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Let the vector-function xy : I — R™ be the unique solution of problem

d
d—f = P(t)x +q(t) fora.a. t€l, l(z)=co (1)
I =la,b], P e L(I;R"™™), g € L(I;R"), ¢ : C(I;R") — R™ is a linear vector-functional,
bounded with respect to the norm ||.||., and ¢y € R™.

Along with the problem we consider the difference scheme

Ay(k —1) = — (Gim(k) y(k)+Gam(k — 1) y(k — 1) + gim(k) + gom(k — 1))

(k=1,....m), Ln(y)="rm (1)

(m = 1,2,...), where G, € E(Np;R™™), gjr, € E(N,,;R") (j = 1,2) and L, :
E(J;R™™) — R™ is a given linear bounded vector-functional. In addition, assume
Glm(o) = G2m(m) = Opxn and glm(o) = gQTn(m> =0, (m S N)

We present the effective necessary and sufficient (moreover, the effective sufficient)
conditions for the convergence of the solution of difference scheme (1,,) to zg. They are
proved in [2]. The analogous problem is investigated in [1] for the initial one.

Designations. R =] — oo, +oo[, N={1,2,... }, N,, ={1,...,m}, N,, = {0,1,...,m};
I,, is the identity n x n-matrix, O, «, and 0, are, the zero n X n-matrix and zero n-
vector, respectively; ||z|l. = max{||z(t)|] : t € I} is the norm of the vector-function
x: 1T — R [||¢||| is the norm of the linear bounded vector-functional ¢. If J C N, then
E(J;R™™) is the space of all bounded matrix-functions Y : J — R™™ with the norm
IV Ly = mas{ [ (k) | : k € 7}, )

Let AY(i—1) =Y (i)Y (i—1) for Y € E(N,,,; R"*™). Further, 7, = (b—a)/m, 1o, =
a, Trm = @+ k7 and Ty =|Tk—1m, Tem[ (kK € Np; m € N). Let v, be function defined by

1
m
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V() = [(t—a)(b—a)~'m] (m € N), where [T] stands for the integer part of 7. Obviously,
Vi (Tem) = k (k € Np: m € N). pp : BV([a, b]: R") — E(N,,; R") and ¢, : E(N,; R?) —
BV([a,b];R™) (m € N) are operators defined, respectively, by p,,(z)(k) = x(7%,) and
y(k) if t = 73y, for some k € Npn,

y(k) — LG (k)y(k) — Lgim (k) if t €]Th—1m, Tkm| for some k€ N,p.

Definition. The inclusion

((Glma GQma 91my 92m; Em)):;o:l € CS(P7 q; g) (2)

means that for every ¢y € R"™ and the sequence v, € R" (m € N), satisfying the condition
lim ~,, = co, the difference problem (1,,) has a unique solution y,, € E(N,,;R") for any

m—-+00
sufficiently large m and llril |Ym — pm(w0)|l5,, = 0.

Theorem 1. Let
lim L, (pm(x)) =L4(z) for x € BV(I;R"), and limsup|||L,||| < +oo.  (3)

m—+00 m—-oo

Then inclusion ( ) holds if and only if there exist matriz-functions H € AC(I;R™"™) and
Hipm, Hopm € E(Nm,]R"X”) (m € N) such that inf{|det(H(¢t))|: t € I} >0,

lim maX{HH]m(k‘) — H(mim)[} =0 (j = 1,2), (5)

m—+00 keN,,

where Q11m(k) = Hjm(k — j) — L Him(k) Gjsim(k — 7) (7 =0,1), and uniformly on I

IS 9) SNCLAC / Hr ®

k=1 j=0
ﬁ%azzmm%mWWfﬁWWW' g
k=1 j=0 "

Remark. The limits equalities (6) and (7) are fulfilled uniformly on I if, respectively,

zzmm>+me—mewwwzmm

lim max {
m—-400 1EN,,

lim max{‘— ZHlm k) gjs1m(k — ) ]mH ‘}:On.

m—-+00 ZGNm k= 1] 0
Let X and Y,, be the normal fundamental matmces of systems (1) and (1,,) (m € N).

Theorem 2. Let conditions (3) and det (In + (—1)j%Gjm(k)) #0(j=1,2k € N,
m € N) hold. Then inclusion (2) holds if and only if lirJrrl max{||Y,; (k) — XY 7m)||}
% keN

m

i 1
=0 and lim max{‘—ZZle k) giv1m(k — fX dr)} Oy,

m—-400 €N, k=1 7=0
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t
If P satisfied the Lappo—Danilevskii condition then X (¢) = exp ( | P(7) dT). Further,

1 -1
Yi(k) =] ( - %Glm(z)) (In—i- LGl (i — 1)) (m € N). In Theorem 1, condition (4)
i—k
automatically holds because Y;, is the fundamental matrix of system (1,,) (m € N).
Now we give a method of constructing of discrete real matrix-and vector-functions,

respectively, G, and ¢;, (j = 1,2; m € N) for which the conditions of Theorem hold.

We use the inductive method. Let &, € E(N,,; R**") and let &,, € E(N,,,; R") (m € N)
be such that hT [€nlly, = 0 and lirf ml|&nlly, = 0. Let P = X(7im) + En(l),

and let Gy,,(1) and Gy,,(0) be such that Y,,(1) = Py, (I € N,, m € N). It is evident
that (1, — m_lGlm(l))_l (I, + M" G2 (0)) = Pim. So, Gijn (1) and Ga,(0) are arbitrary
matrices such that Gi,,(1) = m(I, — Pi,,) — Gam(0) Pp,. Let Gip(k), Gam(k — 1) and
Y (k) (k=1,...,1—1) be constructed. For the construction G1,,(l) and Ga,,(I—1) we use
the equalities Y,,(1) = Py, and Y,,(1) = (1, mflGlm(Z))*1 (In +m*1G2m(l— )Y (l—1).
As above, we obtain the relation Gy,,(l) = m([ —P_y,P; ) Gom(l = 1) Py P L
S0, G (1) and Gopp (I — 1) will be an arbitrary matrix satisfying the last equality.

Let us now construct the discrete vector-functions gj,, (j = 1,2; m € N). As g1,,(]) and
gom(I—1) we choose the vectors such that m=Y, "1 (1) (g1 (1) +gam((—1)) = g (I € Np),

where g, = &, (1)+ f X~H7)q(7)dr (I € N,,). Therefore, we have the following equalities

Gim(D) + gom(l — 1) = mYm(l)qlm (I € N,,) for the definition of g;,, (j =1,2; m € N).
We realize constructed above discrete matrix-and vector-functions for the example.

t
Example. Let X (t) = exp ( i P(T)dT) be the fundamental matrix of system (1) and let

Tim

En(k) = Onxn and Em(k) = 0, for m € N. Then Py, = exp ( /P dT> (1 €Ny, me

Tim
N). If we choose Go,(l — 1) = P, P}, = exp( [ P(r dT) (I € N,,, m € N), then

Ti—1m
Tim

Gim(l) = (m — 1)1, — mexp ( - f P(T)dT). For the definitions of ¢;,, (j = 1,2) we
Ti—1m
Tim

have the relations g, (1) +gom(I—1) =m [ C(7im, 7)q(7)d7T (m € N), where C(¢t, 7) is the

Tim
Cauchy matrix of system (1). In particular, we can take gi,,(1) = am [ C(7y, 7)q(7)dr

a
Tim

and gom(l —1) = (L —a)m [ C(7im, 7)q(7)dT (m € N), where « is some number.

a

Theorem 3. Let conditions (3), lim sup 2 <%(|]G1m(k)\| + || Gam (k — 1)||)> < 00 hold,

m—>+oo =
vm(t) 1 vm(t) 1 t

and lim L 2 ZG,Hm (k—j) fP dr, lim =3 3 giim(k—j) = [a(r)dr

meEee T =1 j= k=1 j=0 "
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hold uniformly on I. Then inclusion (2) holds.
Proposition. Let conditions (3), (4), (5), lim = max{||Gjn(k)|| + |lg;m(k)||} =0 (j =

400 ™
m

1,2) hold, and (6),(7) hold uniformly on I, where H € AC(I;R"™*"), Hyy, Hopm €
E(N,,; R™") (m € N). Let, moreover, either lim sup <% S (1Gjm (k)| + Hg]m(k)H)) < o0
k=0

m——+00

m 1
(7=1,2) or limsup > > [|Him(k) — Ham(k — j)|| < co. Then inclusion (2) holds.

Corollary. Let condition (3) hold and let there exist a natural x4 and matrix-functions
Bj € E(Nm,R"X”), Bji(a) = Opxn (j =1,2;1=0,..., 1 — 1) such that

lim sup Z (||H2m — Qumu(k H + HHlm — Q2my( ))”) < 00,

m——+o0 k=1

lim maX{HHJm#( ) = Lall} =0 (j =1,2), where Qjt1mu(k) = Hjmu(k — j)

m—+00 ke
t

i J+1mu( _]) = fP(T)dT,

a

Vm (t)

- %Hlmﬂ(k‘) Gj+1mlt(k _.]> (.] = 07 1)7 and lim % Z
k=1

m—-+00

Um (t

) 1
lim % > Girimu(k f q(7)dr hold uniformly on I, where Hy,,0(k) = I,
]:

Himii1(k) = (£ Hip(k) Gim (k) + Q1 (Hymi, Gims Gom) (k) + Biyg1 (k) Hiu (K),
Homo(k) = I, Homis1(k) = (Qo(Himi, Gimy Gom) (k) + Bayy1 (k) Hapu (k),
Gimir1(k) = Hipu(k)Gim(k), Gomis1(k) = Hip(k + 1)Gop (),

gimi+1(k) = Hpa(k)gim (), Gomis1(k) = Hml(kk + 1) gam(k),

Q;(Ht, Gy Gl (k) = 2 — Hya () = & 3 Hi (0) (G (6) + Gl (i — 1))

i=1
(j=1,2; 1=0,...,u0—1; m=1,2,...). Then inclusion (2) holds.
Everywhere, without loss of generality, we can assume that H(t) = I,.
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