyveti funqciaa   wirze, maSin 

arsebobs )(Mf  funqciis pirveli gvaris wiriTi integrali  -ze da adgili aqvs 

Semdeg tolobas 

,)](),(),([)(
0
 



L

dsszsysxfdsMf                     (7.3.3) 

sadac )(),(),( szzsyysxx   wiris naturalur gantolebebs warmoadgens (e.i. 

gantolebebs, romelSiac parametrad cvladi rkalis sigrZea miRebuli).  

Sekruli konturis SemTxvevaSi pirveli gvaris wiriTi integrali Caiwereba Semdeg-

nairad 

.),,()( 


 dszyxfdsMf  

Teorema 7.3.6. Tu   wiris gantoleba (7.3.1) saxiTaa mocemuli, sadac )(),(),( tztytx  

uwyvetad warmoebadi funqciebia, maSin arsebobs   wiris gaswvriv aRebuli yoveli 

uwyveti ),,()( zyxfMf   funqciis pirveli gvaris wiriTi integrali da adgili aqvs 

Semdeg tolobas 

.)()()())(),(),(()( 222

 






dttztytxtztytxfdsMf  

ganvixiloT t  mniSvnelobis Sesabami A  wertili da aRvniSnoT   wirze, A -dan 

B -saken )])(),(),([(  zyxB   moZraobis dros, wertilTa Semdegi mimdevroba: 

.,,...,,, 1210 BMMMMMA nn                       (7.3.4) 

yovel 1kk MM )1,..,2,1,0(  nk  rkalze aviRoT TiTo 1 kkk MMP  wertili da 

SevadginoT Semdegi saxis jami 



kalkulusi 4  leqcia 12 

9 

,))((
1

0
111 




 

n

k
kk xxPf  

sadac kx  aRniSnavs kM  wertilis absciss )1,..,2,1,0(  nk . 

mivaswrafoT axla n  ise, rom TiToeuli Semadgeneli 1kk MM  rkalis diamet-

ric miiswrafodes nulisaken. Tu aseT pirobebSi arsebobs 1  jamis garkveuli zRvari, 

romelic ar aris damoukidebeli rogorc wiris dayofis specialur wesze, ise kP  

wertilebis SerCevaze, vityviT, rom arsebobs )(Mf  funqciis meore gvaris wiriTi 

integrali AB -ze x -iT. am zRvars )(Mf  funqciis meore gvaris wiriTi integrals 

vuwodebT AB  wirze x -iT da mas aRvniSnavT ase: 


AB

dxMf )(   an  .),,(
AB

dxzyxf  

aRsaniSnavia, rom am gansazRvraSi arsebiTi mniSvneloba aqvs AB  wirze dawesebul 

moZraobis mimarTulebas. marTlac, wertilTa (7.3.4) mimdevrobis nacvlad Cven axali 

mimdevroba rom agveRo, romelic danomrili iqneboda B–dan A–saken moZraobis 

Sesabamisad, yoveli kk xx  1  sxvaoba niSans Seicvlida. aqedan advilad davaskvniT, rom, 

Tu arsebobs )(Mf  funqciis meore gvaris wiriTi integrali x -iT AB  wirze, maSin 

arsebobs igive funqciis meore gvaris wiriTi integrali x -iT BA  (e.i. Sebrunebuli 
mimarTulebiT aRwerili) wirzedac da  

.)()(  
BAAB

dxMfdxMf  

analogiurad ganisazRvreba meore gvaris wiriTi integralebi y -iT da z -iT 


AB

dyMf )(      an     .)(
AB

dzMf  

ase, magaliTad, pirveli maTganis gansazRvrisas 1  jamSi )( 1 kk xx   mamravlebis 

nacvlad unda aviRoT )( 1 kk yy   mamravli, sadac ky  aRniSnavs kM  wertilis ordinats 

)1,..,2,1,0(  nk .s 

warmovidginoT, rom AB  wirze gansazRvrulia wertilis Semdegi sami funqcia 
).,,(),,,(),,,( zyxRzyxQzyxP  

vigulisxmoT, rom meore gvaris wiriTi integralebi 


ABABAB

dzzyxRdyzyxQdxzyxP ),,(,),,(,),,(

 
arsebobs. aseT SemTxvevaSi am sami integralis jami, e. i. meore gvaris wiriTi 
integrali, Cveulebriv, Semdegi simboloTi aRiniSneba: 

dzzyxRdyzyxQdxzyxP
AB

),,(),,(),,( 
 

Tu wiri mocemulia (7.3.1) gantolebiT, maSin 













dttztztytxRtytztytxQtxtztytxP

dzzyxRdyzyxQdxzyxP
AB

)]())(),(),(()())(),(),(()())(),(),(([

),,(),,(),,(

. 

Cven ar SevCerdebiT im martiv garemoebaze, rom ase gansazRvruli wiriTi 

integralisTvis marTebulia integraluri aRricxvidan cnobili zogierTi elementaruli 
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Teorema. aRvniSnavT mxolod, rom rogorc pirveli, ise meore gvaris wiriTi integrali 

aditiuria, rac imas niSnavs, rom, Tu raime )(Mf  funqciis wiriTi integrali (pirveli 

an meore gvaris) arsebobs AB  wirze da Tu es wiri raRac Siga C  wertiliT 
gayofilia or nawilad AC  da ,CB  maSin samarTliania Semdegi tolobebi: 

,)()()(  
CBACAB

dsMfdsMfdxMf

 
.)()()(  

CBACAB

dxMfdxMfdxMf  

 
wiriTi integralebis gamoyenebisas xSirad integreba saWiro xdeba ara Ria rkalis 

gaswvriv, aramed Sekruli konturis gaswvriv. am SemTxvevaSi, ramdenadac sawyisi 

wertili bolo wertils emTxveva, integralis aRebis dros specialurad aRniSnuli 

unda iyos integrebis ori SesaZlebeli mimarTulebidan is erT-erTi mimarTuleba, 
romlis mixedviTac integrebas vaxdenT. sivrciTi wirebis SemTxvevaSi yovelTvis ase 

iqcevian. rac Seexeba brtyeli Sekruli wirebis SemTxvevaSi (am SemTxvevaSi cxadia, 

Sekruli wiri garkveuli brtyeli D  

aris SemomsazRvreli konturia), mizanSe-

wonilia garkveul SeTanxmebas mivaRwioT 

integrebis mimarTulebaTa Taobaze. Tu 

brtyeli koordinatTa Oxy  sistema mar-

jvenaa (rac imas niSnavs, rom Ox  RerZidan 
Oy  RerZis misaRebad saWiroa pirvelis 

90-iT Semobruneba saaTis isris moZrao-
bis sawinaaRmdego mimarTulebiT (ix. nax. 

7.3.1)), Sekrul C  konturze moZraobis 

dadebiT mimarTulebad “saaTis isris sawi-

naaRmdego mimarTulebiT” moZraobas iReben, 

rac ufro zustad, imas niSnavs, rom C  

konturis dadebiTi mimarTulebiT Semov-

lis dros damkvirvebeli, romelic am mi-

marTulebiT mihyveba C konturs, am kontu-

riT SemosazRvrul D ares marcxniv to-
vebs (ix. nax. 7.3.1). aseT SemTxvevaSi ambo-

ben, rom Oxy  sibrtyeze mocemulia mar-

jvena orientacia. piriqiT, roca koordinatTa Oxy  sistema marcxenaa (rac imas niSnavs, 

rom Ox  RerZidan Oy  RerZis misaRebad pirvelis Semobruneba gvixdeba 90-iT saaTis 

isris moZraobis mimarTulebiT), Sekrul C  konturze dadebiTi moZraobis mimarTulebas 

“saaTis isris mimarTulebiT” moZraobas iReben, e.i. iseTi moZraobis mimarTulebas, rom-

lis gaswvriv moZrav damkvirvebels D  are marjvniv rCeba (ix. nax. 7.3.2). am meore Sem-

TxvevaSi vambobT, rom sibrtyeze marcxena orientaciaa aRebuli. 

x 

y 

O 

nax. 7.3.1 
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 yvela SemTxvevaSi, e.i. rogorc mar-

jvena, ise marcxena orientaciis dros, 

Sekrul konturze gansazRvruli integra-

lisTvis integrebis dadebiT mimarTule-

bad wiris Semovlis dadebiTi mimarTule-

ba igulisxmeba. es imas niSnavs, rom, Tu 

C  brtyeli Sekruli konturia, maSin C  
konturis gaswvriv 

 
C

dyyxQdxyxP ),(),(     (7.3.5) 

gamosaxuleba warmoadgens im mimarTule-

biT aRebul integrals, romelic Seesaba-
meba sibrtyis orientacias (e.i. “saaTis 

isris sawinaaRmdego mimarTulebiT” mar-

jvena orientaciis dros, da SebrunebiT, 

roca sistema marcxenaa). 

Tu raime mosazrebiT (7.3.5) integra-

lis ganxilva Sebrunebuli mimarTulebiT 

gvixdeba, aseT integrals win “” niSani unda davuweroT, an vweroT 

,),(),(




C

dyyxQdxyxP  

rac imas niSnavs, rom integreba C -ze uaryofiTi mimarTulebiT xdeba. 

x O 

y 
nax. 7.3.2 


