3. kerZo saxis pirveli rigis kompleqsuri singularuli diferencialuri gantoleba
3.1. amonaxsnis namdvil da warmosaxviT nawilebs Soris kavSiri 
da maTi gantolebebi
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-Si ganvixiloT



                       (3.1.1)

singularuli diferencialuri gantoleba (g. jaiani [20,12] da [16], gv. 58-64), sadac 



,

a, b namdvili konstantebia, u da v namdvili funqciebia.

(3.1.1) gantoleba



                 (3.1.2)

sistemis kompleqsuri Caweraa. (3.1.2) sistemis maxasiaTebel formas (ix. $1.2 an mag., a. biwaZe [1], gv. 10) aqvs
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saxe.




konusur mravalsaxeobas, roca 

, ar aqvs namdvili wertilebi, garda 

, 

 SemTxvevisa. amiT, gansazRvrebis Tanaxmad, roca 

, (3.1.2) sistema elifsuria, xolo roca 

, is gvardeba. ufro sworad, roca 

, (3.1.2) sistemidan meore gantolebis rigi dabla iwevs erTiT da gantoleba algebruli xdeba.

SevniSnoT, rom nebismier areSi, romelic 
[image: image3.wmf]x

 RerZis wertilebs ar Seicavs 
[image: image4.wmf]w

 ganzogadebuli analizuri funqciaa (ix. i. vekua [7]).
Tu CavTvliT, rom 

, (3.1.2) gantolebebidan, erTi mxriv, pirveli gantolebis y-iT gawarmoebis da (-y)–ze gamravlebis, xolo meoris x-iT gawarmoebis da miRebuli Sedegebis Sekrebis Semdeg miviRebT


                            (3.1.3)

gantolebas w funqciis v warmosaxviTi nawilisTvis; meore mxriv, pirveli gantolebis x-iT gawarmoebis da y–ze gamravlebis, xolo meoris y-iT gawarmoebis da miRebuli Sedegebis Sekrebis Semdeg, Tu gaviTvaliswinebT (3.1.2)-dan pirvels, miviRebT
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                           (3.1.4)

gantolebas w funqciis u namdvili nawilisTvis.

pikaris Teoremis ZaliT (ix. i. vekua [3], gv. 39), (3.1.3) gantolebis 

 amonaxsni analizuri funqciaa 
[image: image6.wmf]R
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2

-Si, xolo (3.1.4) gantolebis yoveli u amonaxsni SeiZleba warmovadginoT (3.1.4) gantolebis Sesabamisi erTgvarovani gantolebis raime amonaxsnis (pikaris Teoremis ZaliT is analizuri funqcia iqneba) da




kerZo amonaxsnis jamis saxiT (ix. i. vekua [3], gv. 26, agreTve gv. 13-15, 28), sadac




Tavisi argumentebis analizuri funqciaa 

-Si, 

, 

, xolo 

 analizur funqcias aqvs




saxe. 
[image: image7.wmf](.,.,.,.)

F

 hipergeometriuli funqciaa. maSasadame, miTiTebuli kerZo amonaxsni da amiT (3.1.4) gantolebis nebismieri 

 amonaxsni analizuri funqcia iqneba 

-is mimarT 

-Si, e. i., 
[image: image8.wmf]R
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2

-Si iqneba analizuri funqcia x, y-is mimarT.

Tu (3.1.4)-s y-iT gavawarmoebT da gaviTvaliswinebT, rom 

, miviRebT



.                   (3.1.5)

gansakuTrebiT unda gavusvaT xazi imas, rom v warmosaxviTi nawili akmayofilebs meore rigis (3.1.3) gantolebas, xolo u namdvili nawili ki mesame rigis (3.1.5) gantolebas.

(3.1.2) gantolebebidan meore ganvixiloT, rogorc gantoleba u-s mimarT


.
ukanasknelis zogad amonaxsns aqvs



           (3.1.6)

saxe, sadac 

 funqcia ise unda SeirCes, rom (3.1.6) mocemul v funqciasTan erTad akmayofilebdes pirvel gantolebasac (3.1.2)-dan. amisaTvis ukanasknel gantolebaSi CavsvaT (3.1.6)



.          (3.1.7)

Tu aq CavsvamT 

-s, miviRebT, rom



,

e. i.,


.

ukanasknelis (3.1.6)-Si Casma gvaZlevs
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,       (3.1.8)

sadac



.

amrigad, w funqciis namdvili nawili warmosaxviTi nawiliT ganisazRvreba 

 saxis Sesakrebis sizustiT, sadac C nebismieri namdvili mudmivia.

SevniSnoT, rom (3.1.8)-is marjvena nawilSi sinamdvileSi Cven saqme gvaqvs




gamosaxulebidan 

, 

, 

 wertilebis mocemuli mimdevrobiT SemaerTebel texilze aRebul mrudwirul integralTan. magram (3.1.3)-is gamo xsenebuli mrudwiruli integrali ar aris damokidebuli integrebis gzaze, e. i.,



.

3.2. naxevarsibrtyisaTvis Svarcis formulis ganzogadeba 

gamovikvlioT Semdegi amocanebi:

amocana 3.2.1. vTqvaT, 

. vipovoT iseTi 

 funqcia, romlis​Tvi​sac


, 

, 

, 

,

da romelic 
[image: image10.wmf]R
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-Si akmayofilebs (3.1.1) gantolebas da



,                (3.2.1)

sasazRvro pirobas, sadac
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amocana 3.2.2. vTqvaT, 

, 

, 

. vipovoT iseTi 

 funqcia, romlisTvisac


, 

, 

, 

,

da romelic 
[image: image12.wmf]R
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2

-Si akmayofilebs (3.1.1) gantolebas da



,                (3.2.2)

sasazRvro pirobas, sadac



.

amocana 3.2.3. vTqvaT, 

, 

, 

. vipovoT iseTi 

 fun​qcia, romlisTvisac


, 

, 

, 

,

da romelic 
[image: image13.wmf]R
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-Si akmayofilebs (3.1.1) gantolebas da



,                (3.2.3)

sasazRvro pirobas, sadac



.

amocana 3.2.4. vTqvaT, 

. vipovoT iseTi 

 funqcia, romlis​Tvi​sac


, 


(v akmayofilebs Sesabamiss (2.3.8) - (2.3.14) pirobebidan, roca gvaqvs 

, 

 Sesabamisad 

-is nacvlad), da romelic 
[image: image14.wmf]R
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2

-Si akmayofilebs (3.1.1) gantolebas da



,                (3.2.4)

sasazRvro pirobas, sadac



;



, 

, 

, roca 

.

amocana 3.2.5. vTqvaT, 

. vipovoT iseTi 

 funqcia, romlisTvi​sac


, 

, 

, 

,

da romelic 
[image: image15.wmf]R
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-Si akmayofilebs (3.1.1) gantolebas da



,                (3.2.5)

sasazRvro pirobas, sadac 

 da, Tu 

, an 

, an 

, 

, 

.

amocana 3.2.6. vipovoT 

 funqcia, romelic 
[image: image16.wmf]R
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2

-Si akmayofilebs (3.1.1) gantolebas, roca misi warmosaxviTi nawili akmayofilebs erT-erTs 2.3.1 - 2.3.5 amocanebis pirobebidan, sadac a Secvlilia 

-Ti. amave dros 2.3.4 amocanaSi vuSvebT, rom 

 da, Tu 

, vTvliT, rom



, 

, 

;
2.3.1 amocanaSi damatebiT vuSvebT, rom



, 

, 

, roca 

, 

;

xolo 2.3.5 amocanaSi, pirobas, roca 

, vcvliT 


, 

, 


pirobiT, Tu 

.

Teorema 3.2.7. 3.2.1 - 3.2.6 amocanebis yvela amonaxsni Sesabamisad ganisazRvreba






                                        (3.2.6)



;              (3.2.7)



;      (3.2.8)



;                (3.2.9)






                                      (3.2.10)






                                       (3.2.11)



;                      (3.2.12)
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;                (3.2.13)



;              (3.2.14)
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                                  (3.2.15)



,

gamosaxulebebiT.

3.2.7 Teoremis damtkiceba. 2.3.7 Teoremis ZaliT (3.1.3) gantolebis yvela 

 amonaxsni, romelic 3.2.6 amocanis daSvebebSi (2.3.2), (2.3.4), (2.3.6), (2.3.7), (2.3.15) sasazRvro pirobebidan erT-erTs akmayofilebs, Sesabamisad uSvebs (2.3.18) - (2.3.22) warmodgenebs, sadac a-s nacvlad unda daiweros - a. aRvniSnoT isini Sesabamisad 

 - 

-iT.

advilad mtkicdeba, rom



               (3.2.16)

da



.           (3.2.17)



-is (3.1.8)-Si CasmiT da (3.2.16)-is, (3.2.17)-is gaTvaliswinebiT miviRebT



.

amdenad



,    (3.2.18)

sadac



.

Tu 

, maSin 

 funqcia ganisazRvreba nebismier 

 mudmiv Sesakrebamde sizustiT. 

-is Sesabamis gamosaxulebas (3.2.18)-Si aqvs






,                     (3.2.19)

saxe. Tu 

, maSin 

, e. i., calsaxad ganisazRvreba. amgvarad, 

 ganisazRvreba




Sesakrebamde sizustiT. Tu mxedvelobaSi miviRebT, rom
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,                  (3.2.20)

maSin (3.2.18)-dan, (3.2.19)-isa da (3.2.20)-is gamo, cxadia, miviRebT (3.2.11)-s.

SevniSnoT, rom, roca 

,



.

Tu 

, (3.2.11)-dan gamomdinareobs Svarcis cnobili formula naxevarsibrtyis SemTxvevaSi koSi-rimanis sistemisTvis, e. i., (3.1.1) gantolebisTvis, roca 

 (ix., mag., m. a. lavrentievi, b. v. Sabati [1], gv. 224).

(3.2.16), (3.2.17) tolobebi samarTliania nebismieri b-sTvis, kerZod, roca 

, 

, 

. aqedan gamomdinare, 

, 

, 

 amonaxsnebis warmodgenis gaTvaliswinebiT, analogiurad miviRebT (3.2.12)-s, (3.2.13)-sa da (3.2.15)-s.

3.2.6 amocanis daSvebebSi (2.3.7) sasazRvro pirobis SemTxvevaSi, nawilobiTi integrebis Semdeg 

 miiRebs




saxes. roca 

, am gamosaxulebaSi 

-is qveS vgulisxmobT 

-s da, maSasadame, is ar Seicavs nebismierobas; Tu 

, is ganisazRvreba




Sesakrebamde sizustiT. amgvarad, 

-sTvis miRebuli gamosaxuleba calsaxadaa gansazRvruli. Tu CavsvamT mas (3.1.9)-Si da gaviTvaliswinebT, rom



,
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miviRebT



,         (3.2.21)

sadac



.

marTalia, roca 

, 

 funqcia gansazRvrulia mudmiv Sesakrebamde sizustiT,



,    (3.2.22)

tolobis gamo, (3.2.21) gamosaxuleba


, sadac 

,

saxis Sesakrebis sizustiT ganisazRvreba.

amrigad,






,

e. i., miviReT (3.2.14).

3.2.1 - 3.2.5 amocanebis pirobebSi, (3.1.2) tolobebidan pirvelis gamo, Sesabamisad adgili aqvs



,



,



,



,



,

tolobebs. am tolobebis ZaliT, 3.2.1 - 3.2.5 amocanebi daiyvaneba 3.2.6 amocanaze, sadac m da f unda Seicvalos Sesabamisad 

-iT da 

-iT. magram bolo amocanis amonaxsnis namdvili nawili yovelTvis ar daakmayofilebs saWiro sasazRvro pirobas. vaCvenoT, rom nebismieri mudmivebi, romlebic namdvili nawilis gamosaxulebaSi Sedian, SeiZleba SeirCes ise, rom man daakmayofilos Sesabamisi sasazRvro piroba. am mizniT gamovikvlioT damxmare amocanis amonaxsnebis



,          (3.2.23)



,              (3.2.24)



,         (3.2.25)



,           (3.2.26)



,            (3.2.27)

namdvili nawilebi Sesabamisad 3.2.1 - 3.2.5 amocanebisTvis.



 funqciis gansazRvridan gamomdinare, cxadia, gveqneba
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,             (3.2.28)









.

ukanasknel SemTxvevaSi 

, 

, mudmivebs ise varCevT, rom miviRoT 

 funqcia, romelic arsebobs 3.2.1 amocanis pirobis Tanaxmad da vTvliT, rom



,

radgan winaaRmdeg SemTxvevaSi marjvena mxare araSemosazRvruli iqneba, rac ewinaaRmdegeba marcxena mxaris SemosazRvrulobas, rac 

 pirobidan gamomdinareobs.

advili dasanaxia, rom



,

radgan



, roca 

.

amrigad, imisTvis, rom sruldebodes (3.2.1) sasazRvro piroba, aucilebelia, rom 

. amdenad, (3.2.23)-Si Cven unda CavTvaloT, rom



.

analogiurad SeiZleba davaskvnaT, rom (3.2.24)-sa da  (3.2.25)-Si



,

xolo (3.2.27)-Si



,

da isini akmayofileben (3.2.2), (3.2.3), (3.2.5) sasazRvro pirobebs, radgan Sesabamisad



,



,



.

(3.2.28)-isa da (3.2.22)-is gamo, (3.2.26)-dan gveqneba






,

sadac




radgan roca 

, integralis krebadobisTvis aucilebelia, CavTvaloT, rom 

. aqedan






.

ase, rom (3.2.4) sasazRvro pirobis dakmayofilebisTvis aucilebelia, rom 

.

amrigad, 3.2.7 Teorema mTlianad damtkicebulia,

SeniSvna 3.2.8. SemosazRvrulobis moTxovnis SemTxvevaSi 

, Tu 

, da 

 ganisazRvrebian calsaxad, roca 

, xolo 

 (Tu 

), 

, 

, 

 (Tu 

), 

 (Tu 

), 

, 

, 

 (Tu 

), amonaxsnebi ganisazRvrebian mudmiv Sesakrebamde sizustiT.

SeniSvna 3.2.9. uSualod SeiZleba imis Semowmeba, rom (3.2.6) - (3.2.15) gamosaxulebebi (varskvlavebis gareSe), roca 

, akmayofileben (3.1.1) kompleqsur gantolebas da f funqciis uwyvetobis wertilebSi _ Sesabamis sasazRvro pirobebs. Tu f uban-uban uwyveti SemosazRvruli funqciaa, is zogierT SemTxvevaSi unda akmayofilebdes garkveul pirobebs (maTi amowera ar aris rTuli), romlebic integralebis krebadobas uzrunvelyofen. aseTi susti moTxovnebis dros ar SeiZleba imis mtkiceba, rom miRebulia warmodgenebi yvela amonaxsnebisTvis.

SeniSvna 3.2.10. zemoT moyvanilidan cxadia, rom (3.2.23) - (3.2.27) gamosaxulebebi am da wina gverdzenaTqvamis gaTvaliswinebiT warmoadgenen mesame rigis (3.1.5) gantolebis amonaxsnebs, romlebic akmayofileben (3.2.1) - (3.2.5) sasazRvro pirobebs, Sesabamisad, roca 

; 

, 

, 

; 

, 

, 

; 

 da 

.
4. sasazRvro amocanebi eiler-puason-darbus iterirebuli gantolebisTvis
es Tavi eZRvneba iterirebul eiler-puason-darbus gantolebas, romelic 
[image: image22.wmf]2

n

, 
[image: image23.wmf]n

=

1

2

,

,

K

, rigis elifsuri gantolebaa rigis n rigamde gadagvarebiT, roca 
[image: image24.wmf]y

=

0

.

meoTxe rigis gadagvarebuli gantolebisTvis a. narCaevma [1] zogierT SemTxvevaSi daamtkica dirixles amocanis, roca sazRvarze mocemulia mxolod saZiebeli funqciis nulovani mniSvneloba, calsaxad amoxsnadoba. s. m. nikolskim da p. i. lizorkinma [1] garkveul funqcionalur klasebSi daamtkices pirveli sasazRvro amocanis calsaxad amoxsnadoba 
[image: image25.wmf]2

m

 rigis mTel sazRvarze gadagvarebuli divergentuli formis gantolebisTvis, roca sazRvarze 
[image: image26.wmf]k

m

<

 pirobaa mocemuli. p. boleim da J. kamium [1] Seiswavles dirixles da noimanis variaciuli amocanebi Zlieri gadagvarebis mqone erTi maRali rigis gantolebisTvis. m. troizim [1], sazogadod, aradivergentuli formis sazRvris nawilze rigis gadagvarebis mqone gantolebisTvis gamoikvlia zogadi saxis sasazRvro amocana. zogadi saxis sasazRvro amocanebi Zlieri gadagvarebis mqone elifsuri gantolebisTvis Seiswavles i. a. roitbergma da z. Seftelma [1]. m. i. viSikisa da v. v. gruSinis [1] statiaSi mocemulia zogierT sxva Sedegis mimoxilva sazRvarze gadagvarebis mqone maRali rigis elifsuri operatorebisTvis. sasazRvro amocanebis zusti formulirebisTvis (e. i., imis dadgenisTvis, Tu sazRvris ra nawili unda ganTavisufldes sasazRvro pirobebis dasaxelebisgan gadagvarebis xarisxze damokidebulebiT) gadamwyveti mniSvneloba eniWeba woniani sivrceebis Teorias. woniani sivrceebis Calagebis Teoremebi da zogierT SemTxvevaSi maTi gamoyenebani sasazRvro amocanebis Sesaswavlad mocemulia v. k. zaxarovis [1], r. d. maieris [1], o. v. besovis, v. p. ilinis, l. d. kudriavcevis, s. m. nikolskisa da p. i. lizorkinis [1], l. d. kudriavcevis [2], s. m. nikolskis [1], p. i. lizorkinisa da s. m. nikolskis [1], a. kufnerisa da b. opicis [1] da sxvaTa SromebSi. am mimarTulebiT aRsaniSnavia s. m. nikolskis, p. i. lizorkinisa da n. v. miroSinis mimoxilviTi statia [1]. elifsur-paraboluri tipis maRali rigis gantolebebi funqcionaluri analizis meTodebiTaa gamokvleuli a. kanforas [1-5] da misi mimdevrebis m. l. beneventos, t. brunos da l. kastelanos [1], m. l. beneventos [1], agreTve v. p. gluSkos [1], a. s. foxtis [1], m. franCozis [1], m. a. maloviCkos [2] SromebSi. m. m. smirnovma [3] gamoikvlia erTi modeluri meoTxe rigis Sereuli tipis gantoleba.

4.1. eiler-puason-darbus iterirebuli gantoleba

eiler-puason-darbus iterirebuli gantolebas vuwodebT 

 rigis
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,                (4.1.1)

gantolebas (ix. g. jaiani, [11] da [16], gv. 46-57), sadac 
[image: image28.wmf]j

a

, 
[image: image29.wmf]j

b

, 
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 TanamamravlTa rigze.
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Tu 

 da 

 kenti j-ebisTvis (es Cveni msjelobebis zogadobas ar zRudavs, radgan erTi mxriv (4.2.1)-is gamo 

 mudmivebidan mxolod erTi SeiZleba udrides nuls, xolo meore mxriv 

 operatori ar aris damokidebuli 

 TanamamravlTa rigze da, maSasadame, nulis tol 

-s yovelTvis SeiZleba mieces luwi indeqsi), maSin 2.3.8 Teoremis (ix. formula (2.3.19)) da 2.3.10 SeniSvnis ZaliT
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 (4.2.8)-is (4.2.7)-Si Casmis da 

 zRvarze gadasvlis Semdeg, miviRebT
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aqedan k-uri gantolebis 

-jer gawarmoebis Semdeg gveqneba
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-is, 

, mimarT (4.2.10) algebrul gantolebaTa sistemis amoxsniT miviRebT
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sadac (4.2.10) sistemis determinanti



,       (4.2.12)

aq
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xolo 

 misi




elementis algebruli damatebaa. (1.9.58)-is gamo, determinantebis cnobili Tvisebebis gamoyenebiT gveqneba
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erTi mxriv, 

-jer nawilobiTi integrebis Semdeg
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meore mxriv, (4.2.11), (4.2.13), (4.2.14) (
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(4.2.16)-is (4.2.8)-Si CasmiT, (4.2.6)-is ZaliT, miviRebT (4.2.4)-s.
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, funqciebi akmayofileben 4.2.1 amocanis pirobebs 

-is mimarT.

Tu 
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, maSin gansaxilveli amocanis amonaxsni uSvebs (4.2.4) warmodgenas, sadac 

, xolo 
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, funqciebi 

 rigis nebismieri polinomebia. advilad mowmdeba, rom es amonaxsni trivialuria (ix. g. jaiani, [15], gv. 63, 64).

4.2.1 amocanis amoxsna (4.2.3) sasazRvro pirobiT, (4.1.3) Sesabamisobis principis Tanaxmad, dadis 4.2.1 amocanaze (4.2.2) sasazRvro pirobiT.

SeniSvna 4.2.3. vTqvaT,



.

SeiZleba uSualod Semowmdes, rom (4.2.5) aris (4.1.2) gantolebis amonaxsni, romelic akmayofilebs




sasazRvro pirobebs (ix. g. jaiani [15], gv. 66-69)

SeniSvna 4.2.4. 4.2.1 amocanis amonaxsni (4.2.2) sasazRvro pirobis SemTxvevaSi erTaderTia, Tu


[image: image57.wmf]Æ

=

Î

*

I

R

b

a

j

,

,

1

,


[image: image58.wmf](

)

1

,

,

1

,

,

1

2

*

-

=

Î

+

n

j

R

R

C

E

b

j

K

U

j

j

,                (4.2.17)

SemosazRvruli funqciebia;
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-is gamosaxulebaSi Semaval C nebismieri aditiuri mudmivis Sesabamisi wevrebi nulis tolia, radgan (4.3.14)-is gamo,







da es mtkiceba ZalaSi rCeba maSinac, roca 

.

Tu 

, 4.3.2 da 4.3.4 amocanebis (4.3.10) da (4.3.12) amonaxsnebSi, pirobis Tanaxmad, an



,              (4.3.15)

an arsebobs 

. magram maSin 

 ar SeiZleba Seicavdes nebismier aditiur mudmivs, radgan winaaRmdeg SemTxvevaSi an adgili ar eqneba (4.3.15) Sefasebas, an 

 funqcia SemousazRvravi iqneba.

(4.3.13) gamosaxulebaSi wevrebis, romlebic  

-is gamosaxulebaSi nebismier aditiur mudmivs Seesabamebian, jami nulis tolia, radgan



,



,



,




tolobebis gamo
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gamosaxuleba, sadac figurul frCxilebSi zeda gamosaxuleba Seesabameba 

 SemTxvevas, xolo qveda Seesabameba 

 SemTxvevas.

SeniSvna 4.3.8. Tu (4.3.9) - (4.3.13) formulebSi 

, 

 unban-uban uwyveti funqciebia, romlebic akmayofileben Sesabamisi 4.3.1-4.3.5 amocanebis yvela moTxovnas, garda yvelgan uwyvetobisa, maSin (4.3.9)-(4.3.13) gamosaxulebebi daakmayofileben (4.3.1) gantolebas 

-Si, xolo 

, 

 funqciebis uwyvetobis wertilebSi Sesabamisad _ sasazRvro pirobebis Semdeg wyvilebs: (4.3.2); (4.3.2), roca 
[image: image118.wmf]1
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d

, (4.3.4); (4.3.2), roca 

, (4.3.7); (4.3.4), (4.3.7); (4.3.8); Tundac 

, 

, 

, kompleqsuri ricxvebi iyos, magram 

, 

, mudmivebi unda akmayofilebdnen im pirobebs, romlebsac akmayofileben 

 namdvili mudmivebi (garda 

 da 

 SemTxvevebisa, roca 

-s yovelTvis namdvil mudmivebad vTvliT). bunebrivia, Cven gamovricxavT kompleqsur 

-s da 

-s, 

, im mniSvnelobebs, roca (4.3.9)-(4.3.13) gamosaxulebebSi mniSvneli nuli xdeba.
4.3.6 Teoremis damtkiceba. radgan



,                     (4.3.16)

4.3.1 - 4.3.5 amocanebi eqvivalenturad daiyvaneba 2.3.1 - 2.3.5 saxis sasazRvro amocanebis wyvilebze



                     (4.3.17)

erTgvarovani gantolebisa da (4.3.16) araerTgvarovani gantolebisTvis; amasTan (4.3.16)-is marjvena mxareSi 

 funqcia garkveuli sasazRvro amocanis amonaxsnia (4.3.17) gantolebisTvis. im SemTxvevaSi, roca 4.3.6 TeoremaSi mtkicdeba 4.3.1 - 4.3.5 amocanebis amonaxsnTa erTaderToba, pirobis Tanaxmad sruldeba 4.3.1 - 4.3.5 amocanebidan Sesabamisis erTaderTobis pirobebi 

-sa da 

-is mimarT. amgvarad, Tu ganvixilavT 4.3.1 - 4.3.5 amocanebis ori SesaZlo amonaxsnis sxvaobebs, maSin Tavdapirvelad miviRebT 2.3.1 - 2.3.5 saxis garkveul amocanas (4.3.17) gantolebisTvis erTgvarovani sasazRvro pirobiT misi calsaxad amoxsnadobis pirobebSi, e. i., 

, 

, xolo Semdeg _ 2.3.1 - 2.3.5 saxis garkveul amocanas erTgvarovnad gadaqceuli (4.3.16) gantolebisTvis erTgvarovani sasazRvro pirobiT misi calsaxad amoxsnadobis pirobebSi, e. i., 

, 

.

gadavideT amonaxsnTa agebaze. 4.3.1 amocana eqvivalenturad dadis amocanebis Semdeg wyvilze:

amocana 4.3.9. vTqvaT, 

. vipovoT 
[image: image119.wmf])
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 funqcia, romelic akmayofilebs (4.3.17) gantolebas da (4.3.2) sasazRvro pirobas da (4.3.3) pirobebs, roca 

.

amocana 4.3.10. vTqvaT, 

 da 

. vipovoT 
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 funqcia, romelic akmayofilebs araerTgvarovan (nacvlad erTgvarovanisa 
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T

 klasis gansazRvris mixedviT) (4.3.16) gantolebas da (4.3.2) sasazRvro pirobas da (4.3.3) pirobebs, roca 

.

(2.3.17)-is ZaliT, 4.3.9 amocanis yvela amonaxsni moicema


               (4.3.18)

gamosaxulebiT.

vipovoT (4.3.16) gantolebis kerZo amonaxsni, roca marjvena mxares (4.3.18)-is saxe aqvs. amonaxsns veZebT



       (4.3.19)

integralis saxiT, sadac 

 qvemoT iqneba gansazRvruli.

Tu CavTvliT, rom integralis niSniT qveS (4.3.19)-is orjer gawarmoeba SeiZleba da arsebobs iseTi 
[image: image122.wmf]1

w

, rom sruldeba 



toloba, maSin (4.3.19) daakmayofilebs (4.3.16) gantolebas. 

polarul koordinatebSi ukanaskneli gantoleba martivi gardaqmnebis Semdeg miiRebs




saxes.

aqedan Cans, rom ukanaskneli gantolebis kerZo amonaxsni, romelic mxolod 

-zea damokidebuli, akmayofilebs




gantolebas da aqvs



         (4.3.20)

saxe, sadac 

, 
[image: image123.wmf]]
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. SemdegSi CavTvliT, rom
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maSin



              (4.3.21)

(4.3.20) gamosaxulebis (4.3.19)-Si Casmis da nawilebiTi integrebis Semdeg, Tu davuSvebT, rom



,              (4.3.22)

(2.1.8) - (2.1.10)-is gaTvaliswinebiT, miviRebT
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                (4.3.23)

saZebn kerZo amonaxsns.

axla, Tu davuSvebT, rom 

, maSin advilia uSualod Semowmdes (ise, rom ar moviTxovoT (4.3.22)-is pirobis Sesruleba), rom (4.3.23) iqneba (4.3.16) gantolebis kerZo amonaxsni, sadac 

-s aqvs (4.3.18) saxe. marTlac,
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sin
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.

garda amisa, 

-is gamo,



.

4.3.10 amocanis amonaxsni iqneba (4.3.23) kerZo amonaxsnis da



,

gantolebis amonaxsnis, romelic




pirobas akmayofilebs, jami. aqedan gamomdinare (4.3.17) formuliT yvela 

 amonaxsnis agebisa da misi (4.3.23)-Tan SekrebiT miviRebT 4.3.1 amocanis yvela amonaxsns, romelsac (4.3.9) saxe aqvs.

analogiurad amoixsneba sxva amocanebic. magaliTad, 4.3.5 amocanis amoxsnis dros dagvWirdeba (4.3.16) gantolebis kerZo amonaxsnis povna, roca marjvena mxares aqvs




saxe. kerZo amonaxsns veZebT



          (4.3.24)

saxiT. maSin 

 funqciisTvis miviRebT



gantolebas. aqedan, (2.1.3) igivobis gamo gveqneba



.

magram am gantolebis kerZo amonaxsni ukve napovni gvaqvs da mas (4.3.21) saxe aqvs, Tu iq b-s 

-Ti SevcvliT. (4.3.24)-Si misi Casmisa da martivi gardaqmnebis Semdeg miviRebT




aqedan,




Semdeg iseTive moqmedebiT, rogorc 4.3.1 amocanis amoxsnis dros moviqeciT, miviRebT (4.3.13)-s.

4.3.1 - 4.3.5 amocanebis amonaxsnebi pirveli sasazRvro amocanis tipis rigi sasazRvro amocanebis, kerZod sakuTriv pirveli sasazRvro amocanis, amonaxsnebis agebis saSualebas iZleva. SevniSnoT, rom rikies tipis amocanidan pirvel sasazRvro amocanaze aseTi gadasvla SesaZlebelia mxolod rigis gadagvarebis mqone gantolebisTvis.

amocana 4.3.11. vTqvaT, 

, 

. vipovoT 4.3.1 amocanis amonaxsni, romelic (4.3.2) sasazRvro pirobis, roca 
[image: image127.wmf]1
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d

, nacvlad akmayofilebs



,     (4.3.25)

sasazRvro pirobas da



,            (4.3.26)






,  
     (4.3.27)

pirobebs, sadac



            (4.3.28)

amocana 4.3.12. vTqvaT, 

, 

. vipovoT 4.3.1 amocanis amonaxsni, romelic (4.3.2) sasazRvro pirobis, roca 

, nacvlad akmayofilebs



      (4.3.29) 

saszRvro pirobas da



,              (4.3.30)









     
      (4.3.31)

pirobebs, sadac









,



, 

.

amocana 4.3.13. vTqvaT, 

, 

, 

, 

 akmayofilebs (4.3.5) pirobas, xolo 

 _ (4.3.6) pirobas. vipovoT 4.3.2 amocanis amonaxsni, romelic (4.3.2) sasazRvro pirobis, roca 

, nacvlad akmayofilebs (4.3.25) sasazRvro pirobas, (4.3.26) da
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sadac
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,

pirobebs.

amocana 4.3.14. vTqvaT, 

, 

. vipovoT 4.3.3 amocanis amonaxsni, romelic (4.3.7) sasazRvro pirobis nacvlad akmayofilebs



                     (4.3.33) 

sasazRvro pirobas, sadac 

 akmayofilebs 4.3.3 amocanis pirobas 

-is mimarT da



,                
(4.3.34)



,      
(4.3.35)

pirobebs.

amocana 4.3.15. vTqvaT, 

, 

 da 

, 

 akmayofileben 4.3.4 amocanis pirobas 

-is mimarT. vipovoT 4.3.4 amocanis amonaxsni, romelic (4.3.7) sasazRvro pirobis nacvlad akmayofilebs (4.3.33) sasazRvro pirobas, (4.3.34) da



           (4.3.36)

pirobebs.

amocana 4.3.16. vTqvaT, 

 da 

, 

 akmayofileben 4.3.5 amocanis pirobas 

-is mimarT. vipovoT 4.3.5 amocanis amonaxsni, romelic (4.3.8) sasazRvro pirobis, roca 

, nacvlad akmayofilebs



            (4.3.37)

sasazRvro pirobas da



,                   (4.3.38)



,                 (4.3.39)



   
(4.3.40)

pirobebs, sadac 

,
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SeniSvna 4.3.17. Tu 

, maSin (4.3.27), (4.3.31), (4.3.32), (4.3.35), (4.3.36), roca 

, pirobebi da (4.3.39) piroba 4.3.11 - 4.3.16 amocanebSi ar gvaqvs. Tu 

, maSin (4.3.27), (4.3.31) pirobebi SeiZleba Seicvalos




ekvivalenturi pirobiT. Tu 

, maSin (4.3.40) piroba SeiZleba Seicvalos
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ekvivalenturi pirobiT.

Teorema 4.3.18. 4.3.11 da 4.3.12 amocanebis yvela amonaxsni miiReba (4.3.9)-dan Sesabamisad



        (4.3.41)

da
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     (4.3.42)

Casmis Semdeg.

4.3.13 amocanis yvela amonaxsni moicema (4.3.10) gamosaxulebiT, sadac
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4.3.14 amocanis yvela amonaxsni moicema (4.3.11) gamosaxulebiT, sadac



.                       (4.3.44)

4.3.15 amocanis yvela amonaxsni moicema (4.3.12) gamosaxulebiT, sadac 
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.                 (4.3.45)

4.3.16 amocanis yvela amonaxsni moicema (4.3.13) gamosaxulebiT, sadac
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     (4.3.46)

4.3.16 amocanis da, roca 

, 4.3.11, 4.3.12, 4.3.14, 4.3.15 amocanebis amonaxsnebi ganisazRvrebian calsaxad.

4.3.10 amocanis da, roca 

, 4.3.11, 4.3.12, 4.3.14, 4.3.15 amocanebis amonaxsnebi ganisazRvrebian aditiuri mudmivis sazustiT.

SeniSvna 4.3.19. 4.3.10 amocanis da, roca 

, 4.3.11, 4.3.12, 4.3.14, 4.3.15 amocanebis amonaxsnebis erTaderTobis klasebis dadgena advilia 4.3.6 Teoremidan.

SeniSvna 4.3.20. Tu 

, rogorc es mosalodneli iyo, (4.3.28)-dan gamomdinareobs, rom



.

Tu 

, maSin



,                           (4.3.47)

xolo 

, 

-is sxva mniSvnelobebisTvis, (1.9.59) formulis da
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,

tolobis gamoyenebiT, advilia (4.3.47)-is SesrulebisTvis gantolebis koeficien​teb​ze pirobebis miReba. analogiurad SeiZleba mniSvnelebis gamokvleva (4.3.42), (4.3.43), (4.3.46) tolobebSi.
4.3.18 Teoremis damtkiceba. (4.3.26), (4.3.27), (4.3.30)-(4.3.32), (4.3.34)-(4.3.36), (4.3.38)-(4.3.40) pirobebs 4.3.11–4.3.16 amocanebis amonaxsnebis erTaderTobis sakiTxi dayavT 4.3.1–4.3.5 amocanebidan Sesabamisebis amonaxsnebis erTaderTobis gamokvlevaze. magaliTad, 4.3.15 amocanis SemTxvevaSi (4.3.34)-isa da (4.3.36)-is gamo gveqneba, rom
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SeiZleba damtkicdes, rom 4.3.11–4.3.16 amocanebis daSvebebSi 
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-is mimarT 4.3.1 amocanis 



 amonaxsni akmayofilebs (4.3.26), (4.3.27), (4.3.30) da (4.3.31) pirobebs; 4.3.2 amocanis  amonaxsni akmayofilebs (4.3.26) da (4.3.32) pirobebs; 4.3.3 amocanis 

 amonaxsni akmayofilebs (4.3.34) da (4.3.35) pirobebs; 4.3.4 amocanis 

 amonaxsni akmayofilebs (4.3.34) da (4.3.36) pirobebs; 4.3.5 amocanis 

 amonaxsni akmayofilebs (4.3.38)–(4.3.40) pirobebs.

magaliTad, advilia Tvali mivadevnoT Semdeg gamoTvlebs:


[image: image139.wmf](

)

(

)

(

)

(

)

ò

¥

+

¥

-

-

+

-

-

-

®

-

+

®

î

í

ì

-

L

=

1

  

          

          

*

1

0

2

0

0

1

2

0

)

1

(

2

 

1

0

1

1

0

0

0

1

1

0

lim

,

lim

m

m

m

m

b

x

z

m

m

m

x

z

x

f

y

y

y

b

a

y

x

y

x

x

¶

¶

¶

¶

j

¶

































[image: image140.wmf](

)

]

}

N

m

m

b

dt

e

x

yt

x

b

a

m

Î

-

<

=

-

´

+

=

-

-

1

1

0

2

1

,

2

,

0

0

0

1

roca

x

q

r

x

,

radgan, (2.4.23)-is gamo,


[image: image141.wmf](

)

[

]

1

0

2

1

2

2

2

,

0

0

0

1

1

0

m

b

dt

e

x

y

y

y

yt

x

b

a

m

m

b

-

<

=

þ

ý

ü

î

í

ì

-

ò

+¥

¥

-

+

=

-

-

-

-

roca

x

q

r

x

¶

¶

;

da








[image: image142.wmf]N

m

m

b

m

b

b

b

b

a

a

a

H

y

y

m

Î

-

<

-

<

÷

ø

ö

ç

è

æ

-

-

=

-

1

1

1

1

0

0

1

0

0

1

0

1

,

3

,

2

,

,

,

,

,

2

1

roca

p

¶

¶

.

analogiuri msjelobebiT miviRebT, rom



.

Tu 

, maSin


[image: image143.wmf](

)

(

)

(

)

(

)

(

)

ò

¥

+

¥

-

-

-

®

+

-

®

î

í

ì

-

=

÷

÷

ø

ö

ç

ç

è

æ

m

m

m

m

x

z

m

m

x

z

x

f

a

d

a

d

a

d

y

y

x

y

x

x

¶

¶

j

¶

     

*

'

0

1

1

1

0

1

0

)

4

(

1

 

1

0

0

lim

1

ln

lim












[image: image144.wmf](

)

(

)

(

)

(

)

(

)

(

)

[

]

(

)

î

í

ì

-

-

L

+

+

-

-

L

-

=

+

-

-

0

*

'

0

0

0

1

0

1

1

1

0

1

1

,

1

1

,

x

f

m

a

m

m

a

a

a

d

a

d

a

d

m

m

m

m

m


















[image: image145.wmf](

)

(

)

(

)

(

)

(

)

î

í

ì

-

=

-

-

0

*

'

0

1

0

1

1

0

1

x

f

a

d

a

d

a

d

a

d

m

m

m

m















[image: image146.wmf](

)

(

)

(

)

}

(

)

1

0

2

0

*

'

0

0

1

1

1

0

,

,

1

,

R

x

R

z

x

f

x

f

m

a

a

d

m

m

Î

Î

-

=

-

-

L

-

+

+

.

Tu 

, maSin


[image: image147.wmf]1

1

1

0

2

0

)

5

(

2

 

lim

m

m

m

b

x

z

y

x

y

¶

¶

j

¶

+

+

®















[image: image148.wmf](

)

(

)

(

)

(

)

(

)

(

)

ò

+¥

¥

-

-

-

+

-

ú

û

ù

ê

ë

é

-

+

=

x

¶

r

¶

¶

¶

q

d

y

e

y

x

y

m

b

a

M

a

a

x

f

m

b

a

M

x

f

m

b

a

M

m

b

a

m

m

b

1

0

1

1

1

1

1

0

1

0

1

0

1

0

*

'

0

0

0

1

0

,

,

,

,

,

,



[image: image149.wmf](

)

(

)

(

)

ò

+¥

¥

-

-

-

+

-

-

-

-

x

¶

r

¶

¶

¶

q

d

y

e

y

x

y

x

f

m

b

a

M

a

a

m

b

a

m

m

b

1

1

1

1

1

0

1

1

1

1

1

0

1

,

,







.

axla (4.3.26)-is, (4.3.27)-is, (4.3.30)-(4.3.32)-is, (4.3.34)-(4.3.36)-is, (4.3.38)-(4.3.40)-is gaTvaliswinebiT da (4.3.2)-is, roca 

, da (4.3.25)-is, (4.3.2)-is, roca 

, da (4.3.29)-is, (4.3.7)-is da (4.3.33)-is, (4.3.8)-is, roca 

, da (4.3.37)-is wyvil-wyvilad SedarebiT Zneli ar aris (4.3.41)-(4.3.46)-is miReba.

SeniSvna 4.3.21. mas Semdeg, rac cxadi saxiT aigo 4.3.11-4.3.16 amocanebis amonaxsnebi, (4.3.26), (4.3.27), (4.3.30)-(4.3.32), (4.3.34)-(4.3.36), (4.3.38)-(4.3.40) pirobebis mxedvelobaSi miuReblad, advilia imis uSualod Semowmeba, rom isini kompleqsuri 

, 

, 

, mudmivebis (ix. agreTve SeniSvna 4.3.8), SemTxvevaSic amonaxsnebi iqnebian. ase, rom zemoT moyvanili pirobebi mxolod erTaderTobis sakiTxis gamokvlevisTvis moiTxoveba.

SeniSvna 4.3.22. kerZo SemTxvevaSi, roca 

, 

, 

, 

, sadac 

 namdvili ricxvia, 

 operatori namdvilia da 4.3.11 amocanis namdvili amonaxsni, e. i., (4.3.9), (4.3.41)-is gaTvaliswinebiT, martivi gardaqmnebis Semdeg miiRebs
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saxes. rogorc vnaxeT (ix.$1.9), 
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 operatori biharmoniuli iqneba da (4.3.48)-dan miviRebT




cnobil formulas (ix., mag., m. smirnovi [3]).

SeniSvna 4.3.23. 4.3.12 amocanis amonaxsns, , roca 
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saxe, is erTaderTia 

 funqciaTa klasSi da akmayofilebs (4.3.3) da
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SeniSvna 4.3.24. Tu 
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4.4. zogierTi zogadi SeniSvna da gamosakvlevi amocanebi

am TavSi naxevarsibrtyis SemTxvevaSi dasmuli amocanebi gamokvleulia srulad. amonaxsnebi agebulia cxadi saxiT, kvadraturebSi.

iterirebuli eiler-puason-darbus gantolebisaTvis gamosakvlevia sasazRvro amocanebi sasruli aris SemTxvevaSi, ise, rogorc es gakeTebuli iyo meore TavSi eiler-puason-darbus gantolebisaTvis.

dasamuSavebelia gamokvleuli sasazRvro amocanebis miaxloebiTi da ricxviTi amoxsnis meTodebi.

gamosakvlevia $4.2-sa da $4.3-Si sasazRvro amocanebis kvadraturebSi agebuli amonaxsnebis efeqturobis sakiTxi sasazRvro amocanebis ricxviTi amoxsnis TvalsazrisiT.

5. meore rigis kerZo warmoebulebian rigis gadagvarebis mqone gantolebaTa sistema

es Tavi eZRvneba rigis gadagvarebis mqone sistemebs, romlebic aRiZvrebian wamaxvilebuli prizmuli garsebisTvis sasazRvro amocanebis Seswavlis dros.

Sereuli tipis meore rigis gantolebaTa sistemebi ganxilulia v. p. didenkos [1,2,4], v. n. vragovis [1] da sxvaTa naSromebSi. rigis gadagvarebis mqone gantolebaTa erTi sistema Seswavlilia v. p. didenkos [3] mier. i. a. roitbergisa da z. g. Seftelis [2] mier ganzogadebul funqciaTa klasSi gamokvleulia zogadi saxis sasazRvro amocanebi maRali rigis gantolebaTa sistemisTvis, sazogadod, singularuli koeficientebiT dabali rigis warmoebulebTan da marjvena mxariT, roca sistemis duglis-norenbergis azriT elifsuri mTavari nawilis operatori sasazRvro pirobebTan erTad akmayofilebs lopatinskis pirobas (ix., magaliTad, s. agmoni, a. daglisi da l. nirenbergi [1], l. p. voleviCi [1], agreTve i. b. lopatinski [1]). zogadi saxis mqone meore rigis gadagvarebuli (kerZod, rigis gadagvarebis mqone) elifsuri gantolebebis sistemebia ganxiluli i. dufneris [1,2] SromebSi. am TavSi imave meTodiT, Tumca gansxvavebuli msjelobiT, ufro sust moTxovnebSi koeficientebis mimarT damtkicebulia susti amonaxsnis erTaderToba pirveli sasazRvro amocanisTvis meore rigis gantolebebis zogadi elifsuri sistemis SemTxvevaSi. iqve mtkicdeba klasikuri amonaxsnis erTaderTobis Teorema funqciaTa ufro bunebriv klasSi.

 5.1. pirveli sasazRvro amocana
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davuSvaT rom nebismieri iseTi
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utoloba, sadac
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maSin arsebobs (5.1.1), (5.1.7) sasazRvro amocanis susti amonaxsni.
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utolobas, sadac
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SevniSnoT, rom fikeras matrica invariantulia (5.1.16)-is gardaqmnis mimarT, radgan is miRebuli
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sistemisTvis, (5.1.4)-is gamo, uSvebs
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amocanis amonaxsni, e. i.,
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gantoleba (ix. g. jaiani [23]), sadac ajamvis dros 
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e. i., (5.2.21) funqcias aqvs 
[image: image445.wmf]9

0

, 
[image: image446.wmf]10

0

 Tvisebebi.

pirveli ori wevri (5.2.10)-is marjvena mxareSi dadebiTia, xolo ukanaskneli wevri, Tu 
[image: image447.wmf]P

S

q

Î

, (5.2.21)-is gamo, tolia


[image: image448.wmf](

)

(

)

(

)

-

+

-

é

ë

ê

ê

ê

ù

û

ú

ú

ú

-

-

é

ë

ê

ê

ê

ù

û

ú

ú

ú

ì

í

ï

î

ï

ü

ý

ï

þ

ï

=

¹

=

=

¹

=

Õ

å

Õ

å

l

m

k

k

2

0

2

1

1

1

0

1

1

2

1

2

4

1

1

h

H

H

H

H

h

H

H

H

H

p

r

r

p

p

r

n

r

n

q

q

p

r

r

p

p

r

n

q

q

r

n

P

,

,

(

)

,

,

(

)



[image: image449.wmf],

e. i., Sesrulebulia (5.2.10) piroba.

dasasrul ganvixiloT SemTxveva, roca G are SemosazRvrulia 
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saxe, sadac mudmivi 
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 5.3. zogierTi zogadi SeniSvna da gamosakvlevi amocanebi

am TavSi dasmuli sasazRvro amocanebi gamosakvlevia sobolevis Sesabamis wonian sivrceebSi.

ganxiluli sistemisaTvis gamosakvlevia woniani sasazRvro amocanebi.

dasamuSavebelia zemoaRniSnuli sasazRvro amocanebis miaxloebiTi da ricxviTi amoxsnis meTodebi.

gamosakvlevia garsis Sua zedapirTan normalurad dakavSirebul mrudwirul koordinatTa sistemaSi Sua zedapirze gansaxilveli gadagvarebuli gantolebebi da sistemebi. 
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