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Abstract. The first Darboux problem for one class of nonlinear second order hyperbolic systems

is considered.The questions of existence and nonexistence of global solution of this problem are

investigated.
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In the plane of variables x and t let us consider the second order hyperbolic system of
the form

Lu := utt − uxx + A(x, t)ux +B(x, t)ut + C(x, t)u+ f(x, t, u) = F (x, t), (1)

where A,B,C are given n − th order matrices, f = (f1, ..., fn) and F = (F1, ..., Fn) are
given, and u = (u1, ..., un) is an unknown vector-function, n ≥ 2.

Let us denote by DT := {(x, t) ∈ R2 : 0 < x < t < T} , T = const > 0 the angular
domain, lying in the characteristic angle {(x, t) ∈ R2 : t > |x|} and bounded by the char-
acteristic segment

γ1,T : x = t, 0 ≤ t ≤ T

and noncharacteristic segments

γ2,T : x = 0, 0 ≤ t ≤ T

and
γ3,T : t = T, 0 ≤ x ≤ T.

For system (1) in the domain DT consider the following problem: find in the domain
DT a solution u = u(x, t) of system (1), which satisfies the following boundary conditions:

u|γi,T = ϕi, i = 1, 2, (2)

where ϕi, i = 1, 2, are given vector - functions, which satisfy the agreement condition

ϕ1(0, 0) = ϕ2(0, 0)

at the common point O(0,0). With T =∞ we will have D∞ : t > |x| , x > 0 and

γ1,∞ : x = t, 0 ≤ t < T,

γ2,∞ : x = 0, 0 ≤ t ≤ T.
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Definition 1. Let A,B,C, F ∈ C(DT ), f ∈ C(DT × Rn) and ϕi ∈ C1(γi,T ), i = 1, 2.
Vector - function u is called a generalized solution of problem (1), (2) of class C in the
domain DT , if u ∈ C(DT ) and there exists a sequence of vector - functions um ∈ C2(DT )
such that um → u as Lum → F in the space C(DT ) and um|γi,T → ϕi in the space
C1(γi,T ), i = 1, 2, when m→∞.

Definition 2. Let A,B,C, F ∈ C(D∞), f ∈ C(D∞ × Rn) and ϕi ∈ C1(γi,∞), i = 1, 2.
We say that problem (1), (2) is locally solvable in the class C , if there exists a number
T0 = T0(F, ϕ1, ϕ2) > 0 such that for any positive number T < T0 problem (1), (2) has at
least one generalized solution of class C in the domain DT in the sense of Definition 1.

Definition 3. Let A,B,C, F ∈ C(D∞), f ∈ C(D∞ × Rn) and ϕi ∈ C1(γi,∞), i = 1, 2.
We say that problem (1), (2) is globally solvable in the class C, if for any positive T
problem (1), (2) has at least one generalized solution of the class C in the domain DT .

Definition 4. Let A,B,C, F ∈ C(D∞), f ∈ C(D∞ × Rn) and ϕi ∈ C1(γi,∞), i = 1, 2.
Vector - function u ∈ C(D∞) is called a global generalized solution of problem (1), (2) of
the class C, if for any positive T u|DT

is a generalized solution of problem (1), (2) of the
class C in the domain DT .

Let us note that in the linear case, i.e. when f = 0, problem (1), (2) is posed
correctly [1 -3]. In the scalar case, when passing to the nonlinear equation, although this
problem remains locally solvable in the sense of Definition 2, in the specific cases it is not
globally solvable in the sense of Definition 3 [4, 5]. It should also be noted that under the
assumptions made above relative to data of problem (1), (2) in the case, when an increase
of the nonlinearity of vector - function f = f(x, t, u) with respect to u is not higher than
the first order, i.e.:

‖f(x, t, u)‖ ≤M1 +M2 ‖u‖ , Mi = const ≥ 0, i = 1, 2, (3)

this problem is globally solvable in the sense of Definition 3. Indeed, in this case for
generalized solution of problem (1), (2) of the class C in the domain DT it the following
a priori estimate

‖u‖C(DT ) ≤ c1‖F‖C(DT ) + c2‖ϕ1‖C1(γ1,T ) + c3‖ϕ2‖C1(γ2,T ) + c4, (4)

is valid where nonnegative constants ci = ci(M0,M1,M2, T ), i = 1, 2, 3, 4, do not depend
on u, F and ϕ1, ϕ2, besides,ci > 0, i = 1, 2, 3, and

M0 = sup
(x,t)∈DT

max
1≤i,j≤n

(max {|Aij(x, t)| , |Bij(x, t)| , |Cij(x, t)| }).

Passing to new independent variables ξ and η:

ξ = 1/2(t+ x), η = 1/2(t− x),
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problem (1), (2) will take the form:

L1v := vξη + A1(ξ, η)vξ +B1(ξ, η)vη + C1(ξ, η)v + f1(ξ, η, v) = F1(ξ, η), (ξ, η) ∈ GT ,

v|OP1: η =0, 0 ≤ ξ ≤ T = ψ1(ξ ), 0 ≤ ξ ≤ T,

v|
OP2: ξ = η , 0 ≤ η ≤ 1/2T

= ψ2(η ), 0 ≤ η ≤ 1/2T,

in the domainGT = OP1P2 of the planeO = Oξη , where P1 = P1(T, 0), P2 = P2(1/2T,
1/2T )

with respect to a new unknown vector-function v(ξ, η ) = u(ξ−η, ξ+η). Using the method
of characteristics, the obtained problem can be reduced to the following equation

v(ξ, η) = (L0v)(ξ, η),

where L0 is a nonlinear integral Volterra type operator acting in the space (GT ), besides,
this operator is also continuous and compact in the same space, whence, taking into
account a priori estimate of u and the equality v(ξ, η) = u(ξ − η, ξ + η), from the Lerray-
Schauder’s theorem the existence of a generalized solution of the problem (1), (2) of the
class C in the domain DT follows.

Below we consider the cases, when condition (3) is violated, i.e.

lim
‖u‖→∞

‖f(x, t, u)‖
‖u‖

=∞

and the problem is not globally solvable, in particular it does not have the global gener-
alized solution in the domain D∞ in the sense of Definition 4.

Theorem 1. Let A = B = C = 0, f = f(u) ∈ C(Rn), F ∈ C(D∞), ϕi = 0, i = 1, 2.
There exist numbers l1, ..., ln,

∑n
i=1 |li| 6= 0 such that

n∑
i=1

lifi(u) ≤ c0 − c1

∣∣∣∑n

i=1
liui

∣∣∣β, β = const > 1, (4)

where c0, c1 = const, c1 > 0. Function F0 =
∑n

i=1 liFi − c0 satisfies the following con-
ditions: F0 ≥ 0, F (x, t)|t ≥ 1 ≥ c2t

−k ; c2 = const > 0, 0 ≤ k = const ≤ 2. Then
there exists a positive number T0 = T0(F ), such that problem (1), (2) does not have the
generalized solution of the class C in the domain DT , when T > T0.

Corollary 1. From the above said and the theorem it follows that when the conditions of
this theorem are fulfilled, though this problem is locally solvable, it has no global generalized
solution of the class C in the domain D∞.

Now we will give one class of nonlinear vector - functions f = f(u) for which condition
(4) is satisfied:

fi(u1, ..., un) =
∑n

j=1
ai j|uj|βi j + bi, i = 1, ..., n, (5)
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where ai j = const > 0, bi = const, βi j = const > 1; i, j = 1, ..., n. In this case
instead of li, i = 1, ..., n, we can take l1 = l2 = ... = ln = −1. Indeed, let us choose
β = const such that 1 < β < βi j; i, j = 1, ..., n. It is easy to verify that |s|βij ≥
|s|β − 1 ∀s ∈ (−∞,∞). Using the well-known inequality [6]

n∑
i=1

|yi|β ≥ n1−β

∣∣∣∣∣
n∑
i=1

yi

∣∣∣∣∣
β

∀y = (y1, ..., yn) ∈ Rn, β = const > 1,

we obtain
n∑
i=1

fi(u1, ..., un) ≥ a0

n∑
i,j=1

|uj|βi j +
n∑
i=1

bi ≥ a0

n∑
i,j=1

(|uj|β − 1) +
n∑
i=1

bi

= a0n
n∑
j=1

|uj|β − a0n
2 +

n∑
i=1

bi ≥ a0 n
2−β

∣∣∣∣∣
n∑
j=1

uj

∣∣∣∣∣
β

+
n∑
i=1

bi − a0n
2,

a0 = min
i,j

aij > 0.

From here the inequality (4) with l1 = l2 = ... = ln = −1, c0 = a0n
2 −

∑n
i=1 bi,

c1 = a0n
2−β > 0 follows.

Let us note also that the vector - function f = f(u) presented by equalities (5) also
satisfies condition (4) where l1 = l2 = ... = ln = −1, and coefficients aij meet less
restrictive conditions: ai j = const ≥ 0, but aiki > 0, where k1, ..., kn represents any
permutation of numbers 1, 2, ..., n.
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