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THE ADOMIAN SERIES REPRESENTATION OF SOME CLASS OF BSDES

David Iobashvili Revaz Tevzadze

Abstract. The representation of the solution of some Backward Stochastic Differential Equation
as the Adomian infinite series is studied.
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Our aim is to prove an existence of the Adomian decomposition of the solution of the
Backward Stochastic Differential Equation (BSDE)

dVt = −1

2
(ϕ2

t + αψ2
t )dt− γdAt + ϕtdWt + ψtdBt, t ∈ [0, T ], VT = 0, (1)

where ((Wt, Bt),Ft) is a pair of independent brownian motions and (At,Ft) is a process
of finite variation defined on the probability space (Ω, F, P, (Ft)).

Equations of such type are arising in mathematical finance and they are used to
characterize optimal martingale measures [2].

The solution of BSDE (1) can be obtained by solving the equation
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2

∫ T

0

(ϕ2
t + αψ2

t )dt+ γAT = c+

∫ T

0

ϕtdWt +

∫ T

0

ψtdBt. (2)

with respect to (c, ϕ, ψ), where c is a constant.

Let (V
(n)
t , ϕ

(n)
t , ψ

(n)
t ) be a sequence of solutions of

dV 0
t = −γdAt + ϕ

(0)
t dWt + ψ

(0)
t dBt, V

(0)
1 = 0,

dV
(n)
t = −1

2

n−1∑
k=0

(ϕ
(k)
t ϕ

(n−k−1)
t + αψ

(k)
t ψ

(n−k−1)
t )dt+ ϕ

(n)
t dWt + ψ

(n)
t dBt.

V
(n)
1 = 0, n ≥ 1

Then the triple

Vt =
∑

n

V
(n)
t , ϕt =

∑
n

ϕ
(n)
t , ψt =

∑
n

ψ
(n)
t

will be a solution of (1), if the series is convergent [1].

Remark. If At =
∫ t

0
a(s,Ws, Bs)ds, then the solution of (1) is of the form Vt =

v(t,Wt, Bt), where v(t, x, y) is decomposed as the series
∑

n v
n(t, x, y) satisfying the sys-
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tem of PDEs

(∂t +
1

2
∆)v0(t, x, y) + a(t, x, y) = 0, v0(T, x, y) = 0,

(∂t +
1

2
∆)vn(t, x, y)

+
1

2

n−1∑
k=0

(vk
x(t, x, y)vn−k−1

x (t, x, y) + αvk
y(t, x, y)vn−k−1

y (t, x, y)) = 0,

vn(T, x, y) = 0, n ≥ 1.

To prove the convergence of series we need the following

Lemma. Let (an)n≥0 be a solution of the system

a0 = 1, an+1 =
n∑

k=0

akan−k (3)

and let (bn)n≥0 be a non-negative solution of the system of inequalities

b0 ≤ 1, bn+1 ≤
n∑

k=0

bkbn−k.

Then an = 1
4n+2

(
2n+2
n+1

)
and bn ≤ an, for n ≥ 0.

Proof. We prove inequalities by induction. Assuming bk ≤ ak for all k ≤ n we get

bn+1 ≤
n∑

k=0

bkbn−k ≤
n∑

k=0

akan−k = an+1,

since an and bn are non-negatives.
On the other hand, for the series u(λ) =

∑∞
n=0 anλ

n from (3) we get equation u(λ) =
1+λu2(λ), with the roots u(λ) = 1

2λ
(1±

√
1− 4λ). The equality u(λ) = 1

2λ
(1+

√
1− 4λ)

is impossible, since decomposition of the right hand side is starting from the term 1
λ
.

Therefore, equality an = 1
4n+2

(
2n+2
n+1

)
follows from the Taylor expansion of 1 −

√
1− 4λ,

since
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We use notation |M |BMO = inf{C : E
1
2 (〈M〉T − 〈M〉τ |Fτ ) ≤ C} for BMO-norms of

martingales, |A|ω = inf{C : varT
t (A) ≤ C} for norms of finite variation processes and

A ·M for stochastic integrals.

Theorem. The series
∑

n≥0 ϕ
(n) ·W +ψ(n) ·B is convergent in BMO-space, if γ is small

enough and the sum of series is a solution of equation (2).

Proof. For a martingale Lt = E(AT |Ft) we have estimation |L|BMO ≤ 2|A|ω [2]. Thus

|ϕ(0) ·W + ψ(0) ·B|BMO ≤ 2γ|A|ω,

max(|ϕ(n+1) ·W |BMO, |ψ(n+1) ·B|BMO) ≤ |ϕ(n+1) ·W + ψ(n+1) ·B|BMO
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s

)
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)

≤
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)
E

1
2

( ∫ T

τ

|ϕ(n−k)
s |2ds|Fτ

)

+|α|
n∑
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ess sup
τ

E
1
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τ

|ψ(k)
s |2ds|Fτ

)
E

1
2

( ∫ T

τ

|ψ(n−k)
s |2ds|Fτ

)

≤
n∑
k

|ϕ(k) ·W |BMO|ϕ(n−k) ·W |BMO + |α||ψ(k) ·B|BMO|ψ(n−k) ·B|BMO

≤ (1 + |α|)
n∑

k=0

|ϕ(k) ·W + ψ(k) ·B|BMO|ϕ(n−k) ·W + ψ(n−k) ·B|BMO.

For bn = (1 + |α|)n|ϕ(n) ·W +ψ(n) ·B|BMO|ϕ(0) ·W +ψ(0) ·B|−n−1
BMO we have b0 = 1, bn+1 ≤∑n

k bkbn−k. Using the lemma we get

|ϕ(n) ·W + ψ(n) ·B|BMO ≤ an(1 + |α|)−n|ϕ(0) ·W + ψ(0) ·B|n+1
BMO ≤ an(1 + |α|)−n|2γA|n+1

ω .

Since limn→∞
n
√
an = limn→∞

n

√
1

2n+1

(
2n+2
n+1

)
= limn→∞

n

√
(2n)!
n!n!

= limn→∞
n

√
(2n)2n

n2n = 4, the

series is convergent, when γ < 1+|α|
8|A|ω .
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