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ON THE SOLUTION OF THE NON-CLASSICAL PROBLEM OF STATICS OF THE
THEORY OF ELASTIC MIXTURE IN A CIRCULAR DOMAIN

Kosta Svanadze

Abstract. In the paper for the homogeneous equation of statics of the linear theory of elastic
mixture in a circle one non-classical problem is solved, which for the case of a circular domain
is analogous to non-classical problems for harmonic and biharmonic equations considered by
A. Bitsadze. The solution is represented by absolutely and uniformly convegent series.
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1 Introduction. The basic two-dimesional boundary value problems statics of the
linear theory of elastic mixtures are studied in [1], [2], [5] and also by many other authors.

In the monograph [3] A. Bitsadze considered the non-classical boundary value problem
in a circle for a harmonic equation in case of the Dirichlet problem. In this work we
consider the non-classical boundary value problem in the circle for the homogeneous
equation of statics of the linear theory of elastic mixture.

2 Basic equation and boundary value problem. The homogeneous equation
of static of the linear theory of elastic mixture compex form is written as [2]
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The following formulas are valid [1]
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where X;(j = 1,2) is a real constant, X; — X5 # 0.
In [2] M. Basheleischvili obtained the following representations (Kolosov-Muskhelishvili
type formulas)
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where ¢ = (p102)" and 1) = (1, 12)7 are arbitrary analytic vector-functions; (T'U),,

p = 1,4 are components of the stress vector [5],
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5@ = Magy — M5y N = (ny,m2)" is the unit vector of the outer normal.

The following Green formula is valid [5]
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where D is a circular domain D = (|z| < 1) and S is a boundary of D, E(u,u) is the
positively defined quadratic form. The equation FE(u,u) = 0 admits the solution
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where v = (v, 15)7 is an arbitrary complex vector and ¢ is an arbitrary real constant.
Let us formulate the non-classical boundary value problem in the circular domain D.

Find a vector U = (uy + tug, uz + tuy)” which belongs to the class C*(D) (N CY*(DJS),
is a solution of equation (1) and satisfies the following boundary condition

U(e?) = U@E?) = f(), 0<6<2m, 0<d<1, (6)

where f = (f1, fo)T is a given vector-function, below we assume that f* belongs to the
Dirichlet class.

Using the Green formula (4) it is easy to prove (see(5)).

Theorem. Two arbitrary reqular solutions of problem (1),(6) differ from each other only
by a constant vector.

On the basis of formula (3); our problem (1), (6) is reduced to finding two analytic
vector-functions ¢(z) and ¥(z) in D by the boundary condition

mip(t) + ST + T0) — me(8t) — 51 8700 — 50 = S(0)
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t=¢e% 0<6#<2rm, 0<d<l.

Let us expand the boundary vector-function f(e) into the Fourier series

fe?y = Z Ape™ 0<0 <2, (8)

n=—oo

where A, = (A,,, A,,)T is a known coefficient.
We look for the vector-function ¢(z) and ¢ (z) in the following form [4]

o) = w, vz =Y bk, (9)
k=1 k=0

where aj, = (ay,, ax,)” and by = (by,, by,)? are unknown coefficients.
Taking into account (8) and (9) in (7) we obtain the following system of equations for
unknown coefficitns:
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It is evindent that from the systems (11) and (12) the coefficitns a,(n > 1) and
b,(n > 0) are defined uniquely.
Using (2) we determine the coefficient a;. The system (10) can be rewritten as follows
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whence we have
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from (13) and (14) we’ll have
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Remarking that determinant of the system (15) is equal to (Xo — Xj)det|m| and
different from zero. Consequently, the coefficient a; = (a1, a12)” is defined uniquely.

By the above given reasoning we have the coefficients a,(n > 1) and b,(n > 0) are
defined uniquely by means of Fourier coefficients of the f(e?). Further, note that f"
belong to the Dirichlet class (see 2°).
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Having found the coefficients a,,(n > 1) and b,(n > 0) using formulas (9) we can find
©(z) and ©(z) given by absolutely and uniformly convergent series (see [4]).

Using the expressions of the above-mentioned vector-functions and substituting them
into the expression for the displacement vector (see (3); we obtain the solution of the
posed problem given by absolutely and uniformly convergent series.
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