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REPRESENTATION FUNCTIONS OF BINARY QUADRATIC FORMS
BELONGING TO MULTI-CLASS GENERA
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Abstract. In this paper we show that the problem of obtaining formulas for the representation
functions in case of binary quadratic forms belonging to multi-class genera can be reduced to
the case of one-class genera.
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Let r(n; f) denote a number of representations of a positive integer n by a positive
definite binary quadratic form f = az? + bwy + cy?.

If the genus of the quadratic form f contains one class, then according to Newman
Hall’s theorems [[1], p. 592-595], the problem of obtaining “exact” formulas for r(n; f) is
solved completely. The values of functions r(n; f) can be calculated by the formulas for
the average number of representations of a positive integer by a genus that contains the
form f (Vepkhvadze T. [2]).

Using the Gauss theory of genera, Kaplan and Williams ([3], p. 87, 88) computed
the representation functions r(n; f) for some n in the case of binary forms, belonging
to multi-class genera. In [4] we proved three theorems which show that the problem of
computing the representation function in case of multi-class genera can be reduced to the
case of one-class genera.

Theorem 1 ([4], p. 277). Let f = ax® + by? be a primitive positive binary form, ab = 3
(mod 4). Then
r(2°m; f) = r(2°7*m; fr),

where a > 2, 2t m, fi = az® + axy + “Fy7

Theorem 2 ([4], p. 277). Let f = ax® + by* be a primitive positive binary form, A =
ab =0 (mod 4). Then
r(2%m; f) = r(2°7*m; fr),

where 2|a, a > 2, 2+ m, f1 = ax® + %yQ.

Theorem 3 ([4], p. 278). Let f = ax?® + axy + by? be a primitive positive binary form
with odd discriminant d = a* — 4ab, A = —d, 9|2a + b. Then

r(3%u; f) = r(3°2u; f1),

where § > 2, 3t u, fi = ax’® + avy + 2y7.
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Theorem 3 can be extended as follows:

Theorem 4. Let f = ax? + bxy + cy? be a primitive binary quadratic form with the odd
discriminant d = b* — 4ac and let p be a prime number with p|b* — dac, p?|ad® + b + ¢
for some integer §. If 2|, a > 2 and p{m, then

r(p®m; f) = r(p**m; f1),

where

2a(p—49) —b — 0?2 —=b(p—19§
2 =0 b a0 Mo =D e
p p
Applying the Theorem 4 to the discriminant d = —175, we obtain the following

fi=az

Corollary 1. Let f) = 22 + ay + 4412, P = da? + 2y + 112, O = 42? — 2y + 1142,
n = 29577y with (u,70) = 1. Then

r(n; fO) =r(n; f@) = r(n; f)

(i (@)S(E) v w2
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=0 if 218.

Now we consider the set of binary quadratic forms with the discriminant d = b? —4ac =
—204. This set splits into two genera, each consisting of three classes with reduced forms,
respectively,

@ =22 45192, fO) =42 4+ 22y + 13y2,  fO = 42® — 22y + 13y°

and
D =322+ 172  f® =52 +dzy + 112, fO =522 — oy + 112

Applying Theorem 1 to this discriminant, we obtain the following
Corollary 2. Let n = 2°3°177u with (u,102) = 1. Then

r(n; F4) =r(n; f®) = r(n; )
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=0 if 21a.

r(n; fO) =r(n; fO) = r(n; f*)
(1 0 () (1 P () () 2, ez
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=0 if 21a.
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If n is an odd number, then in case of binary forms with the discriminant d = —204,
we have

r(n; fO) =r(n: f = Y1
422 42xy+13y2=n
1 x
! (14 (-1
z24+2y+13y%=n
1
2
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z24+2y+13y%=n 22 +zy+13y2=n

r(n £) =r(n; 1)

- > 1= > 1

5x2+4xy+11y2=n 1222 4+-6zy+5y%2=n

1 €T
- X+
3224-3zy+5y2=n
1 1 .
=5 >, 1ty > (U
3224-3zy+5y2=n 3x24-3zy+5y2=n
As the forms 22 +zy+13y? and 322+ 3zy +5y? belong respectively to one class genera,
then the corresponding representation functions can be calculated by the formulas for an

average number of representations of a positive integer by the genus, consisting these
forms.
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