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Abstract. The problem of summability of Fourier series of continuous almost periodic on locally
compact Abelian groups functions with values in Banach spaces is considered.
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Consider a locally compact Abelian group G with a Haar measure i, assuming that
the topology of G is Hausdorff. We denote by G the group dual to G, i.e., the group of
all continuous homomorphisms (characters) acting from G to the group which is the unit
circle endowed with the topology of uniform convergence on compact subsets of G.

In the well-known paper of S.Bochner and J.von-Neumann [1], the notion of almost
periodic functions, defined on arbitrary groups with values in topological spaces X is
introduced. In the case of a locally compact Abelian group G and Banach space X, this
definition takes the following form

Definition 1. Let f be a continuous function defined on a locally compact Abelian group
G and having the values in a Banach space X. The function f is called almost periodic
on G, if for a fixed x € G and arbitrary g € G, from the family {f(xg)} one can choose
an uniformly convergent with respect to x subsequence in the sense of the norm.

One can verify that if G is the group of real numbers, X is the Banach space of real
numbers and f satisfies the condition of Definition 1, then it is H.Bohr’s classical almost
periodic function [2].

The set of all almost periodic on G functions with values in a Banach space X will
be denoted by AP(G,X). In [1] it is proved that AP(G, X) is the linear closed set in
X. Moreover, every f € AP(G,X) is bounded and uniformly continuous on G. If C
is the Abelian group of the complex numbers, f € Ap(G,X) and a € AP(G,C), then
af € AP(G, X).

Important is the proven in [1] following theorem on the mean value of almost periodic
functions.

Theorem 1. Let G be a topological group, let X be a Banach space and a function f be-
longs to the space AP(G, X). Then there exists a sequence of systems (n =1,2,--+) an1,- -
Upm, € G, A1, Qpm,, 2> 0,001+ -+ Q. = 1 and an unique element ¢ € X such
that the sequence

{an,lf(an,lg) +oot an,mnf(an,mng>7 g€ G}
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converges to a 1 in the sence of the norm of X, when n — oo, uniformly with respect to
g.

For the theory of almost periodic functions it is important that for arbitrary f €
AP(G, X) the mean value M,{f(g)x(g)} of the function f(g)x(g9), x € G, is nonzero
at most on countable sets of characters x (the subscript g at M means that the mean
value is taken relative to g). This circumstance makes it possible that each function
f € AP(G, X) is brought into correspondence with the formal Fourier series

g) ~ Zan(f)Xn(g>7 Xn € @7 Xo = €, (1)

where e is the unit element of the group G and the coefficients a,(f) = M,{f(g)x(9)}
are elements of the space X.

We study the problem of summability of series (1) in the case when {y,} has unique
accumulation point at the infinity of G. In such a case, we denote by Pk(f, X) the set of
elements of the form ZXk ci @ Xk (9), where K is a compact set of @, ay are elements of
X and g € G. The elements of Pk (f, X) are called trigonometric polynomials of degree
K.

Let L(G) be the space of integrable on G by a Haar measure p functions. For a
functlon f e L(G) we can define its Fourier transform f on G according to the equality

=[.f G )dug, X € G. We denote by Ug the collection of all symmetrlc compact
sets from G Wthh are closures of neighborhoods of the unit element of G. ForaT e Us

we consider a defined on G real valued continuous function w7 such that supppr C T, the
Fourier transform V7 (g) := @r(g) belongs to L(G) and [, Vr(g)dg = 1. For f € AP(G X)
and Vr we define the following function

frlg) = /G f(95)Va(s)ds, g € G. 2)

The integral in (2) is understood in the Bochner sense [3].

Proposition 1. Let f be a function from AP(G,X), whose Fourier series has the form
(1) and every T € Ug contains only a finite number of the entering in (1) characters xy.
If the acting from G to X function fr is defined by (2), in which the numerical function
Vr satisfies the above mentioned conditions, then

fr(g) = Z ar () er(Xr)Xk(9)- (3)

xx €T

Proof. We have for a fixed g € G and arbitrary h € G

fr(gh)ll = /G F(sgh)Vi(s)ds]| < /G £ (sgh)|| - [Vir(s)]ds. (4)
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Since f belongs to the space AP(G, X), from the family {f(sgh)} one can select a sub-
sequence {f(sghi)}, hy € G, which converges in X uniformly with respect to s™'g.
Therefore, from (4) it follows that the function fr belongs to AP(G, X). Let us calcu-
late the Fourier coefficient b, of the function fr which corresponds to the character yy.
Namely

Mm:%m@mmzmiﬁ@mwwmwm}

By application of Theorem 1 we see that the coefficient by(f7) can be represented in the
following form

Mn

be(fr) = Jim > [ sV a6 Fansgs)xs(ansgs)ds.
where Z:i"l ap; =1 and a,; ¢ =1,--- ,m, are some elements of the group G. One can

pass to the limit inside the integral, because Vi € L(G) and f is bounded on X. Applying
well-known properties of mean values ([1], p. 29), we get

bu(fr) = /G V() xe(8) M, L f (95) X (99) s

- /G Vi ()X (5) My { £ (9)xx(9) }s = Ve (e )My {F(9)xe(@)} = an(Per(xe). (5)

If xx€T', we have from (5) that b, = 0. From this and (5) it follows that the right hand
of (3) is the Fourier series of the function fr(g). From the uniqueness theorem of Fourier
series for almost periodic functions ([1], p.36) follows equality (3). O

For the case when G = R, X = C, Proposition 1 was proved in [4].

Theorem 2. Let G be a locally compact Abelian group, T € Ug, Vi = or, ¢(e) =
1, lim,_ & pr(g) = 1 for arbitrary fized g € G and the integrals [, |Vi(g)|dg are uniformly
bounded according to T'. Let us assume moreover that for f € AP(G,X) the conditions
from Proposition 1 are satisfied. Then uniformly with respect to g € G

lim fr(g) = f(9),

T—-G
where fr(g) is the trigonometric polynomial of the degree T, defined by (3).

Proof. According to the well-known approximate theorem ([1], p.37), for the function f €
AP(G,X) and € > 0 there exists a trigonometric polynomial Qr,(g9) = >_, < cxxx(9),
¢, € X such that

If = Qnll <e. (6)

We can see this also by a simple generalization of the proof, given in [4] or in [5]. Tt is
important to note that the characters appearing in a finite polynomial )7, are chosen
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from the characters encountered in the Fourier series of the function f(g). Based on (6),
we have for arbitrary symmetric with respect to the unity e compact set T O Tj of G that

[ /G Qo (g0)Vip ()t — /G F(gu)Va(u)dul| < < /G Vi () du (7)

But fG Qr, (gu)Vr(u)du = ZXkGTO Ck fG Xk (gu)Vr(u)du = ZXkGTO cxer(Xk)Xxk(g) and we have
from (7)

IS awertu(s) - @)l << [ Vet 0
xx€To G
From the conditions imposed on the function ¢r it follows that we can choose such compact
T C G for which the following holds

11— or(xr)] < ( Z lex|]) " Le.

xk€To
Then we have
1Qn,(9) = > ererOa)xe@l =11 Y el —erlxn)xr(g)ll < e (9)
Xk €To Xk €To

It follows from (7), (8), (9) that for arbitrary set T' € Ug the following is valid
17 = sl < e+ [ [Vrtwldu)
T — @, than we have the validity of Theorem 2. O
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