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Abstract. The representation formula of a general solution of the homogeneous system of
differential equations obtained in the paper is expressed by means of three harmonic and four
metaharmonic functions. These formulas are very convenient and useful in many particular
problems for domains with concrete geometry.
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1 Introduction. One of the basic methods of solving two- and three-dimensional
problems of rigid deformable bodies is the Fourier method which is based on the solution of
differential equations of a given model by the method of separation of variables in a certain
system of curvilinear coordinates. In case the construction of a system of differential
equations turns out complicated, its solution can be represented by a simple solution of
Laplace and Helmholtz equations. Representations proposed by W. Kelvin, J. Hadamard,
J. Boussinesq, M. Papkovich, G. Neuber, E. Trefftz, G. Kolosov, N. Muskhelishvili and
other authors are well known in the literature.

2 Basic equations and fundamental theorem. The homogeneous system of
static equation of the thermoelasticity theory of microstretch materials with microtem-
peratures and microdilatation in the case of isotropic bodies read as [1]

(1 + 2)Au~+ (N + p) grad divu — serot w + po grad v — Sy grad 0 = 0, (1)
g Aw — 300w + (324 + 25) grad divw — s grad 6 = 0, (2)

YAw — 23w + xrotu — pyrotw = 0, (3)

agAv — nv — po divu — po divw + 516 = 0, (4)

;A0 + 3¢ divw = 0, (5)

where 7, A\, pu, 2, n, Bo, b1, o, M1, M2, ao, 3, 7 = 1,2,...,7 are the real constants
characterizing the mechanical and thermal properties of the body, A is the Laplace op-
erator, u = (uy,uz)' is the displacement vector, w = (wy,w,)' is the microtemperature
vector, w is the microrotation function, v is the microdilatation function, # is the temper-
ature, measured from a fixed absolute temperature T (T > 0), the symbol (-)" denotes
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transposition operation, here

rot := <—i i>T, rotw := <_8_w 8_w>T’

Oxy’ 01 Oxy’ 01
Ouy  Ouy Owy  Owy
rotu :=rotu =—— —, rotw = — — ——.
oz Oz’ 0ry O

The following theorem is valid.

Theorem. A vector U = (u,w,w,v,0)" € C*(Q) is a general solution of the homogeneous

system (1)—~(5) in a domain Q C R* if and only if is representable in the form
0
u(z) = a4 grad(r’eo(z)) + grad ¢ () + ag grad 7"35@(1:)

—2grad(ripy(z)) + 4 (r% + 1)¢2(x) + % grad ¢3(x)
1

_)\/(’)6;2 grad ¢4(x) + a7 rot ¢5(x) + m rot ¢g(z) + XT(I),
2
A
w(x) = 4}2 0 grad <r§ + 1>¢0( ) — Aoz grad ¢s(x) + ;2 rot ¢5(z),

w(z) = 2rot [m (r% + 1) ¢2($)] W%( ) + ¢o(7) + X' (2),

v(x) = 4;21 <T§ + 1>¢>0(x) — WT% (r% + 1>¢2(x)
ﬁ%(@ + ¢a(z) + X" (),
O(z) =4\ <7’§ >¢o( ) + 21 ods(x),

(9)

(10)

where Ag;(x) =0, j =0,1,2,(A = A)¢s(z) = 0, (A = A3)¢s(x) = 0, (A = Af)¢s(x) =0

PO ket IO 2(2p + ) o2 e Aon) — 113
1= 2= T 3= MT T
l0%7 ’Y(M+ %) Mg )\an
—A
lo =24 + 25 + 225, MNo= A+ 2u+ 7, al—M,
0
U = 210 — M2%7)\0)\% ag = 18 — HoQ2 ar — nBo — poB1
2 141 ao ) 3 170 )\0()\%_)\121)7 4 (IO)\Z )
as = a 2Kt 70 —don - n@ut) ¢
(20 + ) (Ao — p15)” 2(\on —13) Y+ 2)(A3 = A)A3
r—=uwx-grad, r=|z|, == (r1,72), T=(—m2,11).

or

(2) = Agr + By, xe Y () = By, x eV
YV A+ B7),  zer YT 0, zeqr,
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Q' is a finite two-dimensional region, )" = Rz\ﬁl.

3 Solution of the boudery value problems. Let Ot C R? be a circle bounded
by the circvmference 0S2, centered at the origin and having radius R. We denote Q)™ :=

RA\Q"

Problem. Find, in the domain QF (Q7), such a regular vector U = (u,w,w,v,0)" €
C*OF)nC 1(ﬁi) that satisfies in this domain the system of differential equations (1)—(5)
and, on the boundary 0f2, satisfies one of the following boundary conditions:

(I)* (Dirichlet problem)

{UE)}* = f(z), ze0Q (12)

(I1)* (Neumann problem)
{P(0,n)U(2)}* = f(2), z € 09, (13)
where f = (fO. 1@ fs fu fs)T. 1O = (74T, 5 = 1.2 £7 kj = 12, fi
[ = 3,4,5 are the functions given on the boundary 02, n(z) is the outward normal

unit vector passing at a poind z € 9 with respect to the domain QF, and P(9,n)U is
the generalized thermo-stress vector.

In the case of the exterior problems for the domain Q- the vector U = (u, w,w,v,0)"
should satisfy the following decay conditions at infinity
Ux) =0(z|™), 0U(x)=o(z]™), k=12

We seek the solutions of Dirichlet and Neumann problems by formulas (6)—(10), where
1. For z € QF

4 o ko .
oi(z) = af) + Z <£> (ag) cos ki + b sinkyp), j=0,1,2,

k=1 R
oi(x) = Z gr(Aj7) (ag) coskyp + b,(f) sin kgp),
k=0
|=3 j=1.1=4 j=41=5j=31=6,j=2.
2. For z € O~

, RNk, .. .
gbj(:z:):a((f)%—g <—> (ag)coskgojtb,(f)sinkgo), j=0,1,2,
T
k=1

o) = Z hi (A7) (a,(cl) cos ky + bl(cl) sin k),

k=0
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l=3,7=11=4,7=4,1=5,7=3;1=06, 5 =2. Here

gk( jT) Ik()\]R)7 k( ]T> Kk()\jR)J J ) Ty Iy U,
a(()j), aéj), b,(gj), j=0,1,...,6 are sought constants, I(x) is the Bessel function, Kj(z) is

the MacDonald function.
Solutions of Dirichlet and Neumann problems are obtained in the form of absolutely
and uniformly convergent series.
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