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THE NUMBER OF REPRESENTATIONS OF NUMBERS BY POSITIVE BINARY
QUADRATIC FORMS WITH EVEN DISCRIMINANT

Teimuraz Vepkhvadze

Abstract. The formulae for the average number of representations of numbers by a genus of
positive binary quadratic forms with even discriminants are given. It gives us the opportunity
to obtaim the formulae for the number of representations of positive integers by some binary
forms with even discriminant belonging to multi-class genera.
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Let r(n; f) denote the number of representations of a natural number n by a positive
integral quadratic form f = f(z1,%2,...,%s).

It is well known that, for the case s > 4, r(n; f) can be represented as r(n; f) =
p(n; f)+v(n; f), where p(n; f) is a “singular series” and v(n; f) is a Fourier coefficient of
a cusp form. This can be expressed in terms of the theory of modular forms by stating
that J(7; f) = E(7; f) + X(7), where

I(r; f) = 1+Zr(n;f)@", 7€ H={r:Im7 > 0},
n=1
Q = €™ X (7) is a cusp form and

E(r;f) =1+ p(n; f)Q"

is the Eisenstein series corresponding to f.
Siegel [1] proved that if the number of variables of a quadratic form f is s > 4, then

E(r; f) = F(7; f), (1)

where F(7; f) denote a theta-series of a genus containing a primitive integral quadratic
form f. From formula (1) follows the well-known Siegel’s theorem: The sum of the singular
series corresponding to the quadratic form f is equal to the average number of represen-
tations of a natural number by a genus that contains the form f. Later Ramanathan [2]
proved that for any primitive integral quadratic form f with s > 3 variables (except for
zero forms with variables s = 3 and zero forms with variables s = 4 whose discriminant
is a perfect square), there is a function E(7,z; f), which he called the Eisenstein-Siegel
series and which is regular for any fixed 7 when Im7 > 0 and Rez > 2 — 7, analytically
extendable in a neighborhood of z = 0, and that



148 T. Vepkhvadze

F(ri f) = B(1,2 f)|,_,- (2)

For s > 4 the function E(r,z; f) ‘z:o coinsides with the function E(7; f) and the formula
(2) with Siegel’s formula (1).

In [3] we proved that the function E(7,z;t) is analytically extendable in a neighbor-
hood of z = 0 also in the case where f is any nonzero integral binary quadratic form
(both positive-definite and indefinite) and that

Firs f) = 5 Bz )| - Q

Ramanathan [2] believed that this result fails to hold for positive and nonzero indefinite

binary quadratic forms. It follows from (3) that half of “the sum of a generalized singular

series” that corresponds to a binary quadratic form is equal to the average number of

representations of a natural number by the genus containing this quadratic form. In
particular, if a quadratic forms belongs to a one-class genus, then for natural n

r(n; f)——p(n f)- (4)

From the result of [3] and [4] we obtain that in the case of positive binary quadratic
form f with even discriminant p(n; f) can be calculated as follows.

Theorem 1. Let f = ax® + bxy + cy?® be a primitive positive binary quadratic form with

even discriminant d = b* — dac, (a,d) =1, A = =% = r?w (w is a square-free number),

n=2%m (21m), A =27A; (21 A1), P|A, pP|In, w= T] p° (p is an odd prime number),
o

then

where

X2 =222 if 2ly, 0<a<y—3, 2la, m=a(mod8);
=0 if 27, 0<a<~y-3, 2o, 2|7, mZa(mod8) or 0<a<y—-1, 2{q

= (1+(—1)%(m_“))2% if 21y, a=7y-2;

(m “))2% if 2y, a>7, 2la, Ay =1(mod4);
f 2|77 a=7, A =—1(mod4);
—DFEH )23 g (14 (<) ) (- 5 - 2)28
if 2y, a>7, 2la, Ay =—1(mod4);
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:(1+<—n
= (1 + (—1)5““))(@ —y =122 if 2ly, a>~+1, 2ta, Ay =—1(mod4);

=222 f 0<a<y-3, 21y, 2o, m=a(mod8);
=0if 0<a<y—3, 217, 2la, m#Za(mod8) or
0<a<7—2 247, 21a;

(A171)+%(m*a)>2% if 21y, a>~v4+1, 2ta, A;=1(mod4);

-1 i(m+A1a)+%(m*a))2%(’Y*) if 247y, a>7v, 2ta, m=—Aja(mod4);
_ﬁ 1

+(® "a)>p2ﬁ, if 0> 8+1, 2p;
b

—¢

—p A 1 1y .

pr— _— - < X

(2 )p(1+( ( )2 ) iFe<B, 2 28

)
S(- C5205) (0 (52)) vt e o 2

p
_ (1+ (p;A),Bﬂ(p (ﬁ+;naA)) 3D yrp< 240,

—0if (>B+1, 218

The values of L(1; —w) are given in [5] (Lemma 15).

Thus, if the genus of the quadratic form f contains one class, then according to formula
(4) the problem for obtaining “exact” formulas for r(n; f) is solved comlytely.

Having used Gauss’s theory of genera Kaplan and Williams [6] showed the existence
of positive binary quadratic forms with an even discriminant which belong to multi-class
genera, but for which in case of even numbers equality (4) is true.

The following three theorems show, that the problems of obtaining formulas for the
number of representations of even numbers by the binary forms belonging to multi-class
genera can be easily reduced to the case of one-class genera.

Theorem 2. Let f = ax? + by? be a primitive positive binary form, A = ab = 3 (mod 4).
Then

r(20m; f) = r(2°7*m; fr),
where a > 2, 2t m, fi = ax® + axy + 4Ly,

Theorem 3. Let f = ax? + by? be a primitive positive binary form, A = ab = 3 (mod 4).
Then
r(2%m; f) = r(2°7*ms fr),
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where o > 2, 24 m, f1 = “T’beQ - I’_Ta:quL "“TeryQ.
Theorem 4. Let f = ax? + by? be a primitive positive binary form, A = ab =0 (mod4).
Then
r(20m; f) = (227 m; fu),
where 2|, a > 2, 24 m, fi = az® + 5y°.
Applying these theorems to the discriminants d = —144 and d = —152, we obtain the
following corollaries.

Corollary 1. Let fi = 2% + 3692, fo = 422 + 99*, n = 2%m = 2°3Pu, where (m,2) =
(u,6) = 1. Then for a > 1

r(ns fr) = r(n; fo) = %(1 + (%)) (1 + <—1)“(§)) Z (Ch) waz2 s=0
2(1+(%))Z(‘71> if 28, B>2, a>2,

=0 if a=1 or 2¢p.

Corollary 2. Let fi = 22 + 442, fo = 42° + 2xy + 1192, f3 = 42% — 22y + 1192,
n = 2943u, (u,86) = 1. Then for a > 1, we have

(s f1) = r(ns f) = r(ns fo) = (1 + (%)) S (52 i 2l

v|u

=0 if 21a.

REFERENCES

1. SiEGEL, C.L. Uber die analytische theorie der quadratischen formen. (German) Ann. of Math., (2)
36, 3 (1935), 527-606.

2. RAMANATHAN, K.G. On the analytic theory of quadratic forms. Acta Arith., 21 (1972), 423-436.
3. VEPKHVADZE, T.V. On a formula of Siegel. Acta Arith., 40, 2 (1981/82), 125-142.

4. VEPKHVADZE, T. Modular properties of theta-functions and representation of numbers by positive
quadratic forms. Georgian Math. J., 4, 4 (1997), 385-400.

5. LoMADZE, G.A. On the representation of numbers by positive binary diagonal quadratic forms (Rus-
sian). Mat. Sb., 68, 110 (1965), 282-312.

6. KapLAaN P., WiLLiaMs, K.S. On the number of representations of a positive integer by a binary
quadratic form. Acta Arith., 114, 1 (2004), 87-98.

Received 04.05.2017; revised 05.09.2017; accepted 11.10.2017.
Author(s) address(es):

Teimuraz Vepkhvadze

Faculty of Exact and Natural Sciences, 1. Javakhishvili Thilisi State University
University str. 2, 0186 Thilisi, Georgia

E-mail: t-vepkhvadze@hotmail.com



