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POSITIVE INTEGERS NOT REPRESENTED BY A BINARY QUADRATIC FORM
Vepkhvadze T.

Abstract. In this paper the formulae for the average number of representations of positive
integers by a genus of positive binary quadratic forms are obtained. This allows us to establish
the conditions when it is impossible to represent a positive integer by a binary form.
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Let F(7; f) denote a theta-series of a genus containing a primitive quadratic form f.
Siegel [1] proved that if the number of variables of a quadratic form f is s > 4, then
F(r; f) = E(7;t), where E(7; f) is the Eisenstein series. Later Ramanathan [2] proved
that for any primitive quadratic form f with s > 3 variables (except for zero forms with
variables s = 3 and zero forms with variables s = 4 whose discriminant is a perfect
square), there is a function F(,z; f), which he called the Eisenstein-Siegel series and
which is regular for any fixed 7 when Im7 > 0 and Re z > 2 — 7, analytically extendable
in a neighbourhood of z = 0, and that F(7; f) = E(7, 2; f)|.=o-

In [3] we proved that the function F(7,z; f) is analytically extendable in a neighbor-
hood of z = 0 also in the case where f is any nonzero integral binary quadratic form and
that

F(T;f):%E(T7Z;f)|Z0:1+Z%p(n;f)62mm, (1)
n=1

From the results of [3] and [4] we obtain that the function p(n; f) is equal to the average
number of representations of a natural number by the genus containing this quadratic form
and in case of binary forms can be calculated as follows.

Theorem 1. Let f = ax?®+bxy+cy? be a primitive positive positive binary quadratic form
with discriminant d = b* — 4ac, (a,d) =1, A= =2 if2]b, A= —d if 21 b; A = r’w (w
is a square free number), n = 2°m (21tm), A =27Aq, (21 A1), pl|A, pPn, u= T] p°,

p|n
pl2A
then A
mx2 ] XPZ(%)
p(n ): : p|A,p>2 v|u '
Ax I (1-(59);)L0, —w)
p|r,p>2
Here

for 2|d
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X, =222 if 2]y, 0<a<~vy-3, 2la, m=a(mod8s);
=0if 2|y, 0<a<~vy—3, 2|la, 2]y, m#a(mod8) or
0<a<~vy-1, 2ta;

R

1 1)30m >>2

)3(m= a)>2

if 2|y, a=v—2;

+ o+
R

—_

if 2y, a>7, 2ja, Ay =1(mod4);

W2

(

(

27 if 2|% a=7v, A;=—1(mod4);

(2 A1+1))25 + <1 + (—1)Z(A1+1))(a —y—2)2371
(

(

if 2]y, a>7~, 2la, Ay =—1(mod4);
1

+

1(A1=1)+5(m— “)>22 if 2|y, a>y+1, 2¢ta,

Ay =1 (mod4);
14 (- %Aﬁl))(a_fy_l) “Lif 2y, >+ 1, 21a,
A = —1(mod4);

=227 if 0<a<y—-3, 217, 2la, m=a(mod8);
=0if 0<a<y—-3, 217, 2|a, m# a(mod8) or

0<as<y—2 2ty 2fa;

(1 (I2)28070 i 245, a2y -1, 2la
m = a (mod 4);
- (1 n (—1)z<m+a>+%<m—ﬁla>>2%”—1) if 249, a>~v—1, 2o,
m = —a (mod4);
<1+(—1)%<m—ﬁla>)2é<v—” it 217, a>n7, 2ta
m = Aja (mod4);
- (1 + (_1)%(m+A1a)+%(m_a))2%(7_1) if 2*77 « Z e 2*047
m = —Aja (mod4);
for 21d,
X, =3 if 24Ya, A=3(mod8);
=0 1if 2ta, A=3(mod8);
=a+1 if A=7(mod8);

_ﬁ 1
X, = <1+ (5 p”“))paﬁ if (2541, 2I;

_ (1 - <_p;A)%){1+ (1+ <_p:A>)ﬁ;€}péé if
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C< B, 20, 2|5
—/ —/
_ —p A1 P ANNB— L+ 4,
__(1_< p >p)(1+( p >) TR
(<8, 26, 245
e —~(5+0)
P A B+1 p naA l((—l) .
—= _— 2 < N
O+<19> ( g >)) it e<p, 210

—0if (>8+1, 248

The values of L(1; —w) can be calculated by the formulas of [5] (Theorem 15).

It follows from (1) that half of “the sum of a generalized singular series” that corre-
sponds to a binary quadratic form f is equal to the average number of representations of
natural numbers by the genus containing this quadratic form. Therefore, if p(n;t) = 0,
then n is an integer, not represented by a quadratic form, belonging to the genus of f.
By Theorem 1 we have the following result.

Theorem 2. Let f = ax? + bxy + cy? be a primitive positive quadratic form with dis-
criminant d = b* — 4dac, (a,d) =1, A = =2 if 2[b, A = —d if 24 b, n = 2°m (24 m),
A =270121 A1) pYA, pPln, thenr(n; f) = 0, if one of these following conditions holds:

1) 2|d, 0 <a <y -3, 2|a, m# a(mod 8);
2)2/d,0<a<y—1,2ta;

3) 2|d, 2la, a =v—2, m = (a+ 2)(mod 4);
4) 2|d, 2|a, 2|y, a >, Ay = 1(mod 4);
) 2|d, 21, 2|y, a >, Ay = 1(mod 8
6) 2|d, 21, 2|y, a >y, Ay = 5(mod 8
)
)
)
0
1

(@)

), m = (a+ 2)(mod 4);
), m = a(mod 4);
7)2|d, 21 a, 2|y, a >, Ay = 3(mod 8);

8) 2|d, 2|, 217, a>~v—1, m = (a+4)(mod 8);

9) 2|d, 2|, 217, > —1, m = —a(mod 8), A; = (mod 4);

10) 2|d, 2|a, 24y, a >~y —1, m = (—a+ 4)(mod 8), Ay = 3(mod 4);
11) 2|d, 21, 247, a > v, m = (Aja + 4)(mod 8);
12) 2|d, 2t a, 247y, m = (—Aja + 4)(mod 8), m = a(mod 4);
13) 2|d, 2t , 217, a >, m = —Aja(mod 8), m = (a + 2)(mod 4);
14) 2’[d A = 3(mod 8), 21 a;
ﬁ
16) (1) = -1, 0> 541,215
ép B+ a\
p tANBHL pT na
- ) =-— < >
N)(p ) ( ; )= 1L U<B 20602841218

Some special cases of Theorem 2 are given in [6].
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