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THE BENDING CONTACT PROBLEM OF ELASTIC RECTANGULAR PLATE
WITH RIGID INCLUSION

Bachuki Pachulia

Abstract. In the article bending problem of elastic rectangular plate with rigid inclusion is
considered. The problem is formulated in the form of the integral equation, with respect to
the jump of lateral force. Using the method of orthogonal polynomial, the integral equation is
reduced to the infinite system of linear algebraic equations. Quasi-regularity of this system is
proved.
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1 Introduction. The contact problems of bending of finite or infinite isotropic
plate, reinforced with rigid or elastic inclusion, were solved by many authors, for ex-
ample [1–3] . The bending problem of elastic rectangular plate with rigid inclusion is
considered. The middle surface of rectangular elastic plate occupies the area Ω\I, where
Ω =

{
(x, y)| |x| < a

2
, 0 < y < b

}
and I =

{
(x, y) | |x| < c, y = b

2
, c < a

2

}
. Along the inter-

val I the plate is reinforced with rigid inclusion, which is loaded by normal stress, with
intensity µ0 (x). The bending function ω (x, y) satisfies the homogeneous biharmonic
equation:

∆2ω (x, y) = 0, in Ω\I. (1)

The boundary of the plate is simply supported and the boundary conditions have the
form:

ω = 0, Mx = 0 at x = ±a

2
; ω = 0, My = 0 at y = 0 and y = b. (2)

The jumps of bending function, angle of rotation, bending moment and lateral force on
the inclusion are presented

< ω >=< ω′y >=< My >= 0 , < Ny >= µ (x) at |x| < c, (3)

where < f >= f
(
x, b

2

−
)
− f

(
x, b

2

+
)

and µ (x) is an unknown function. The contact

between the plate and the inclusion is realized by a thin glue layer. The contact condition
has the form [4]:

ω0 (x)− ω

(
x,

b

2

)
= n0µ (x) at |x| < c (4)

and the bending function of rigid inclusion satisfies the following condition:

ω0 (x) = c0x + d at |x| < c, (5)
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where c0 , d are known constants, n0 is a glue parameter. The equilibrium equations of
inclusion have the following form:

c∫
−c

(µ (t)− µ0 (t)) dt = 0 ;

c∫
−c

t (µ (t)− µ0 (t)) dt = 0, (6)

where µ0 (t) is known function, which express exterior load of inclusion.

2 Solution of the problem. We are finding the solution of the biharmonic equa-
tion (1) from the class of even functions, with respect to the variable x, in the form:

ω (x, y) =
∞∑

k=1,2,3

cos(αkx)Yk (y), (7)

where

αk =
π(2k − 1)

a
;

Yk (y) =

{
Aksinh(αky) + αkBkycosh(αky) 0 ≤ y < b

2

Cksinh(αk (b− y)) + αkDk (b− y) cosh(αk (b− y)) b
2

< y ≤ b
(8)

Ak, Bk, Ck, Dk are unknown constants. Implement the jump condition (3), the relations
(7) and (8) give that Ak = Ck , Bk = Dk and

Ak =
cosh(αkb

2
) + αkbsinh(αkb

2
)

2αk
3cosh2(αkb

2
)

1

2aD

c∫
−c

µ (x) cos(αkx)dx ;

Bk =
1

2αk
3cosh2(αkb

2
)

1

2aD

c∫
−c

µ (x) cos(αkx)dx,

where D is a cylindrical rigidity of the plate. Using obtained results ω
(
x, b

2

)
is rewritten

as follows

ω

(
x,

b

2

)
=

1

2aD

∞∑
k=1,2,3

c∫
−c

cos αk (x− ξ)

αk
3

ρkµ (ξ) dξ, (9)

where

ρk = tanh
αkb

2
− αkb

2cosh2 αkb
2

. (10)

The relation (9) is represented as the sum of the main and regular parts

ω

(
x,

b

2

)
=

1

2πD

c∫
−c

(x− ξ)2

4
ln

1

|x− ξ|
µ (ξ) dξ+

c∫
−c

R (x, ξ) µ (ξ) dξ, (11)
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where R (x, ξ) = 1
2aD

B0 (x− ξ) + 1
2aD

∞∑
k=1,3

cos αk(x−ξ)
αk

3 (ρk − 1);

B0 (t) = − t2

4
(3 + ln 2) +

∞∑
k=1,3

1
k3 +

∞∑
n=1,3

22n−1B̃nt2n+2

(2n+2)!2n
and B̃n are Bernoulli numbers.

Using conditions (4), (5) the following integral equation with respect to the unknown
function ν (s) is obtained

− c3

8πD

1∫
−1

(s− η)2 ln c |s− η|ν (η) dη −
1∫

−1

R0 (s, η) ν (η) cdη = n0ν0 (s)− c̃s− d; (12)

1∫
−1

[ν (s)− ν0 (s)] ds = 0 ,

1∫
−1

s [ν (s)− ν0 (s)] ds = 0, (13)

where x = cs , ξ = cη, ν (η) = µ (cη) , ν0 (η) = µ0 (cη) ,R0 (s, η) = cR (cx, ξ) , c̃ = c0c.
Based of the symmetry of the problem with respect to x , the constant c̃ equals zero

and the solution of the problem ν (η) is sought in the class of even function. Accordingly,
the second condition of (13) is fulfilled automatically. Thus, problem (12), (13) take the
form:

− c3

8πD

1∫
−1

(s− η)2 ln c |s− η|ν (η) dη −
1∫

−1

R0 (s, η) ν (η) dη = n0ν (s)− d; (14)

1∫
−1

ν (s) ds = P0, (15)

where P0 ≡
1∫
−1

ν0 (s) ds.

Let us present the solution of the problem (14), (15) as follows

ν (s) = A +
√

1− s2

∞∑
k=1

X2kP
( 1

2
, 1
2)

2k (s), (16)

where P
( 1

2
, 1
2)

2k (s) are Chebyshev’s polynomials of the second kind and X2k , k = 1, 2, 3, ...
are unknown constants, from condition (15) we have A = P0

2
. Using Rodrigue’s and Tri-

comi formulas for Jacobi’s polynomials, based on the orthogonality condition of Cheby-
shev’s [5] polynomials we obtain the following infinite system of linear algebraic equations

n0Y2n −
∞∑

k=1

[
λ1R

(1)
nk + λ2R

(2)
nk

] Y2k

h2kk (2k − 1) (2k − 2)
= f2n, n = 1, 2, 3, ... (17)
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where

R
(1)
nk =

1∫
−1

P
(− 7

2
,− 7

2)
2k+4 (y) P

( 1
2
, 1
2)

2n (y) dy ; R
(2)
nk =

1∫
−1

R̃2k (y) P
( 1

2
, 1
2)

2n (y) dy , h2nX2n ≡ Y2n ;

R̃2k (y) =

1∫
−1

∂3R0 (y, η)

∂η3
P

(− 7
2
,− 7

2)
2k+4 (η) dη ; f2n ≡ −

1∫
−1

(
f (y) +

P0n0

2
+ d

)
P

( 1
2
, 1
2)

2n (y) dy ;

h2n ≡
2

2n + 1

Γ2(2n + 3
2
)

Γ(2n + 1)Γ(2n + 2)
,

P
(α,β)
n (s) is Jacobi orthogonal polynomials, Γ (z) is a known gamma function. Let’s

investigate the system (17) for quasi-regularity.
Using Darboux’s asymptotic formula for Jacobi’s polynomials and Stirling’s formula for
gamma function we obtain the following estimates

Sn =
∞∑

k=1

∣∣∣λ1R
(1)
nk + λ2R

(2)
nk

∣∣∣
h2kk (2k − 1) (2k − 2)

→ 0, when n →∞ and f2n → 0, when n →∞ (18)

.

3 Conclusions. The estimates (18) show that the infinite system of linear alge-
braic equations (17) is quasi-regularity. The reduction method is justified and it is possible
to find an approximate solution with any accuracy [6].

R E F E R E N C E S

1. Popov, G. Concentration of Elastic Stresses Near Punches, Cuts, thin Inclusion and supports (Rus-
sian). Nauka, 1982.

2. Onishchuk, O., Popov, G. On some problems of bending of plates with cracks and thin inclusions
(Russian). Prikl. Mekh., 4 (1980), 141-150.

3. Shavlakadze, N. The contact problem of bending of plate with thin fastener (Russian). Prikl. Mekh.,
3 (2001), 144-155. .

4. Lubkin, J.L., Lewis, L.C. Adhesive shear flow for an axially loaded finite stringer bonded to an
infinite sheet Q. J. Mech. Appl. Math., 23 (1970), 521-533.
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