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ON ONE NONLINEAR DIFFUSION SYSTEM
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Abstract. The asymptotic behavior, as time variable tends to infinity, of a solution for a
nonlinear diffusion system is considered. It is shown that the stationary solution of the system
is linearly stable, and the possibility of the Hopf-type bifurcation is observed.
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Most scientific problems and phenomena such as diffusion, heat transfer, fluid me-
chanics, plasma physics, plasma waves, thermo-elasticity and chemical physics occur non-
linearly. The Diffusion Equation is a partial differential equation that describes the density
fluctuations in a diffusing material.

In this paper we study the behavior of a solution for a one-dimensional nonlinear
diffusion system. The existence of Hopf bifurcation to partial differential equation models
(see, for example, [5]) are derived, also. The linear stability and Hopf bifurcation of a
solution of the initial-boundary value problem investigated in this article models at first
appeared in [2]. Similar issues have been studied on various widespread models in the
works [3], [4], [6] (for extensive citation and annotation, see, for example [7]).

The system of equations discussed in this article is a generalized version of the system
given in [1].

For the given system of equations, in the domain @; = (0,1) x (0,¢), consider the
following initial-boundary value problem:
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5 —aS? +bS7 <8_x> + <%> + S <6_x + %> :
U(0,t) = V(0,t) =0,
(2)
U(l,t):¢1>0, V(l,t):¢2>0,
U(z,0) = Uy(x), V(x,0)=Vy(z), S(z,0)=Sp(x) >0, (3)

where «, 3,7 are real numbers, a, b, ¢, 11, 1y are positive real numbers, and Uy (x), V (z),
So () are given functions.
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When [ # 7, the unique stationary solution (Us, Vs, Ss) of problem (1)-(3) is:

b c e

Us=irz, Vi=1px, S5= p (1® + 1ho?) + p (V1 + 1q) : (4)
Let us examine if the stationary solution (4) of the problem (1)-(3) is linearly stable.
Rewrite the solutions of problem (1)-(3) in the following form:

U(z,t) =Us+u(x,t),
Viz,t) =Vs+v(x,t), (5)

S(x,t) =85+ s(x,t),

where u (z,t), v(x,t), s(z,t) are small perturbations. The system (1) takes the following
form:
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b 2 2 c = b 2 2 c 5=
as = Yo 5(% +¢2)+5(¢1+¢2) , Vs = Pacx a(wl +¢2)+a(¢1+¢2) ;
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Bs = [g (® +92%) + 2 (41 + %)} vs=(y—B)a [2 (® +92%) + 2 (41 + ¢2)}

e

ns = (2by)1 + ¢) [2 (1 4+ 2%) + 2 (Y1 + 1/’2)} . ;

ps = (2bi)z + ¢) [g (0 +92%) + 2 (Y1 + 1/12)] o

Introduce the following notations:

u(x,t) =u(z)e”, v(xt)=0v(x)e, s(x,t)=5(z)e", (6)

where @ (z) = upe*®, v (x) = voe™®, 5(x) = spe®

. After appropriate transformations,
we get:

(CLJ + ﬁsk2) Uy — Oés'ikSO = 0,
(w + Bskz) vy — Ystksy = 0,
nsikug + psikvg + (vs — w) so = 0,
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which has a nontrivial solution, if its main determinant A(w, k) = 0. So,
(u) + 68162) [(w + ﬁsk2) (vs — w) — kE*nsa, — kQ,quys] =0.

Consider the following equality:

E? (Bsv, — Bow — gy — Yshts) — w? + vsw = 0. (7)
Solving the equation (7) with respect to k gives k; = —ks. Subsequently, we get

— iklO{S ikix —tk1x

U($):m(slek —526 K ),

5 (x) = 1k17ys (Sleiklx _ SQG—iklx) (8)
w + Bek? ’

5(x) = Spe™® 4 SpehiT,
Taking into consideration the boundary conditions (2) and equalities (5), (6), we have
u(0)=u(l)=0.
From this and (8), it follows that
Sl - S2 == O,
Sleiklm . 52672‘1611 = 0.
This system has a nonzero solution, when

1 -1

Aw, k) = ‘ T 2isink; = 0,

from where it follows that k1, = mn, ne Z.
Rewrite equality (7) in the following form:

w2+ P, (B, ks 0s) i + Ly (s, Bsy by Vs, sy s, Ys) = 0,

where:

Pn (ﬁsv kna Us) = ﬁskz - Uy,
Ln (asa 657 kn) 1)87 7757 ,u87 ’}/S) = _ﬁsvski + 045773]@21 + VSI’LS]{TQL

If the condition Re(w,) < 0 holds for each n, then the stacionary solution of the
problem (1)(3) is linearly stable. When 2ac+ 5 —~ > 0, then L, > 0, i.e. P, > 0.
Therefore, the following statement is true.
Theorem. If2a+ [ —v > 0,0 # 7, then stationary solution (4) of problem (1)-(3) to
be linearly stable, it is necessary and sufficient that the following inequality holds

B—=v

a(y—p) g (¢12 + ¢22) + — (Y1 + o) < 72

B—a—1
c —
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Remark. From the last inequality, it is evident, that when v < 3, the solution of problem
(1)-(3) is always linearly stable.

Suppose, v > 3, f —a —1# 0 and 11 = ¥ = 1). Then

B—v

. 2 w2 B—a—1
c+ \/c + 2ab (—a(w—ﬂ)>

2b

wc:

For which the following relations are true:

Pl(wwaaﬁ?’}/):()a Pn(¢C704,5,’7)>0, n:27 37 e
In addition, if we assume, that 8 —a — 1 < 0, then for ¢ € (0,%.),9 = 1 = ¢y we

have P, (¢, a, 3,7) > 0, n € Zy.

Thus, if ¢ € (0,1.), then the stacionary solution of problem (1)-(3) is always linearly

stable; while if 1) € (1., +00), then is nonstable. If ¢y = 1., then Re(w;) = 0 and
Im(wy) # 0 which means that the possibility of Hoph bifurcation occurs; That is the
small perturbations may cause transformation of a solution in periodic oscillations.
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