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Abstract. In this paper plane problems of elasticity for a circle with double porosity is consid-
ered. The solutions are represented by means of three analytic functions of a complex variable
and one solution of the Helmholtz equation. The problems are solved when the components of
the displacement vector is known on the boundary.
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1 Introduction. A theory of consolidation for elastic materials with double poros-
ity was presented in [1-3]. Various issues related to the elastic equilibrium of bodies with
double porosities are treated in [4-6].

In this paper we consider the case of a plane deformed state and write the correspond-
ing two-dimensional system of equilibrium equations in the complex form. We construct
the general solution of the above-mentioned system of equations by means of three ana-
lytic functions of a complex variable and solutions of Helmholtz equations. The obtained
analogues of the Kolosov-Muskhelishvili formulas make it possible to solve analytically
plane boundary value problems of the elastic equilibrium with double porosity. We solve
a boundary value problem for a circle.

2 The plane deformation. Basic equations. Let V' be a bounded domain
in the Euclidean two-dimensional space E? bounded by the contour S. Suppose that
SeC¥ 0<B<1. Let z = (x1,22) be the points of space E?, 9; = %. Let us assume
that the domain V' is filled with an isotropic double porosity material. Z

The system of homogeneous equations in the full coupled linear equilibrium theory of

elasticity for materials with double porosity can be written as follows
O0a0ap =0, (a,8=1,2) (1)

11 = N+ 2u01u1 — Bipr — Bapa, 022 = N + 2u0sus — Pipr — Bape,

(2)

012 = 012 = ,U,(allLQ + 82u1), 0 = (91u1 + 82u2,

where 0,4 are stress tensor components, p, (o = 1,2) are the pressures in the fluid phase,
A and p are the Lamé parameters, 3, (o = 1,2) are the effective stress parameters.
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In the stationary case, the values p; and p, satisfy the following equation

(k1A —7)p1 + (k12A +79)p2 =0, .
{ (kA = 9)p1 + (k2A +y)pp =0, " v 3)

where « is the internal transport coefficient and corresponds to fluid transfer rate with

K K
respect to the intensity of flow between the pore and fissures, k, = —7, ks = —1/2,

Ra1 . . . . .. .. e
kop = — - i/ is the fluid viscosity, k1 and kg are the macroscopic intrinsic permeabilities

associated with matrix and fissure porosity, respectively, k12 and ko are the cross-coupling
permeabilities for fluid flow at the interface between the matrix and fissure phases, A is
the 2D Laplace operator.
On the plane z175, we introduce the complex variable z = x1 + iz, = re?, (i = —1)
and the operators 9, = 0.5(0; — i0s), 05 = 0.5(0, + 101), Z = w1 — ixe, and A = 40,0;.
If relations (2) are substituted into system (1), then system (1) is written in the
complex form

20050, us + (A4 p)0:0 — 0s(B1ip1 + Pop2) =0, inV, (uy = uy + tug). (4)

3 The general solution of system (3)-(4). In this section, we construct the
analogues of the Kolosov-Muskhelishvili formulas [7] for system (4).
From system (3) we easily obtain the expressions for the pressures p; and py

pr=f(2) + ['(2) + (k2 + ki2)n(2,2), p2 = f'(2) + f'(2) = (k1 + ka1 (2, 2),

where f(z) is an arbitrary analytic functions of a complex variable z in the domain V'
and 7(z, z) is an arbitrary solution of the Helmholtz equation

Y(k1 + k2 + k1o + ka1)

48285 —? — 0, 2 -
=6 ¢ ks — Kuokon

Theorem 1. The general solution of the system of equations (4) is represented as follows:

St = rip(z) — (2 — () + “(fl+—+252’>(f’(z) L) + 60un(=. 2),

where

A+ 3p 5 4p( (kg + F12) 81 — (k1 + ka1)B2)
A +p (A +2p)¢? 7

©(z) and Y(z) are arbitrary analytic functions of a complex variable z in the domain V.

4 A problem for a circle. In this section, we solve a concrete boundary value
problem for a circle of radius R (Figure 1). On the boundary of the considered domain
the values of pressures p; and ps and the displacement vector are given.
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We consider the following problem

=
I

e
+o0o )
P11 = Z Aneznﬁ’ |Z| == R7
feo (5)
/R p2= % Bue™, |2 = R,

X

-
<

+o0
Uy = C,e™ |z| = R. 6
Figure 1: The circle i —zo:o g ©)

The analytic function f(z) and the metaharmonic function 7(z, Z) is represented as a

series
+00 ' +oo 4
= Zanemﬁ, n(z,z) = Zoznln(ré“)e’"ﬂ, (7)
n=1 —o0

where I,(r{) is a modified Bessel function of n-th order, and are substituted in the
boundary conditions (5) we have

+00 “+o00 +00
Z an—l (anei(n—l)ﬁ + dne—i(n—l)ﬂ) + (k)g + lﬁg) Z an]n(Rc)einﬂ _ Z Aneinﬂ
n=1

B = B g
Z an—l (anei(n—l)ﬂ + ane—i(n—l)ﬂ) _ (kl + le) Z anIn(Rg)einﬂ _ Z Bneinﬂ
n=1 —oo —o0

Compare the coefficients at identical degrees. We obtain the following system of equations

aq + C_Ll + (kQ + ]{12)[00(0 = Ao, an_lan + (k2 + k12>Inflan71 = Anfla (9)
a1+ ay — (k1 + ko1 ) oy = By, nR" ‘a, — (k1 + ko1)ln—100-1 = By_1.

The solutions of the system (9) have the following forms:

0 — (k14 ko1)Ap_1 + (ko + k12) By o — A, — B,
" nR" (ki + ko + k1o + ko1) " (k1 + ko + k1o + kot )1

The analytic functions ¢(z) and 1 (z) are represented as the series

= ibnz”, U(z) = icnz”,
n=1

n=0

and are substituted in the boundary conditions (6) we have

& Z Rnbnez’m? . ElReiﬁ o Z(n + Q)Rn+26n+2e—im9 . Z Rnéne—mﬂ
= n=0 n=0

n | X . ad . 5
_}_M(ﬁ)l\ ‘:_ gjL)R Z aneznﬁ + ; dne—z(n—2)19 C Z , n+16l (n+1)9 Z C 6

n=1
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Compare the coefficients at identical degrees. We obtain

1 (G (Pt P) 9¢
b= — (2 AT 0 g 1
" /{(R" N2 T Tt ) Mo
St b 0¢ C.,
n — u()\l—l——wi)(n + 2)R2(ln+2 - ﬁan—’—lln - (TL + 2)R2bn+2 - W, n 2 O,
C 4]
by — KC1+C1 (B Be) n ¢ ol

(k2—1)R (A+2u)(k—1) 2R(k—1)

It is easy to prove the absolute and uniform convergence of the series obtained in the
circle (including the contours) when the functions set on the boundaries have sufficient
smoothness.

Similarly the problem can be solved when on the boundary of the considered domain
the values of stresses are given.
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