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THE PROCESS OF CUTTING GMLn
m BODIES WITH dm-KNIVES ⋆

Ilia Tavkhelidze Johan Gielis

Abstract. In this article, we will represent Generalized Möbius Listing’s bodies GMLn
m{ν,Θ}

as elements of a permutation group. Also, we will give a definition of dm -knife it analytical

representation. Finally, we show that a full cutting of this GMLn
m{ν,Θ} body can be considered

as an action of a “dm -knife”.
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In earlier works, a definition and an analytical representation of GML bodies were
given (see f.e. [1-3]). Therefore, we just recall:

Definition 1. A Generalized Möbius Listing’s body - GMLn
m{ν,Θ} - is obtained by

identifying the opposite ends of the prism PRm ≡ A0A1 · · ·Am−1A
′
0A

′
1 · · ·A′

m−1 with
the central axis OO′ in such a way that:

A) For any integer n ∈ Z and i = 0, 1, . . . ,m − 1, each vertex Ai coincides with
A′

i+n ≡ A′
modm(i+n), and each edge AiAi+1 (each i + 1 is number of edge of initial prism)

coincides with the edge

A′
i+nA

′
i+n+1 ≡ A′

modm(i+n)A
′
modm(i+n+1);

B) The integer n ∈ Z denotes the number of rotations of the end of the prism with
respect to the axis OO′ before the identification, with n ≡ ωm + κ; ω ∈ Z and κ =
0, 1, 2, . . . ,m − 1. If n > 0, the rotations are counter-clockwise, and if n < 0 then
rotations are clockwise;

C) The original axis OO′ of the prism is transformed in a closed space (or plane) curve
Θ, which is called the basic line with characteristic ν. It is defined by the function R(θ)
in (1). One form of analytical representation of GML bodies is formula (1.2.1*) in [2].

X(τ, ψ, θ) = [R(θ) + p(x, z) cos(µg(θ))] cos(θ),

Y (τ, z, θ) = [R(θ) + p(x, z) cos(µg(θ))] sin(θ),

Z(x, z, θ) = p(x, z) sin(µg(θ)).

(1)
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Remark 1. The cross section of the prism or the GML can be a regular polygon with m
vertices or a circle with m equally spaced points. Using Gielis transformations, one can
be transformed into the other.

Remark 2. Each Generalized Möbius Listing’s body GMLn
m{ν,Θ} can be considered as

a geometric representation of the element of the permutation group, in particular(
A0A1 A1A2 · · · Ai−1Ai · · · Am−2Am−1 Am−1A0

A′
nA

′
n+1 A′

n+1A
′
n+2 · · · A′

n+i−1A
′
n+i · · · A′

n+m−2A
′
n+m−1 A′

n+m−1A
′
n

)
≡(

1 2 · · · i · · · m− 1 m
k k + 1 · · · modm(k + i) · · · modm(k +m− 1) modm(k +m)

)
.

(2)

This follows from the facts that 1. the sub-indices change cyclically from 1 to m− 1, and
2. the sides are identified by Definition 1. The first row of (2) gives the numbering in the
original prism and the second row gives the corresponding numbering after rotation and
identification according to definition of GML.

Remark 3. These permutations form a subgroup of the group of permutations, in which:
• The number of elements of this subgroup equals m!;
• The numbering in both rows stricly follows the usual sequence of numbers (in row

1 from 1 to m;
• Each element, except the neutral element, has a certain number of cycles and geo-

metrically, this indicates in - how many different colors the surface of a given body can
be painted, without lifting the brush and not passing the ribs. Some examples are given
in Table 1.

Corollary 1. Each GMLn
m{ν,Θ} body

has a j-colored surface where j =
gcd(m,κ) and n ≡ ωm+κ, except when
κ = 0. In this case we have on m-
colored GMLn

m{ν,Θ} body.

Table 1. Permutations and GML bodies

Definition 2. Ribs of the GMLn
m{ν,Θ} body are continuous closed lines, in which are

situated only the vertices of the radial cross sections (plane figures) of this body. A single
rib contains all Ai vertices present in the original prisms. These lines are always toroidal
lines with characteristic ν for any m on n.

Remark 4. Part of the rib-line for any GMLn
m{ν,Θ} ≡ GMLωm+k

m {ν,Θ} body, k =
0, 1, . . . ,m − 1, is part of the spatial closed curve and according to Definition 1 we may
consider this as the section of GML (i.e. regular m-polygon) and this is a translation
A0

n−→Aωm+k ≡ Vk, where Vk - is the corresponding vertex of the radial cross section of
GML (i.e. regular m-polygon) and this is a translation after one full rotation.
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• Full rib-line for any GMLn
m{ν,Θ} ≡ GMLωm+k

m {ν,Θ} body, k = 0, 1, . . . ,m− 1, is
a closed line and we may consider this as cycle of the corresponding element of group of
permutations:

V0
n−→Vωm+k ≡ Vk

n−→V2ωm+2k ≡ Vk1
n−→· · · n−→V0 (3)

where the number of translations is m
gcd(m,k)

!

• According to Corollary 1: If GMLn
m{ν,Θ} body is convex and has a j-colored surface

i.e. body having j independent rib-lines, and then each rib-line is a 2πj-periodic line and
has m

gcd(m,k)
≡ m

j
-translations. The corresponding permutation has j cycles with length

m/j!

Definition 3. Side of the GMLn
m{ν,Θ} body is a continuous closed surface, in which

only the sides of the radial cross section (plane figures) of this body are situated.

Remark 5. According to Corollary 1: If GMLn
m{ν,Θ} body is convex and has j-colored

surfaces i.e. a body having j independent closed parts of the side-surface, then each side-
surface has m

gcd(m,k)
≡ m

j
-translations (3), or this permutation has j cycles with length

m/j!

When cutting the GML body with a single knife, one of three types of slit-surfaces
appear, dependent on whether the cut is made from vertex to vertex (V V0,k), from vertex
to side (V S0,k) or from side to side (SS1,k).

Definition 4. 1. S1,k ≡ SS1,k-surface of the GMLn
m{ν,Θ} body, k = 2, 3, . . . ,

[
m
2

]
+ 1,

is a slit-surface GMLk
2{ν̃, Θ̃} such that the ends of the straight line (radial cross section)

are situated on the sides with the numbers 1 (or A0A1 ≡ S1) and j (or Ak−1Ak ≡ Sk)
where k = 2, 3, · · · ,

[
m
2

]
+ 1 correspondingly of the plane figures (m-symmetric polygon)

of the radial cross section of the GMLn
m{ν,Θ} body (i.e. the cutting line has a beginning

C1
k ∈ S1 and an end C2

k ∈ Sk );
2. V S0,k- surface of the GMLn

m{ν,Θ} body, k = 2, 3, . . . ,
[
m−1
2

]
+ 1, is a slit-surface

GMLk
2{ν̃, Θ̃}, whose radial cross section (straight line) is situated on the edges with the

numbers j (where j = 2, 3) and contains vertex number 0 of the radial cross section of
the GMLn

m{ν,Θ} body (i.e. the cutting line has a beginning C1
j ≡ A0 ≡ V0 and an end

C1
k ∈ Sk);
3. V0,k ≡ V V0,k - surface of the GMLn

m{ν,Θ} body k = 2, 3, . . . ,
[
m
2

]
is a slit-surface

GMLk
2{ν̃, Θ̃}, whose radial cross sections (straight line) contain correspondingly vertices

numbers 0 and k of the radial cross section of polygon, (i.e. the cutting line has a beginning
C1

k ≡ V0 and an end C2
k ≡ Vk). For all other values k, because of the symmetry of the

figure, the results will be repeated.

Definition 5. These surfaces may be represented by (1) where function p(x, z)- is a dm-
knife, in other words, it is construction with dm straight lines (the number dm can only
be a divisor of m) and has the form

sin

(
α +

360

m
i

)
xi+cos

(
α +

360

m
i

)
zi+δ = 0, i = 0, 1, . . . ,m−1, −360◦

2m
≤ α ≤ 360◦

2m
. (4)
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The rotation parameter α and zoom parameter δ allow to connect dm -knives to
V V0,k, V S0,k and SS1,k cuts. Figure 1 shows examples of the traces dm -knives in a polygon
of symmetry 16, i.e. correspondingly traces of S1,5 in the cross section of GMLn

16{ν,Θ}.

Figure 1:

Remark 6. The full cutting of GMLn
m{ν,Θ} (see [3]) leaves the same trace in the cross

section as the corresponding dm-knife, but this same trace is achieved in only one rotation
of 360◦ with the dm –knife.

Remark 7. If δ = 0 in (4) the dm -knife cuts the centre of symmetry of polygon in V V0,k
and V S1,k cuts. The necessary conditions for the Möbius phenomenon are 1. δ = 0 in (4)
and 2. m should be an even number.
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