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THE ADOMIAN SERIES REPRESENTATION OF SOME CLASS OF BSDES

David Iobashvili Revaz Tevzadze

Abstract. The representation of the solution of some Backward Stochastic Differential Equation
as the Adomian infinite series is studied.
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Our aim is to prove an existence of the Adomian decomposition of the solution of the
Backward Stochastic Differential Equation (BSDE)

1
v, = —E(gof + ap?)dt — yd A, + @ dW, 4+, dBy, t € [0,T), Vp =0, (1)

where (W4, By), Fi) is a pair of independent brownian motions and (A, F;) is a process
of finite variation defined on the probability space (2, F, P, (F})).

Equations of such type are arising in mathematical finance and they are used to
characterize optimal martingale measures [2].

The solution of BSDE (1) can be obtained by solving the equation

1T T T
3 / (90? + ozwf)dt +yAr =c+ / o dWy + / Yy dBy. (2)
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with respect to (¢, p, 1), where c is a constant.
Let (V;(n), gpin), @/}tn)) be a sequence of solutions of

AV = —~dA, + oVaw, + ¢VdB,, V¥ =,
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Then the triple
Vi=> V" o= =y

will be a solution of (1), if the series is convergent [1].

Remark. If A, = fot a(s, Wy, Bg)ds, then the solution of (1) is of the form V, =
v(t, Wy, By), where v(t, z,y) is decomposed as the series ) v"(t,z,y) satisfying the sys-
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tem of PDEs
1
(at+§A)UO(t7x7y) +Cl(t,l’,y) :07 UO(T,LL’,y) = 07
1
(0 + §A)v"(t, z,Yy)
1 n—1
+5 D (0o )l (E @) + avg(tz,y)uy T (7, y) = 0,
k=0

v"(T,xz,y) =0, n > 1.
To prove the convergence of series we need the following

Lemma. Let (a,)n>0 be a solution of the system

ap =1, apy1 = Zakan,k (3)
k=0
and let (by)n>0 be a non-negative solution of the system of inequalities

bo <1, bpy1 < Zbkbn—k-
k=0

Then a,, = 4n1+2 (2::12) and b, < a,, forn > 0.

Proof. We prove inequalities by induction. Assuming b, < a; for all £ < n we get

n n
b1 < g bibn—i < E A Qp—k = Qpy1,
k=0 k=0

since a,, and b,, are non-negatives.
On the other hand, for the series u(\) = Y a, A" from (3) we get equation u(\) =
1+ Au?(X), with the roots u(A) = 55 (14 v/1 — 4X). The equality u(X) = 55 (141 —4X)

1

is impossible, since decomposition of the right hand side is starting from the term .

Therefore, equality a, = 4n1+2 (2:;_?) follows from the Taylor expansion of 1 — /1 — 4\,
since

u(h) = o (1 - VI— D)

_ _% Z 33— 1) nl(i —nt 1)(—4)”/\"—1

D=

>1
I (2—1)--(2n—2—1)
2 2np)

1 (2n — 3)!! 4 1 1 2n\ 4
— AT Y gnyn _ = n—1
2 n! A 2Z2n—1(n>>\

n>1 n>1

4n/\n—1




The Adomian Series Representation of Some Class of BSDEs 33

We use notation |M|gao = inf{C : E2((M)p — (M),|F,) < C} for BMO-norms of
martingales, |A|, = inf{C : varl (A) < C} for norms of finite variation processes and
A - M for stochastic integrals. O

Theorem. The series ano o™ W 4™ . B is convergent in BMO-space, if v is small
enough and the sum of series is a solution of equation (2).

Proof. For a martingale L; = E(Ar|F;) we have estimation |L|py0 < 2|A|, [2]. Thus
9@ W+ 9O Blpyo < 294l

max (| - W pmo, [ - Blgmo) < "D - W + "D . Blgyio

n T n
< ess supz E(/ ‘ Z (cpgk)tpg,"*k) + a¢§k)¢£n7k))ds]\f7>
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< Zess sup E2</ |g0gk)|2ds|]:¢> E2</ |§0(sn_k)|2d3|~7:7>
k=0 T T T

n T T
ol ess sup B4 / 0 2ds| 7 ) 2 / B0 2ds| 7 )
k=0 " T
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n

< Z o® - Wismole™ ™ - Wlsmo + |al[™) - Blemolv™ ™ - Bleuo
k

< (1+af) Z o® - W+ p®) - Blgyole®™ ™ - W+ ") - Blpyo.
k=0

For b, = (14 |a|)"|e™ - W + 4™ . B|guyo|e® - W + @ - Bl we have by = 1,b,41 <
> bib,_i. Using the lemma we get

o™ W + ™ . Blgyo < an(1+ o) @@ - W + @ . BImHL < a, (14 |af) 7727 A"

. Yo v 1 2n+2 Er . 2n)! 7 2n)2n
Since lim, o /@, = lim, . { S (n+1) = lim,, oo { % = lim, oo\ (n2)n =4, the

. 1
series is convergent, when v < Sr;x‘fd- -
w
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