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AMERICAN OPTION PRICING IN MULTIDIMENSIONAL FINANCIAL MARKET
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Abstract. Financial (B,S) market in discrete time with k number of bonds and one risky asset
is considered. Interest rate is introduced, which is the combination of interest rates r1, r2, , rk

related to bonds. In this scheme, for the American option, representations of fair price, optimal
stopping moment and hedging strategy are obtained.
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1 Model. Let us consider the binomial financial (B, S)-market with one stock and
k number of bonds, with prices given by the following recurrent formulas

B(i)
n = (1 + r(i)

n )B
(i)
n−1, (1)

Sn = (1 + ρn)Sn−1, (2)

i = 1, 2, ..., k, 1 ≤ n ≤ N , where r
(i)
n > −1 are the interest rates and ρn is a sequence

of independent identically distributed random variables, B
(i)
0 and S0 are deterministic.

ρn takes only two possible values a and b,−1 < a < b, with probabilities 1 − p and
p(0 < p < 1) respectively [2], [3].

Suppose, that Bn presents the sum of B
(i)
n bonds

Bn =
k∑

i=1

B(i)
n =

k∑
i=1

(1 + r(i)
n )B

(i)
n−1. (3)

This is quite natural, since it represents the total capital in bonds at the moment n. Then
we can calculate interest rate associated to such Bn, which makes same effect as k number
of bonds. So, that from (1),(3) we have

(1 + rn)
k∑

i=1

B
(i)
n−1 =

k∑
i=1

(1 + r(i)
n )B

(i)
n−1,

and it follows immediately, that interest rate rn of Bn is given by the formula

rn =

∑k
i=1 r

(i)
n B

(i)
n−1∑k

i=1 B
(i)
n−1

. (4)
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2 Content. It follows immediately from (1), (2), (4) that we have financial market
with two actives that satisfies the following discrete stochastic differential equations

∆Bn = rnBn−1, (5)

∆Sn = ρnSn−1. (6)

Note, that in this scheme market is complete and using equality (4) unique risk-neutral
probability measure one can constructed [2]

p∗ =
rn − a

b− a
,

and the equality E∗ρn = rn, is valid where E∗ denotes expectation by the measure P ∗.
So Sn

Bn
, n = 0, 1, ..., N represents the martingale with respect to the measure P ∗.

Suppose now that the American option with pay-off function f = (fn), n = 0, 1, , N
is given, as a non-negative stochastic sequence. There three main problems in valuation
of American option, determine minimal price of option that gives possibility to execute
contingent claim f , define optimal stopping time and construct minimal hedging strategy.

Below we will assume that filtered probability space (Ω,F ,Fn, P ) is given, where
Fn = σ{S0, ..., Sn} is the minimal σ -algebra subtended by S0, ..., Sn.

Let X0 = x > 0, be the initial amount of investor and the capital related to the
self-financing portfolio πn = (βn, γn) at the moment n is

Xπ
n = βnBn + γnSn,

where βn and γn are the quantities of bonds and stocks, here γn are Fn−1 measurable.
Portfolio πn = (βn, γn) is called American type (x, f, N) hedge if for any ω ∈ Ω

Xπ
0 (ω) = x, Xπ

n (ω) ≥ fn(ω), n ≤ N.

In this case for any stopping moment τ ≤ N the inequality Xτ ≥ fτ is true. The hedge
is minimal if there is a stopping moment τ such that Xπ

τ (ω) = fτ (ω), for any ω ∈ Ω.
Denote by Π(x, f, N) the set of (x, f, N) hedges. The value

CN = inf{x > 0 : Π(x, f, N) 6= ∅}

is called the fair price of the option.
Consider the sequence

Yn = sup
n≤τ≤N

E∗
(

fτ

Bτ

/Fn

)
.

It is not difficult to check that

YN =
fN

BN

, Yn = max

{
fn

Bn

, E∗(Yn+1/Fn)

}
.
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Then it is clear that

Yn ≥ E∗(Yn+1/Fn), Yn ≥
fn

Bn

, n ≤ N − 1,

so, Yn is a supermartingale and since (B, S) market defined by (5),(6)is complete, then
Yn admits the following representation [2]

Yn = Y0 +
n∑

k=1

γkSk−1

Bk

(ρk − rk)− An, (7)

where An is a nondecreasing predictable stochastic process (A0 = 0).
According to the general theory of optimal stopping rules, the following stopping time

is optimal in class n ≤ τ ≤ N

τ ∗n = min

{
n ≤ k ≤ N : Yk =

fk

Bk

}
.

It means that

E∗
(

fτ∗n

Bτ∗n

/Fn

)
= sup

n≤τ≤N
E∗

(
fτ

Bτ

/Fn

)
.

In particular since F0 = {∅, Ω, }, for τ = τ ∗0 it follows that

Y0 = sup
0≤τ≤N

E∗ fτ

Bτ

.

Thus the following theorem is valid
Theorem. Let financial market (B, S) be given by (5), (6) recurrent equalities. Then for
the American contingent claim with payoff f = (fn), n = 0, 1, , N

1) the fair price of option

CN = sup
0≤τ≤N

E∗ε−1
τ (U)fτ , Un =

n∑
k=1

rk

where εn(U) =
∏n

k=1(1 + ∆Uk).
2) optimal stopping time

τ ∗n = min

{
0 ≤ k ≤ N : Yk =

fk

Bk

}
,

3) minimal hedging strategy π∗ = (β∗n, γ
∗
n)

γ∗n =
γnSn−1

Bn

β =
Xπ∗

n−1 − γ∗nSn−1

Bn−1

,

where γn is the predictable sequence form representation (7).
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