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ON THE SPACE OF SPHERICAL POLYNOMIAL WITH QUADRATIC FORMS OF
ANY NUMBER OF VARIABLES
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Abstract. The spherical polynomials of order v with respect to the quadratic form of r variables
are constructed and the basis of the space of these spherical polynomials is established. The
space of generalized theta-series with respect to the quadratic form of r variables is considered.
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1 Introduction. Let

QX)=Qx1,-+,2) = > by,

1<i<j<r

be an integer positive definite quadratic form of r variables and let A = (a;;) be the
symmetric r x r matrix of quadratic form Q(X), where a;; = 2b; and a;; = a;; = b;;, for
i < j. Let Aj; denote the cofactor to the element a;; in A and a;; is the element of the
inverse matrix A1

A homogeneous polynomial P(X) = P(xy,---,x,) of degree v with complex coeffi-

cients, satisfying the condition

5 i) =0 0

1<i,j<r

is called a spherical polynomial of order v with respect to Q(X) (see [1]), and

U(r, P,Q) = Z P(n)z9M z = ¥, T € C, Im7 >0

nezr

is the corresponding generalized r-fold theta-series.

Let P(v,Q) denote the vector space over C of spherical polynomials P(X) of even
order v with respect to Q(X). Hecke [2] calculated the dimension of the space P(v, @),
dim P(v,Q) = (”i:l) — (”j::s) and form the basis of the space of spherical polynomials
of second order with respect to Q(X). For v = 4, Lomadze [3] constructs the basis of the
space of spherical polynomials of fourth order with respect to Q(X).

Let T'(v, Q) denote the vector space over C of generalized multiple theta-series, i.e.,

T(v,Q) = {3(r.P,Q) : PePw.Q)}.
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Gooding [1] calculated the dimension of the vector space T'(v, Q) for reduced binary
quadratic forms (). Gaigalas [4] gets the upper bounds for the dimension of the space
T(4,Q) and T'(6, Q) for some diagonal quadratic forms. In [5-7] we established the upper
bounds for the dimension of the space T'(v, Q) for some quadratic forms of r variables,
when r = 3,4, 5, in a number of cases we calculated the dimension and form the bases of
these spaces.

In this paper we form the basis of the space of spherical polynomials of order v with
respect to Q(X) of r variables and obtained the upper bounds for the dimension of the
space T'(v, Q) for some diagonal quadratic forms of any number of variables.

2 On the basis of the space P(v,Q) and T'(v,Q). Let

v k i m
_ _ v—k, k—i_i—j !
P(X) = P(xy,x9, 23, x,) = E Apijoa®] Ty Ty )T
k=0 i=0 j=0 1=0
be a spherical polynomial of order v with respect to the positive quadratic form Q(zq, x2, - - , ;)
of r variables and
T
L= [Gooo--~0, a100---05 @110--05 @111--05 - - - ,CLWV.-.V]

be the column vector, where ay;;j.q (¥ >k >1i>j>--->1>0) are the coefficients of
polynomial P(X).

Conditions (1) in matrix notation have the following form S- L = 0, where the matrix
S (the elements of this matrix are defined from conditions (1)) has the form

A11(v—1v 2A12(v—1) 2A13(v—1) 2A14(v—1) 2A15(v—1) ... 0
0 All(l/—l)l/ 0
0 0 A (v—1)v 0
0 0 0 Apr(v—1)v 0
0 0 0 0 o Apr(v—1)v

The number of rows of the matrix S is equal to

Zm: 1= (”ji;l)

Hence S is (”j:?’) X (”j:l) matrix.

We partition the matrix S into two matrices S; and Sy. S; is the left square nonde-
generate (”+T_3) X (”+T_3) matrix, it consists of the first ("K—?’) columns of the matrix

r—1 r—1 1
S; matrix S5 consists of the last (”j:l) — (”j:?’) columns of the matrix S.
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Similarly, we partition the matrix L into two matrices L; and Ls. L; is the (”+r73) x 1

r—1
matrix, it consists of the upper (”+7"—3

r—1
(”:f:l) — (”j:?’) elements of the matrix L.
According to the new notation, the matrix equality has the form S;L; 4+ SaLs = 0,
i.e., L1 = —SI_ISQLQ.
It follows from this equality that the matrix L; is expressed through the matrix Lo,
i.e., the first (”jfi_?)) elements of the matrix L are expressed through its other elements.

) elements of the matrix L; Ly consists of the lower

1
Since the matrix L consists of the coefficients of the spherical polynomial P(X), its first
("j:g) coefficients can be expressed through the last (”:f:l) — (”j:?’) coefficients.

Let Q(X) = Q(x1, 9,23, 24,...,%,) be a quadratic form of r variables. We have,

dimP(v,Q) = (”ﬂ;l) — (”ﬁf’) and we have proved the following

Theorem 1. The polynomials (the coefficients of polynomial Py q are given in the
brackets, where abc...d are the indices of the coefficient equaled to one from a,_100..0
to0 Qup,..v)

1) (1) (1)
P, -1,00..0(000..05 4100...05 - - - 1Oy 0y —9y-2 -2, 1,0,0,. .. ,0),
(2) (2) (2)
P, -1,10..0(000...0> 100...05 - - - 10y 09y 2,-2,0,1,0,. .. ,0),
(t) (t) (t)
Py w..(ag00. 0 100,05 - - - YAy 9 p—2 -2 -2 0,0,0,...,1),

-----

where the first (”j:?’) coefficients from appo..0 10 Gy—2y—2,—2,. -2 are calculated through
other (”+T_1) — (”J’T_g) coefficients, form the basis of the space P(v, Q).

r—1 r—1
Consider the generalized r-fold theta-series
U1, P,Q) = Z P(n)z9M z = ¥,
nezr

Our goal is to construct a basis of the space of generalized theta-series with spherical
polynomial P of order v for diagonal quadratic form ) of r variables.
Construct the integral automorphisms U of the diagonal quadratic form

Q(X) = by1a? + bopas + bszas + - - - + bpa2.

An integral r x r matrix U is called an integral automorphism of the quadratic form
Q(X) in r variables if the condition UT AU = A is satisfied.
The integral automorphisms of the quadratic form Q(X) are

ee 0 0 ... O
0 €9 0 ... 0
U=1]0 0 e ... 0]}, where e; = %1.

0 0 0 ... e
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It is known ([1], p. 37) that, if G is the set of all integral automorphisms of ¢ and
t
ZP(UiX) =0 for some U,..., U, € G, then I, P,Q) =

Consider all possible sums Zle P(U;X) = 0. For such polynomials ¥(7, P, Q) = 0.
If among the last (”J”’ll) — (”:f:g) coefficients of P, at least one of indices k, 1, j, ... of
the coefficient, equaled to one, is odd, then spherical polynomials P = Py, ; satisfies the
equality ¥(7, P,QQ) = 0. Hence the maximal number of linearly independent theta-series

(when the indices k,1, 7, ...l of the corresponding spherical polynomial P is even) is

)SEED SIREED SIED SIEEED SIED DENTED SIS A S 1
i=0 j=0 m=0 [=0 i=0 j=0 m =0
2l 2|y 2lm 2|l 2l 2|j 2lm

here k = v is even. Thus, we have proved the following

Theorem 2. The mazximal number of linearly independent theta-series with the spherical

polynomial P of order v for the diagonal quadratic form ) of r wvariables is (V’LTQ 2)

and the basis of the space T'(v,Q) is among the theta-series 9(1, P, Q) with the spherical
polynomial P = Py;; ; with even indices k, 1,7, ...1.
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