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ON THE SPACES OF SPHERICAL POLYNOMIALS AND GENERALIZED
THETA-SERIES WITH QUADRATIC FORMS OF TYPE (-2,4,1)

Ketevan Shavgulidze

Abstract. The spherical polynomials of order v = 2 with respect to quadratic form of type
(=2, g, 1) are constructed and the basis of the space of these spherical polynomials is established.
The space of generalized theta-series with respect to the quadratic form of type (—2,¢,1) is
considered.
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1 Introduction. Let

QX) =Qxr,-+,z,) = > by,

1<i<j<r

be an integral positive definite quadratic form in an even number r of variables. That is,
bi; € Z and Q(X) > 01if X # 0. To Q(X) we associate the even integral symmetric r x r
matrix A defined by a; = 2b;; and a;; = aj; = b;j, where i < j. If X =[xy, ..., z,] denotes
a column vector where ’ denotes the transposition, then we have Q(X) = %X 'AX. Let A;;
denote the algebraic adjunct of the element a;; in D = det A and a;; the corresponding

element of A™'. A = (—1)2D denotes the discriminant of the quadratlc form Q(X);
0 = gcd<%Aii,Aij) (i, =1,2,...,1), N = % is the step of the quadratic form Q(X);
x(d) is a character of the quadratic form Q(X), i.e. if A is square, then x(d) = 1. A

positive quadratic form of weight 7, step N and character x is called a quadratic form of

type (Q,N, X)-
A homogeneous polynomial P(X) = P(xy,---,x,) of degree v with complex coeffi-
cients, satisfying the condition

. [ O°P
> i (Gaam) = )
1<i,j<r e

is called a spherical polynomial of order v with respect to Q(X) (see [1]), and

I, P,Q) = Z P(n Q(" z = e, TeC, Im7>0

nezr

is the corresponding generalized r-fold theta-series.
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Let P(v,Q) denote the vector space over C of spherical polynomials P(X) of even
order v with respect to Q(X). Hecke [2] calculated the dimension of the space P(v, @),
dim P(v,Q) = (”‘::1) — (”‘::3) and form the basis of the space of spherical polynomials
of second order with respect to Q(X).

Let T(v, Q) denote the vector space over C of generalized multiple theta-series, i.e.,

T, Q)={9(r,P,Q) : PeP(v,Q)}.

Gooding [1] calculated the dimension of the vector space T'(v, Q) for reduced binary
quadratic forms ). Gaigalas [3] gets the upper bounds for the dimension of the space
T(4,Q) and T'(6, Q) for some diagonal quadratic forms. In [4 - 6] we established the upper
bounds for the dimension of the space T'(v, Q) for some quadratic forms of r variables,
when r = 3,4,5, in a number of cases we calculated the dimension and form the bases of
these spaces.

In this paper we form the basis of the space of spherical polynomials of second order
P(2,Q) with respect to some quadratic form Q(X) of type (-2, q, 1) and obtained the
space of generalized theta-series T'(2, Q) with spherical polynomial P of second order and
quadratic form @ of type (—2,¢,1).

2 The basis of the space P(2,Q) and T(2,Q). Let

g+1
3

where ¢ = —1(mod6). Q(X) be a quadratic form of type (—2,¢, 1) [7]. For these form

Q(X) = 95% + 55% + fL’% + qxi + 2122 + X173 + T2T3 + qT324,

— — 42 * — _
D—detA—q, Gy = — > Qg = Qg1 = — ’

Let

P(X) = P(ZE17I27JZ3,I’4) Zakwxl{—kmg—zxg—jxi

I

be a spherical function of order v with respect to the positive quadratic form Q(x1, x5, 3, x4)
of four variables and

_ T
L= [aoom @100, @110, @111, @200, - - - 70/1/1/1/]

be the column vector, where ay;; (0 < j < i < k < v) are the coefficients of polynomial
P(X).
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We have that dim P(v,Q) = (V?) —

polynomial P; are given in the brackets)

(Vgl). The polynomials (the coefficients of

1 1 1
P1<ag)0)07 &50)07 ce 7a(u—)2,y—2,y—27 17 07 07 s 7())7

2 2 2
P2<a’g)0)07 CLSO)O’ cee 7a1(/7)2,z/72,u727 0,1,0,... 7O>7

t t t
Pt(a(()o)m ag())ov ce ’a(u12,u—2,y—2a 07 07 07 R 1)7

where the first (VIZ) coefficients from aggy to a,—2,-2,-2 are calculated through other

(”;3) - (”;rl) = t coefficients, form the basis of the space P(v, Q).

The basis spherical polynomials of second order (v = 2) with respect to Q(x1, x2, T3, x4)
has the form:

— 1) 2 — 2 2 — B3 2
— @) 2 2 _ ) 2 _ ) 2

P4 — aoooxl + ZEQ, P5 — CL000$1 + x2$3, Pﬁ — aoooxl + $2$4,
— (72 2 _ (8 2 — 9 2 2

Using (1) for P; we have

qg+2 9 3
P = ——a] + 1120, P = ]+ 1173, Pz = ———x] + 1174,
20 -1 g—1"" 20 -1
q+1 3
P4: q_lil'%—i—l'g, P5 = +1Qf%+$21’3, P6: _2((]—1)1.%_'—3;21.4’
9
Pr=———2?+22 Pi=——0’+a30y, Py=——"2?+22

They form the basis of the space of spherical polynomials of second order with respect to
Q(z) and dim P(2,Q) = (g) — (g) =9.
Now we construct the corresponding generalized theta-series

1070 =3 (3 rw)e =3 (5 (e an))e

n=1 " Q(z)=n n=1 " Q(z)=n

o @ =) (X (et

I, Ps, Q) = i < Z (_ﬁﬁ + $11’4))2n7

n=1 " Q(z)=n
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9 PLQ) =Y (i ad)) ", (P @) = (Y (peteoaaa) )2
n=1 Q(z)=n n=1 " Q(z)=n

o @)= (3 (~g b)), 007 Q=3 (3 (o yetad)) =
n=1 Q(z)=n n=1 Q(z)=n

(r, P, Q):; gm)n<ﬁﬁ+x3x4» 2", 0(T, Py, Q)an:: <Q§R<—q i 1x%+xi)> 2"

This generalized theta-series form the system of generators of the space T'(2, Q). We have
the following

Theorem. The generalized theta-series:

19(7-7 Pla Q>7 19<7—7 P27 Q)? Ty 19(7—7 P97 Q)
form the system of generators of the space T'(2, Q).
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