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ON A NUMERICAL REALIZATION FOR A TIMOSHENKO TYPE NONLINEAR
BEAM EQUATION ⋆
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Abstract. An initial-boundary value problem is considered for the Timoshenko type nonlinear

integro-differential equation. In particular, considered is an initial-boundary value problem for

the J.Ball integro-differential equation, which describes the dynamic state of a beam. The

solution is approximated using the Galerkin method, stabile symmetrical difference scheme and

Jacobi iteration method. The algorithm has been approved on tests. The results of recounts are

represented in tables.
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1 Statement of the problem. Let us consider the nonlinear equation

utt (x, t) + δut (x, t) + γuxxxxt (x, t) + αuxxxx (x, t)

−

β + ρ

L∫
0

u2
x (x, t) dx

uxx (x, t)− σ

 L∫
0

ux (x, t)uxt (x, t) dx

×

uxx (x, t) = f (x, t) , 0 < x < L, 0 < t ≤ T,

(1)

with the initial boundary conditions

u (x, 0) = u0 (x) , ut (x, 0) = u1 (x) ,

u (0, t) = u (L, t) = 0, uxx (0, t) = uxx (L, t) = 0.
(2)

Here α, γ, ρ, σ, β and δ are given constants, among which the first four are positive
numbers, while u0 (x) ∈ W 2

2 (0, L) and u1 (x) ∈ L2 (0, L) are given functions such that

u0 (0) = u1 (0) = u0 (L) = u1 (L) = 0. It will be assumed that the inequality |δ| < γ
(π
L

)4
is fulfilled when δ < 0 and α

(π
L

)2
> |β| holds when β < 0. The equation (1) obtained

by J. Ball [1] using the Timoshenko theory, describes the vibration of a beam. The
right-hand side f(x, t) ∈ L2 ((0, L)× (0, T )). We suppose that there exits a solution
u (x, t) ∈ W 2

2 ((0, L)× (0, T )) of problem (1), (2).
⋆The authors express hearing thanks to Prof. J. Peradze for his active help in problem

statement.
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2 Algorithm

2.1 Galerkin method. We write an approximate solution of problem (1), (2)

in the form un (x, t) =
n∑

i=1

uni (t) sin
iπx

L
, where the coefficients uni (t) will be found by

the Galerkin method from the system of ordinary differential equations (see, [2]-[4])

u
′′

ni (t) +

(
δ + γ

(
iπ

L

)4
)

u′
ni (t) +

{
α

(
iπ

L

)4

+

(
iπ

L

)2

×[
β + ρ

L

2

n∑
j=1

(
jπ

L

)2

u2
nj (t) + σ

L

2

n∑
j=1

(
jπ

L

)2

unj (t) u
′
nj (t)

]}
×

uni (t) = fni (t) , i = 1, 2, · · · , n, 0 < t ≤ T,

(3)

with the initial conditions

uni (0) = a0i , u′
ni (0) = a1i , i = 1, 2, · · · , n, (4)

where

api =
2

L

∫ L

0

up (x) sin
iπ

L
xdx, p = 0, 1,

fni(t) =
2

L

∫ L

0

f(x, t) sin
iπ

L
xdx, i = 1, 2, · · · , n.

2.2 Difference scheme. To solve problem (3), (4) we apply the difference method.

On the time interval [0,T] we introduce a net with step τ =
T

M
and nodes tm = mτ, m =

0, 1, 2, · · · ,M.
On the m-th layer , i.e. for t = tm, the approximate value of uni (tm) is denoted by

um
ni, fni(tm) by fm

ni . We use an implicit symmetric difference scheme (see, [2]-[4]).

2.3 Iterative method. The system obtained by the discretization will be solved
layer-by-layer. Assuming that the solution has already been obtained on the (m − 1)-th
and m-th layer to find it on the (m+1)-th layer we use the Jacobi iterative method (see,
[2]-[4]).

3 The numerical realization. For approximate solving initial-boundary value
problem (1), (2) the several programs in “Maple” is composed and many numerical ex-
periments are carried out.

The algorithm has been approved tests and the results of recounts are represented in
tables and graphics (see, [3]).

In this paper we consider the test problems for the following values of geometric
(L, T, n,M,H, τ, h) and physical (α, γ, ρ, σ, β, and δ) parameters:
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The length of the beam L = 1, the value of the time interval T = 1, the number of
members in the case of using the Galerkin method n = 5, 10, 20, the number of divisions
of the time interval M = 20, the time step τ = T

M
= 0.05, the number of divisions

relative to the spatial variable H = 20, the step of the spatial variable h = L
H

= 0.05,
the number of iterations k0 = 10, the physical parameters included in the J.Ball equation
α = 1, γ = 1, ρ = 1, σ = 1, β = −1, δ = −1.

First of all, we considered test examples that give the error of only the difference and
iterative methods

Test 1.1. Exact solution u(x, t) = sin
πx

L
,

Test 1.2. Exact solution u(x, t) = t sin
πx

L
,

Test 1.3. Exact solution u(x, t) = t2 sin
πx

L
,

Test 1.4. Exact solution u(x, t) = t3 sin
πx

L
,

and then we consider a test example in which, along with the error of the difference and
iterative methods, the error of the Galerkin method is taken into account

Test 2.1. Exact solution u(x, t) = (x4 − 2x3 + x)(1 + 3t+ t2)).
The absolute error for each test problem is calculated by the following formula:

error(testN) = max
0≤m,l≤20

abs{uex.sol.(m, l)− uappr.sol(m, l)},

where N number of test.
To find an approximate solution on the first layer, we use difference schemes of O(τ)

or O(τ 2) order.

n=5 n=10 n=20
TestN\error O(τ) O(τ 2) O(τ) O(τ 2) O(τ) O(τ 2)

1.1 0 0 0 0 0 0
1.2 0.00007 0.00007 0.00006 0.00006 0.00008 0.00008
1.3 0.0025 0.0011 0.0025 0.0009 0.0025 0.001
1.4 0.0034 0.0034 0.0031 0.0031 0.0033 0.0033
2.1 0.00628 0.00621 0.00634 0.00627 0.00635 0.00628

Conclusion
A) In the case of test examples of the first type, the absolute errors do not change

with increasing n, since the basis functions are sinuses. B) In the case of test examples
of the second type, an increase in n has a little effect on the score. The increase in n in
some cases even spoiled the results of the account.



54 A. Papukashvili, G. Papukashvili, M. Sharikadze

R E F E R E N C E S

1. Ball, J.M. Stability theory for an extensible beam. J. Differential Equations, 14 (1973), 399-418.

2. Papukashvili, G. On a numerical algorithm for a Timoshenko type beam nonlinear integro-
differential equation. Rep. Enlarged Sess. Semin. I. Vekua Appl. Math., 31 (2017), 115-118.

3. Papukashvili, A., Papukashvili, G., Sharikadze, M. Numerical calculations of the J.Ball
nonlinear dynamic beam. Rep. Enlarged Sess. Semin. I. Vekua Appl. Math., 32 (2018), 47-50.

4. Papukashvili, G., Peradze, J., Tsiklauri, Z. On a stage of a numerical algorithm for Timoshenko
type nonlinear equation. Proc. A. Razmadze Math. Inst., 158 (2012), 67-77.

Received 28.05.2019; revised 04.11.2019; accepted 14.12.2019.

Author(s) address(es):

Archil Papukashvili
I. Vekua Institute of Applied Mathematics of I. Javakhishvili Tbilisi State University
Faculty of Exact and Natural Sciences I. Javakhishvili Tbilisi State University
School of Science and Technology, The University of Georgia
University str. 2, 0186 Tbilisi, Georgia
E-mail: archil.papukashvili@tsu.ge, apapukashvili@rambler.ru

Giorgi Papukashvili
V. Komarovi Tbilisi Physics and Mathematics N 199 Public School
Vazha-Pshavela str. 49, 0186 Tbilisi, Georgia
E-mail: gagapapukashvili@gmail.com, papukashvili@yahoo.com

Meri Sharikadze
Faculty of Exact and Natural Sciences, I. Javakhishvili Tbilisi State University
I. Vekua Institute of Applied Mathematics, I. Javakhishvili Tbilisi State University
University str. 2, 0186 Tbilisi, Georgia
E-mail: meri.sharikadze@tsu.ge


