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UTILITY MAXIMIZATION PROBLEM UNDER BINOMIAL MODEL
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Abstract. We provide the exact solution of the robust portfolio optimization problem under
model uncertainty with power utility.
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Let r be interest rate of riskless asset and let pg,p1,0 < pg < p1 < 1 be possible
probability of growth of a risky asset. Let S,,n = 1,2,...,N be the risky asset price
defined by

Snt1 (Wi wnwni1) = (L, =m) 8 + Lw, =1 d)Sn(wr...wy),
where w = wy..wy € {H, T}, ¢ =212 p=1=d

Let P(w) = p#7(@) (1—p)#7«) be risk-neutral probability measure on { H, T} and let
Pi(w) = pfﬁH(w)(l —p;))#T@ i = 0,1 be reference measures, where # H (w), #71'(w) denotes
number of Heads and Tails respectively. For density we have

} NH#HW) 1\ #T(w) N #HW) , N\ #T(w)
P D 1-p D q

We use also the notation E, for the expectation w.r.t. Z, = aZ; + (1 — a)Zy, o € [0, 1].
We consider the robust utility maximization problem

max EyU(Xn) N EVU(Xy),

for wealth process X, 11 = ApSpi1 + (1 4+ 7)(X,, — A,S,), which is equivalent to
max E U(V) A B U(V), X)= Xo(1+7)V.

V:EV=X]
It is Clear that EqU(V) A EyU(V) = mingep) EoU(V). Thus we get
max EyU(V)ANEU(V)= max min E,U(V)= min max EU(V).

V:EV=X], V:EV=Xx/, a€[0,1] a€[0,1] V:EV=X)

The existence of a solution of such problem is well known [1]. When U(x) coincides with
the power utility function 7, v < 1, v # 0, the solution of the utility maximization
problem

max FE,U(V)
ViEV=X]
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_1
is equal to V = X{)% [2]. Hence
BZy 7

1 -~ 1 - 1
max E,U(V) = X —EZ,(Za7 ) = X BV 20

V=X ad 1~
0 E"yZé el

and it remains to solve the minimization problem

L1
min EZ,7, v # 0.

0<a<1

Let g(a) = E(aZ; + (1 — a)Zy)?, where f = ﬁ > 1 and let o* be such that
ming<a<1 g(@) = g(a*). It is clear that

max EU(V)AFEU(V)= max FE,UV)=XJE""Z5". (1)

ViEV=X], V:EV=X]
Theorem. Let f > 1. Then the solution of mazimization problem (1) is

1 1, if p <po<p,
V= — (" Z1+ (1 —a*)Zy)™, " =<0, if po < p1 <D,
g7 H0), if po<p<pi.

Proof. Since ¢"(a) = B(B — 1) E(aZy 4+ (1 — a)Zy)?2(Zy — Zy)? > 0, g is strictly convex.
Hence o* is unique and

0, if ¢'(0) > 0,4'(1) >0,
o =4q1,if g(0) <0,¢'(1) <0,
g7 (0)if g'(0) < 0,¢'(1) > 0.

We have ¢'(a) = BE(aZy + (1 — a)Z0)*"Y(Z1 — Z,). Hence ¢'(0) = BEZ) '(Z) —
Zo), ¢'(1) = BEZ]™H(Z) = Z) and

0, if EZ0"N2Z, — Zy) > 0, EZP7 (2, — Zy) > 0,
o =31, if EZ) (2 — Zy) <0,EZ0 (2, — Zy) <0,
g~N0), if EZ) > EZ0 ' 2, EZ) > EZV ' Z,.
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Since

p
(&) e (220w
EZ6 7, — ((%)“pl () —m))N,
52 = (%) "mr (222 0w
Bzt = () "n (22) a0

inequalities ¢'(0) < 0, ¢/(1) > 0 are equivalent to EZ) 'Z, < EZ}, EZ} > EZV™'Z,

and
B—1 1— -1 -1 1— B—1
(p—~()> Po + < pf)) (1 - PO) > <p—~0> p1+ ( p~0> (1 - pl)a
P 1—p p 1—p

B—1 1 — B—1 B—1 1— B—1
(p—f> p1+< pf) (1—p1) > —1> po+< pl) (1 —po).
D I—p D

Hence a* belongs to (0, 1) if and only if

<@>61(p0 - pl) > <1_—];)>51(p0 — 1),

p
1>ﬂ1(p1 —po) > <1 —1;)1)51(]91 — Do)

(

’@zl’@

or equivalently

B-1 1 — poy B-1
(5) <(G=5)
D I—p

B—1 1 — py\B—1
(5) >(G=5)
D I—p

This it takes place if and only if py < p < p;. O
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Example 1. For p = %, v = % we have

0, if p<po<p
ot =L if po <p1 <D,
(P + 3)™ — (pop1 + qoq)™
(2 + a®)N — 2(pop1 + qoq1)N + (P2 + )

~» tf o <D < p1,

E(Z3—7170)

since the solution of E(OéZl + (1 — ()é)Zo)(Zl — Zo) =0isa* = m
1 1 0

Example 2. If 3 = 3 (i.e. v = 2), then a* is a root of equation E(aZ; + (1 —a)Zy)*(Z; —
Zp) = 0 or equation

EZX(Zy — Zy) + 2aEZy(Zy — Zy)? + o*E(Z, — Zy)? = 0.

—EZo(Z1—20)? 4~/ E2 Zo(Z1— Z0)? — E(Z1— Z0)3 EZ2(Z1— Zo)
E(Z1—Z0)3

le. of =
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