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THE BOUNDARY VALUE PROBLEMS FOR PIECEWISE-HOMOGENEOUS
VISCOELASTIC PLATE
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Abstract. A piecewise-homogeneous viscoelastic plate with a finite cut, which intersect the
interface at a rigid angle is considered. The complex potentials are represented with jumps of
stresses and displacements. The first main boundary value problem of elasticity theory, when
the crack boundary is loaded with symmetrical forces, is considered. The problem is reduced
to the system of singular integral equations with respect to the crack opening. The asymptotic
estimates are obtained.
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1 We will consider a piecewise-homogeneous viscoelastic plate (vy, Ey) with a finite
cut, that crosses the interface at right angles. The plate consists of two half-planes of
dissimilar materials

SW = {z| Rez >0, 2 dl; = [0,0]}, S® ={2[Rez <0, zdly=(—a,0)}, (a,b) > 0.
On the boundary of the cut the jumps of the stresses and displacement are obtained:
A ol et o e .
ul —uy = 9, v — vy = ), zel, k=1,2.
At the interface of the two materials we have the continuity conditions:
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Using the known relation by a solving of the problems of linear conjugation [1] the
complex potentials are represented as follows
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where ¢ is time, elasto-instal deformation modulus are Ej(t) = Ej = const, the lateral
contraction coefficients for elastic deformation vy (t) and creep deformation wv(t,7) are
the some and constant: vg(t) = vi(t,7) = const,

b(z,t) = e f

ap(z,t) + ap(z,t) + zay(z, t)] ,

‘ 9 E 3—4’Uk,
I = LYwmg(t) = g(t) — | Ev=—Cy(t dr, 2y = ——2— | s = k=12
(1= Dwolt) = olt) = | BugCult, mo(r)ar, 2 = 15 =5y, k=12
1+

C(t, ) are creep measure of the materials, 7 is material age at the time of loading.
Wi(2,t), Qi(z,t) are unknown analytic functions in the half-planes S®) + I, respectively,
which will be defined from condition (2).

From conditions (2)—(3), using the Cauchy Theorem the known relations gives us the
system of algebraic equations, whose solutions are:

Wi(z,t) = e1i(—2z,t) + er Ay (—2,t) + hi Ay (2, 1),

O (2,t) = —eriin(=2,t) + miAi(=2,t) + maAsy(z, 1) + hama(2, 1),
Wo(z,t) = h3Ai(2,t) — exAs(—2,t) — eaifo(—2, 1),

Qo(z,1) = ham(z,t) — miAi(z,t) — m2/_12(—z,t) + e2ifp(—2, 1),

(4)

where Qk(z’t) - ZW/Q(’Z?t) B Qk(z t) nk(z t) = ZA;C(Zat) - Bk('z?t)a € = 21
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2 First main boundary value problem of the theory of viscoelasticity.
Now we consider the first main boundary-value problem of the theory of elasticity, when
the crack boundary is loaded with symmetrical forces, then the boundary conditions have

the form:
ai,k)Jr = aé’“)‘ = Ng(z,1), ngf,) = ngy =0,

ui —u, =0, v —v, =vg(x,t), k=12

where Ni(z,t) are given continuous functions, vg(z,t) are unknown functions, which de-
pict the opening of a crack at the corresponding points. By considering the equations

M

(5)

ap(w,t) = 2ity fu(z, 1), bp(w,t) = =2itpxfi(z,t), fulz,t) = (—L); vi(2,t), t, =

from (4) we have

ﬂWk(Z,t) ( ektkﬁ zfh(z,t)dx +( ektkfl sz (x,t)dx + hyts kflg ) f37k(l‘,t)d;r7
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zf; (z,t)dz T zfi(z,t)) dx
WQk<Z,t) ektkﬁ %—F( 1 mkt fl ka+1tzdt+2( 1 ektkzﬁ f(kTZt;gd (6)

zfl o (x,t)dx zfl o (x,t)dt
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From (5), (6) we obtain a system of singular integral equations with fixed singularity:

1 /1 1 2ep + my, 26T degx?
TJo lz—s 2@+s) (r+9)? (z+5)

1 Y= (b hiso)ts ok ma_glzgx 1R e — e,
+7T/0 { tk(x+8) tk($—|—8)2 }f?»—k(( 1) >t)d Nk(( 1) ,t), (7)

s>0, k=12

3 } fe((=D)* e t)dx

3 Asymptotic study. Find the behavior of solutions of system (7) in the singular
points, for this present the solution in the neighborhood of the point s = 1 as follows

fi(s,t) = (1= 8)%q1(s,1), fol—2,t) = (s,t) = (1 —5)%pi(s,t), 0<a, 6 <1

1 [t 1 2ep + my, 2e,T degx? k,
t) =~ - - — 1)kl 4)d
Tils, 1) 7T/0 {x—s 20z +s)  (z+4s)? " (z +5)° A1), )

1 1 (hk + hk+2)t37k m3fkt37k.’13 N
T - _ -1 +1 ¢ d
7T/O { te(x +s) to(z + 5)? fa—i((—=1)"" 2, t)dz

are regular functions in the point s = 1, Ji(s) = Ji(1)+J,(1)(1—8)+0((1—5)?), k= 1,2.
According to the well-known theorems [2], about the behavior of Cauchy type integral
in the ends of the integration line:

—ctgmag (1,1)(1 —s)™* + O((1 — 8)7) + Jy(1,t) + - - - = Ny (1, 1),

—ctgmdpi(1,1)(1 — )™+ O((1 — 5)7%) + Jo(1,8) + - - - = No(—1,1),

oy < Q, 50<(5.

Whence there follows ctgmra = 0, ctgnd =0 and a = § = %

Now present the solution of system (7) in the neighborhood of the point s = 0 as
follows

fl(‘S?t) = S_ﬁg2(37t)a SO(S?t) = 3_7902(8715)’ 0< 57 v < ]-7

Teaa(s) = %/01{_( 2ep, N depa® }fk((—l)kﬂx,t)d%

r+5)?)  (x+s)?

1 ! mg_ktg_kl‘ k
— _— (=D Hdxe, E=1,2
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are regular functions in the point s = 0. Since

1 d
%/o flfcx;tl = = ctgnfg:(0,1)s 7 + O(s~ %) +O(s),

1/t t)d
_/ fl O ctgmye2(0,1)s™ + O0(s7°) + O(s), s = 0, fo <, 70 <7,
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from (7) we have

—ctgmBg2(0,t)s 8 4+ O(s ) — A 280 =8 1 4,0(s750) + A,0(s)

s1n7rﬁ
—Dy 28577 4 D1O(s™) + D10(s) = Ny (0, 1), @)
—ctgmypa(0,8)s™ + O(s70) — A, 2280 =7 4 A,0(s77) + A,0(s)

sin 7y

— D, 200 =8 4 D,0(s7) + DyO(s) = Ny(0, 1),

sin w3

hi+h t
where A, = 26k+mk . Dy = (hx+ k+2) 3k

We can show that B =", therefore from (8) it follows that

Ay D, 92(07 t)

Ay Dy ¢5(0,1) +
sinf  sinwf ¢2(0, 1)

=0.
sinmf3 * sinf3 ¢2(0, 1)

ctgnB + =0, ctgnf+

For satisfaction both of them must be performed the following conditions:

~—~

0,t 0,t
A+ 0,200 oy p, 2O A aDDy > 0, A < 1

92(0,) 2(0,7)

Then we get
1
[ =~ = —arccos \.
T
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