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THE SOLUTION OF SOME PROBLEMS OF THE THEORY OF
THERMOELASTICITY WITH MICROTEMPERATURES FOR A CIRCULAR RING
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Abstract. In this work we consider the two-dimensional version of statics of the linear theory of
elastic materials with inner structure whose particles, in addition to the classical displacement
and temperature fields, possess microtemperatures. Some BVPs are solved for a circular ring,.
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1 Basic equations. The basic system of equations of the theory of thermoelastic-
ity with microtemperatures can be written in the form [1, 2]:

UAUG + (N + )00 — O, T = 0,
kZGAU}a + (l{?4 + k5)8a@ — l{igaaT — kgwa == 0, (1)
EAT 4 k19 = 0,

where \, u, 5, k, ki,..., kg are constitutive coefficients, u, are components of the dis-
placement vector u of the point (z1,xs), w, are components of is the microtemperature
vector w of the point (z1,x3), T(x1,x2) is the temperature measured from the constant
absolute temperature Ty (Ty > 0), 0 = Oyuy + Oaug, O = 1wy + Oewe, A = Oy + 0oz 18
the tow dimensional Laplace operator.

On the plane Ozyx5 a complex variable z = xy + tx9, where ¢ the imaginary unit, and
the following operators 0, = 0.5(0; — i0y), 0> = 0.5(01 + i0s) are introduced. Then the
system consisting of the equations (1) can be written in complex form as follows

kGAW+ —+ 2<k4 + k5)8§@ — ngagT — k2w+ = O, (2)
EAT + k19 =0,
where A = 40,05; uy := uy + fug; wy = wy + fws.
For the positive definiteness of the corresponding quadratic form will satisfy the con-

ditions
k‘4+k35+]€6>0, k2>0, ]431]{73—]{5]{52<0, k> 0.
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In [3] it is shown that the general solution of system (12) is represented as follows:

2 = 7p(2) — 29/ (2) — ¥(z)

,LL/B kQ |: YTI%Y 2k1 _
a7, - _82 9 )
A+2M{2h #(2) T2 (2)] = gtz 2) )
wy = —¢"(2) + 8:[x1(2, 2) + ixa(2, 2)],
ko k1
T="21 )] — 2L
i)+ P - a2,
A3 . . .
where » = N ©(z), ¢(z) and 1(z) are the arbitrary analytic function of a complex
variable z, x1(z, Z) is a general solution of the following Helmholtz equation Ay, —k*x; =
0, k* = i ki v :Lgk ] > 0, x2(z, 2) is a general solution of the following Helmholtz
-k
equation Ays — kys =0, k= /:
6

2 A problem for a circular ring. In this section, we solve a concrete boundary
value problem for a concentric circular ring with radius Ry and Ry [4].
We consider the following problem

+oo .
Z A;L‘eznﬁ> |Z‘ = Ry,
—0o0

+ .
> Ane™, |z = R,
—00

+o0 . 400 )
S Blem |z| = Ry, S Cle™ 2] = Ry,
w e - T — s 5
* = B// ind =R = O// ind =R ( )
Z n€ |Z| — 42, Z n€ |Z| — 42
— 0 —00

The analytic functions ¢(z), ¥(z), ¢(z) and the metaharmonic functions xi(z, z),
X2(z, Z) are represented as a series

+o0 +o00 400
d(z) =alnz+ > a,z", ¥(z)=b+ > b2" ¢(2)=clnz+ > ¢,2", (6)

+oo
¥o(2:2) = D (agul (VET) + By (VET) ) €, (7)
where I,,(+) and K, (-) are modified Bessel functions of order n.
In the boundary conditions (5) we substitute the corresponding expressions (6), (7)
and compare the coefficients at identical degrees. We obtain the following system of
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equations
k k k
kzclnR + 2; i [Oélofo(\/ “R,) + BioKo(VE*R )] Cho;
_E Ve [alofl(v “Ry) — BroK1(VE*R )} By + By, (8)
R,

Vi [ash(VER,) = BB (VER,)| = ~i(Byy — Bya),
i [R”cn—i-R "e,) — S—k [Ozln n(\/_R ) + B K (\/ER )} Con,

ks
-n [Rl: te, — RV” 16,,1]

[ (VIR + L (VE R Do = (K (VER,) + Ko (VER,)) B,
—zﬁ[ L (VER) = L (VER, Jas) = (Kot (VER,) = Koia(VER, ) Bun)|

= B'yn+1 + Efyl ny (9)
-n [R;‘_lcn + R_” 16_,1}

[(fn_l(\/ER ) = L (VE R, )aun — (Koo (VE'R,) — Kn+1(\/ER7))Bm]
—2£ [ n— 1 \/_R +]n+1 \/—R O./Qn — (Kn_l(\/ZRW) +Kn+1(\/ZR7)/BQn>:|

= B—yn-i-l + B’yl ny V=12

It is possible to show that the determinant of the systems (8) and (9) are other than
zero. Equations (8), (9) uniquely determine all coefficients of decomposition of functions
©(z), x1(z,2) and xa(z, Z). Absolute and uniform convergence of the series obtained in
the ring (including the contours) will be provided if the functions set on the boundary
have sufficient smoothness.

In the boundary conditions (5) we substitute the corresponding expressions (6), (7):

|

k*
T

- - , oo 4
(3¢a + )iV + (a — b) In R, — ae*” + _Z sa, Rre™

+oo . _ ) “+o00 ) (10)
-3 (nan:e*Z(”*QW - bnRge*mﬁ) =Eid+ Y. Dne™, y=1,2,
where
__HB E
A+ 202k
D 0= — Nﬂ k [1 R -+ 1]0 1 — kl [[o(mR )051,1 — Ko(\/ER )ﬁlfl]
K A+ 2u | 2k3 N i g )
Mﬁ ko
D, = N+ o 2k: [cR,(2In R, — 1) + 2¢yR,]
1B k1

N+ 2 k\/ﬁ [[1(\/ER~Y)0410 - Kl(\/ER'y)ﬁlo )
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/’LB k2 Cn—1 _ .
D n = — 4 R" —nR n
! >\+2u2k3[ n A w]
1 k1 " B .
—i—/\ NSy []n(\//{:_R,y)a1n—1 Kn(\/k_Rw)ﬁln—l] .

The requirement for uniqueness of displacements have the following form
wa+b=EFE. (11)
Comparison of terms involving e™’ gives

»lnRya — 2R362 + xag — by = Do,
—a+ %R?YO/Q — R;2B,2 = D,yg, (12)

#Ran 4 (n — 2)R" a0 — R"0_y = Doy, v =1,2.

~y yns

Equations (11), (12) uniquely determine all coefficients of decomposition of functions ¢(z)

and 9(z).
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