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Abstract. The Charlier statistical structure is determined and the necessary and sufficient
conditions for the existence of consistent estimators of the parameters are given.
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1 Introduction. Let (£,S5) be a measurable space with a given family of proba-
bility measures {p;,7 € I}. The following definitions are taken from [1]-[3].

Definition 1. An object {E, S, u;,7 € I} is called a statistical structure.

Definition 2. A statistical structure {E, S, p;,¢ € I} is called orthogonal (singular) if
{pi,i € I} consists of pairwise singular measures (i.e. p; L p;, Vi # j).

Definition 3. A statistical structure {E, S, u;,7 € I} is called weakly separable if there
exists a family of S-measurable sets {X;,i € I} such that

v iri=g

Definition 4. A statistical structure {E, S, u;,i € I} is called separable if there exists a
family of S-measurable sets {X;,i € I} such that

L ifi=y; o

1 i X)) = 1, € I ;

) () {07 Gl ien
2)Vi,jel: card(X;NX;) <c, ifi#7,

where ¢ denotes the power of continuum.

Definition 5. A statistical structure {F, S, u;,7 € I} is called strongly separable if there

exists a disjoint family of S-measurable sets {X;,i € I} such that U;c;X; = F and

Let B(I) be a o-algebra of subsets of I which contains all finite subsets.
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Definition 6. We will say that the statistical structure {E, S, u;,7 € I} admits a con-

sistent estimator of parameter ¢ € [ if there exists at least one measurable mapping
d : (E,S) — (I,B(I)), such that

wil{x:o(x)=1}) =1, Yiel.
Let M7 be a real linear space of all alternating finite measures on S.

Definition 7. A linear subset Mg C M? is called a Banach space of measures if:

1) a norm on Mp can be defined so that Mp will be a Banach space with respect
to this norm, and for any orthogonal measures pu,v € Mg and real number A\ # 0 the
inequality ||p+ Av|| > ||| is fulﬁlled

2) if p € Mg, |f(z)| <1, then vy(A) = [, f(x)u(dzx) € Mp and ||vf]| < [|v]];

3) if v, € Mg, v, > 0, v,(F) < 00, n = 1 2 ... and v, | 0, then for any linear
functional I* € Mj: lim [*(v,) = 0, where M}, is conjugate to the Banach space Mp.

n—-—aoo

Definition 8. Let I be some set of indexes and let Mp, be a Banach space for all i € .
We set
Mp = {{Xi}ier : Xi € Mp,, Y || Xillas, < 00}
iel
Then the Mp with the norm [[{X;}ticr|| = > ;|| Xil[mp, is a Banach space. It is
called the direct sum of Banach spaces Mp, and is denoted as Mp = @B Mp, .
The following theorem is also proved in the paper [3].

Theorem 1. If Mg is a Banach space of measures, then in Mpg there exists a family
of pairwise orthogonal probability measures M = {u;,i € I} such that Mp = @1 Mp,,
where Mp, is the Banach space of elements v such that:

:/Bf(x)/%(dx), ], ;:[EV(@M@K%

2 The consistent estimators of Charlier statistical structures. Let ugp, be
the probability Charlier measure given on R by the formula

Hen(A) = /A fon(x)dz, A€ B(R),

where fon () is the Charlier spectral densities. Let {u;,7 € I} is a corresponding Charlier
probability measures.

Definition 9. The statistical structure {E, S, u;,7 € I}, where u; are the Charlier prob-
ability measures, is called the Charlier statistical structure.

Let {E,S,u;,i € I} be the Charlier statistical structure. Consider S-measurable
functions g;(x) (i € I) such that

Z/ |9i| () s (dax)

el
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Let Mp be the set of measures defined by formula

=> / gi(z)pi(dz) < oo,
1€l

where I; C I is a countable subset of I and

> [ lalaptao) < o.

i€ly

If we define the norm in Mp by the formula |[v|| = 3., [, 9] (z)pi(dx), then Mp is a
Banach space of measures and Mp = ®;c; Mp,, where Mp, is the Banach space of elements
v such that (see [3]):

V(B>:/Bgi<x>:“i(d$)v 1] a5, ¢=[E\gi(x)\uz(d$) < 00

Let Mp = @ierMp,, I = {iy,is,...}, be the Banach space of measures, let E be a
complete separable metric space, and let .S be the o-algebra on E. Denote by F' = F(Mp)
the set of real functions f for which integral [, f(x)u;(dz) is defined Vu; € Mp (i € I).

Theorem 2. In order that the Charlier orthogonal statistical structure {E,S, u;,i € 1}
admit consistent estimators of parameters it is necessary and sufficient that the corre-
spondence f € ly defined by the equality

[E F@)lde) = 1 (), Vs € My

was one-to-one (here ly is a linear continuous functional on Mg, f € F(Mg)).

Proof. Necessity. The existence of a consistent estimator § : (E,S) — (I, B(I)) of the
parameter ¢ € [ implies that Vi € I : p;({z : é(x) =i}) = 1. Setting X; = {x : §(z) = ¢}
for i € N we get: 1) ;(X;) = 1; X; N X; = 0, i # j. Therefore, the statistical structure
{E, S, u;,i € I} is strongly separable, so there exist S-measurable sets {X;}i € I such

that
L, ifi=j;
Mi(Xj): o .
0, ifi# 7.

We associate with the function I,, € F(Mp) a continuous linear functional by the
formula

[ L) =11 ) = el

Let us put the linear continuous functional I = in correspondence with the function
filz) = fila)Iy .(x). Then for p;, € Mp(u;) we have

/fl ) iy (de) /fl Mx, (@) i, (dx)
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- / F (@) Fu@) T (@) () = L ) = [l Lo,

If we put now the linear continuous functional /¢ in correspondence with the function
f(x) =3cn 9i(2)Ix,(x) € F(Mp) then we obtain

/f () = [l = 3 Nl

1EN
where (B) = Y,cn [ 9i(@)pi(dx), B € S.

Sufﬁciency For f € F(Mp) we define linear continuous functional [y by the equality
[ f( = l;(p). Denote by I the countable subset in I for which [, f(z)u;(dz) = 0
for ¢ ¢ I £ The corresponding functional on Mp, denote by ly,. Then for p;,, i, € Mp,
we have

/E Jir (@) iy (diw) = L, (p13) = /E fi(@) fa(w) s, (d) = /E fin (%) fo (@) iy (di).

Therefore f;, = f1 a. e. with respect to the measure p;,.

Let f; > 0 a. e. with respect to the measure y; and [ fi(z)p;(dz) < oo, then
[ fi(@)p;(dx) = 1y, (p;) = 0,Vj # 4. Denote by C; = {x : f;(x) > 0}, then [, f;(x uj(dm)
0, Vj # i. Hence, it follows that p;(C;) = 0, Vj # i. On the other hand, p,;(E \ C;) = 0.
Therefore, the statistical structure {E,S,u;,i € I} is weakly separable. Hence, there
exists the family of S-measurable sets X;,i € I such that

1, ifi= g
’”(Xj)_{o, if i

Consider now the sets X; = X; \ (X; N (UgziXy)), i € I. It is obvious that these sets
are S-measurable disjoint sets and p;(X;) = 1, i € I. Let us now define the mapping
§:(E,S) — (I, B(I)) in the following way: §(X;) =1, i € I. Hence, § is the consistent
estimator for parameter ¢ € I. n
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