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Abstract. The dimension of the space of theta-series and of vector space of generalized theta-
series corresponding to some nondiagonal ternary quadratic forms are established and the bases
of these spaces constructed.
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1 Introduction. Let

Q(X) :Q(l'l,l‘g,...,l'r) = Z biinﬂfj

1<i<j<r

be an integer positive definite quadratic form of r variables and let A = (a;;) be the
symmetric r x r matrix of the quadratic form Q(X), where a;; = 2b;; and a;; = a;; = by,
for i < j. If X = (z1...2,)7 denotes a column matrix and X7 its transpose, then
Q(X) = 3XTAX. Let A;; denote the cofactor to the element a; in A and af; is the
element of the inverse matrix A~'.

A homogeneous polynomial P(X) = P(xy,--- ,x,) of degree v with complex coeffi-

cients, satisfying the condition

> ai(pe) =0 0

1<ij<r

is called a spherical polynomial of order v with respect to Q(X) (see [2]).
Let P(v,Q) denote the vector space over C of spherical polynomials P(X) of even
order v with respect to Q(X). Hecke [3] calculated the dimension of the space P(v, Q)

and showed that . 5
el V4T —
di — — )
imP(v,Q) ( .1 ) ( S )

He formed a basis of the space of spherical polynomials of second order (v = 2) with
respect to Q(X). Lomadze [4] constructed a basis of the space of spherical polynomials
of fourth order (v = 4) with respect to Q(X). In the next section a basis of the space
P(v,Q) for v =4 is constructed in a simpler way.

Let

I(r,P,Q) =) Pn)z", 2=, reC, Im7r>0

nez”
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be the corresponding generalized r-fold theta-series.
Let T'(v, Q) denote the vector space over C of generalized multiple theta-series, i.e.

T(1.Q) = {9(r,P,Q) : PePr.Q)}.

Gooding [2] calculated the dimension of the vector space T'(v, Q) for the reduced binary
quadratic form @ and obtained an upper bound of the dimension of the space T'(v, Q) for
some diagonal quadratic form of r variables dim 7'(v, Q) < (%:r_r; 2). In [5, 6], the upper
bounds for the dimensions of the spaces T'(v, Q) for some quadratic forms are established,
in a number of cases the dimensions are calculated and the bases of these spaces are
formed. Gaigalas [1] obtained the upper bounds for the dimensions of the spaces T'(4, Q)
and T'(6,Q) for some diagonal quadratic forms and presented the upper bounds of the
dimensions of the spaces T'(v, Q) for some diagonal quadratic forms of six variables.

In this paper the dimensions of the spaces P (v, Q) and T'(4, @)) for nondiagonal ternary
quadratic form are obtained and a bases of this spaces are constructed.

2 The basis of the space P(r,Q). Let

v 7

k
P(X):P<x17x27$37”'x7"): Z

m

Z vk, k—i_i—j !

‘e akl’j---lxl x2 xg . e xT
k=0 i=0 j=0  1=0

be a spherical function of order v with respect to the positive quadratic form
Q(Il, Lo, T3, " ,ZET) of r variables and let L = (CL()()()...(), a100---05 @110---05 A111---05 + + - s Appp--.v
be the column vector, where ay;;.; (v >k >i>j>--->1>0) are the coefficients of
the polynomial P(X).

The condition (1) in matrix notation has the following form S - L = 0, where the
matrix S has the form

)T

Aniv(v—1)  2A12(v—1) 2A13(v—1) 2A14(v—-1) .. o 0
0 A1 (v—1)(v—2) 0
0 0 A (v—1)(v—2) 0
S =
0 0 0 An(v-1)(wv-2) ... ... .. 0
0 0 0 0 v 2411 o Apr(v—1)v

and is (”:f:?’) X (”‘::1) matrix.
The construction of the matrix S and the spherical polynomials for v =4 and r = 3

are considered in the next section.

3 On the dimension of 7(4,Q) for ternary quadratic form. Consider the
nondiagonal quadratic form Qq(x1, T2, 23) = by12? +byow3 +b3375+b1ox172. We have |A| =
detA = 2bg3(4b11byy — b7,), Ay = 4bobss, A1y = —2bigbss, Az = 4byibsz, Aiz =
Ay =0, Agz = 4b11boy — by,
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Let

v—k _k—i i
1 Ty T3

P(X) = P($1,332,373) = ZZZakix

k=0 i=0 j=0

be a spherical function of order v with respect to the ternary quadratic form Q4 (x1, z2, x3)

and let

T

L= (aoo Q10 A11 Q20 Q21 G22 Q30 - - - CLW)

be a column vector, where ay; (v > k > i > 0) are the coefficients of the polynomial
P(‘/Elv T2, I3)'
In the matrix equation S - L = 0, for v = 4 the matrix S has the following form

12A11 6412 0 2420 0 2433 0 0 0 0 0 0 0 0 0
0 6A11 0 B8A12 O 0 6422 0 2A33 O 0 0 0 0 0
0 0 6411 0 4A;2 O 0 2422 0 6A33 O 0 0 0 0
5= 0 0 0 2411 O 0 6A12 O 0 0 12429 0 2A33 O 0
0 0 0 0 2411 O 0 4A12 O 0 0 6422 0 6A433 O
0 0 0 0 0 2A4;1 O 0 2412 O 0 0 2422 0 12A33

Consider all possible polynomials Py;, with even indices ¢ and k = v — 1, v; their number
is 5 for v = 4:

bia(by — 2b11b22) 4 bly — biiboe 5 3b12 9 o 3
Py = 2012
30 4b§2 T b%Q Trixre + T Trixy + x125,
bia(b3y — 4bi1baa) 4 by — 4bi1bos 4 bia 5 o 9
Py = 12
52 by L Dby LR py, 1R T TIEAS
bi1 (b2, — by1b 4b11b 6b
Po= -ttty by, O gg
22 22
Py — (b2y — 4b11b2g) (b3y — 2b11b22)x4 b12(b2y — 4511522)$3$2
24b3, b33 ! 6b3,033 '
b2, — 4b11boo b1
b2, — 4b{1b9s)? 3(b2, — 4by11b
_ ( 1216()2 1;2 22) x411 ( 122b bll 22):6%%2) —i—xé.
22033 22033

Now we construct the corresponding generaliz

n_ b1 (b3 — 2b11b22)

ed theta-series:

9(r, Py, Q1) = i (> Puo)=

n=1 Q1 (2)=n

40z 1

2
b12(b12 - 2b11b22)zb11+b33 + -

b11 b22
211 o 4+ 02
26%2

. Ozb22+b33 +..,

b3
G bio(b2, — 4by1b
19(7'7 PSQ;QI) = Z ( Z P32($)>Z” = 12( 1221)2 ; 11 22)Zb11 4t 02022
Tt 02b33 TR <b12(b12 2— 4b11b22) 2b12)zb11+b33 4t Ozb22+b33 + .
6b22633 boa



66 K. Shavgulidze

o0
2b11 (b2, — by1b
(7, Pyo, Q1) = Z( Pyl >zn _ 11( 12b3 11 22)zb11 Ly 9sbe
n=1Q 22
2
T | P 1(b12b?’ b11b22)zb11+b33 44t
(0@
b2, — 4b11b29) (b2, — 2b11b
19(7- P427Q1 Z ( P )Zn _ ( 12 11 2223( 12 11 22)Zb11 R 02b22
=1 Q1 (2)=n 12b55b33
2
4 0sb ( 15 4b11l;2bz)(:12 — 2b11b99) _ 46511)zbu+b33 R e
S 23 v (b2, — 4b11b22)222511 bas
19(T,P44,Q1):Z< Pu(z >z — S0, PR R 9
n=1 Qi (z)=n

(b2, — 4b11ba2)?  3(b2, — 4by1boy)
16b2,b2, 2bosbas

+...+22b33+...+4< —|—1)zb11+b33—1—---+4zb22+b33—|—,,,,

These generalized theta-series are linearly independent since the determinant of the fifth or-
der constructed from the coefficients of these theta-series is not equal to zero and dim7'(4, Q1) <

% = 5. Hence these theta-series form the basis of the space T'(4,@Q1). The following

theorem is valid.

Theorem. Let Q1(X) be the nondiagonal ternary quadratic form, given by Q1(X) = by12? +
b22$% + bggl’% + bioxywo, then dimT(4,Q1) = 5 and the generalized theta-series with spherical
polynomials Py; (k=3 or 4; 1 is even):

19(7‘, P307 Q1)7 19(7—7 P327 Q1)7 19(7_7 P407 Q1)7 19(7_7 P427 Q1)7 19(7—7 P447 Ql)
form the basis of the space T'(4,Q1).
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