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Abstract. In this paper we give an analytic representation of one special class of geometric
figures with a double toroidal basis line.
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In 2006, in [1], an analytical representation of a wide class of geometric figures that

had plane baselines was given. This representation made it possible not only to describe
the so-called GTR (Generalized Twisting and Rotated) and GML (Generalized Mbius-
Listing’s) figures but also to explore many of the geometric properties of these figures.

X(7,,0,t) = Ty(t) + cos(0 + M(£))[R(0,t) + r(1,9,0,t) cos(n(0) + g(t) + )]
Y(7,9,0,t) = To(t) 4+ sin(0 + M (t))[R(0,t) + r(1,,0,t) cos(n(0) + g(t) + )] (1)
Z(1,4,0,t) = Ts(t) + K(0,t) + (7,1, 0,t)sin(n(0) + g(t) + )]

All possible admissible frames, as well as the geometric and physical meaning of the
functions R(6,t),r(7,v,0,t), M(t),n(0),g(t) and vector T'(t) = (T1(t):1(t),T2(t), T5(1))
entering into the analytic representation (1) are given in [1,2]. New results were ob-
tained when the baselines (i.e. function R(6,t)) and radial cross sections (i.e. function
r(7,1,0,t)) of these figures were described using the Johan Gielis superformula.
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Various methods for specifying geometric lines and surfaces are very convenient for a
further study of the properties of these geometric shapes and lines (for example, see [3]).

*Some of the results were presented at the scientific seminar in Katholic University of Leuven
in 2016. The results were discussed for a long time and in detail with many colleagues in
different countries and institutions. The authors are deeply grateful to Wendy Goemans for
discussion. The project has been fulfilled by a financial support of Shota Rustaveli National
Science Foundation (Grant SRNSF/FR/358/5-109/14).
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At this stage an analytical representation figures baseline which is toroidal (i.e. space)
line is given. This type of figure appears when cutting GML bodies along parallel surface
of the basis line. Thus, an analytical description of these figures plays an important role
in the further study of quite interesting and important problems.

Words, a simple example of this class of figures, can be described as follows:

1. A certain torus is given and a cylinder is wound on its surface in a certain way.

2. There is one cylinder wound around this geometric surface.

Now, without loss of generality, we will give the simplest form of an analytic represen-
tation and describe in general terms the geometric and physical values of functions that
are new in comparison with representation (1).

X(7,9,0,t) = Ty(t) + cos(6 + M(t)) {rl(e, £) + 726, t) cos %9 + g7, , 1) cos (n_a@> }

ms
Y(7,9,0,1) = T5(t) +sin(6 + M(t)) {r1(67t> +15(6,t) cos nmie + r3(7, 1, 1) cos (%38) }
2 3
Z(T, @D» 9>t) = Tj(t) + 7’2(9, t) sin n—29 + 7“3(7" ¢’ t) sin <¢ + &9)
mo ms

(3)
Here 7,0, - are space coordinates (local coordinates or parameters in parallelogram:

T € |1, 7"] and 7. < 7F usually are non-negative constants; and ¢ € [0.27]; 6 € [0, 27h]
where h € R); t is a time coordinate.

e Function 71(6,t) describes the geometric shape and behavior in time of a “large”
radius or plane baseline in terms of papers [1, 2] of the primary torus (toroidal surface).

Shape is a circle, if this function is a constant or circle with a time-varying radius if
this function depends only on time argument. This plane curve may be of quite complex
shape, and can be described as a super formula J. Gielis (2).

Behavior - The initial toroidal surface can change in time, and this change and its
speed are given by this function, depending on the time argument.

e In the analytic representation (3), the term describes the behavior and shape of the
line wound on the initial toroidal surface (or the behavior of the small radius of the torus).
In general these two functions determine the toroidal surface and its movements. And
the parameters and determine the rule of winding by a given line of the toroidal surface

Shape is a circle, if the function is a constant or circle with a time-varying radius if
this function depends only on time argument; i.e. we have a classic torus if both functions
and are constants or torus with changing radii, if these functions depend only on the time
argument. This plane curves may be of quite complex shapes, and can be described as a
super formula J. Gielis (2), with different parameters; i.e. we apply formula (2) two times
but with different values of the parameters.

Behavior - The shape can change in time, and this change and its speed are given
by these functions, depending on the time argument.

Rule of winding around torus is determined by two parameters. Parameter ng
determines the number of rings around the torus, while the other parameter determines
the amount of circumvention of the torus after which the above ns rings appear (i.e.
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v = ny/my). In representation (3) we give a regular winding rule, in reality it can be of
a rather complex kind that will be described by a function g(#) (similar representation
(1)).

The direction of the winding is determined by the sign before the fraction; The winding
is counter-clockwise or clockwise.(some exaples are presented in Fig. 1)

Fig. 1.

e Function r3(7, 1, t) determines the radial cross section of the body itself. This body
has the basic line described above the toroidal line and for each value of the argument 6
defines the shape of the radial section. But this shape may be changed with time.

A very interesting case where all three functions r(6,t),7(6,t) and r3(0,t) depend
on a time argument and are periodic - these are the patterns of three different oscillatory
movements that can not be described without such a superposition.

e The vector function T'(¢) defines, as before in (1), a parallel transfer of the whole body
without changing the geometric shape and structure, and the function M(¢) determines
the rotation of this body around the axis OZ.
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