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ON THE APPROXIMATE SOLUTION OF THE J. BALL NONLINEAR DYNAMIC
BEAM EQUATION *
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Abstract. An initial boundary value problem for a J. Ball nonlinear dynamic beam equation is
considered. For approximate solution of the problem projection method, symmetrical difference
scheme and iteration process have been used. The accuracy of the algorithm is studied.

Keywords and phrases: Nonlinear beam equation, Galerkin method, method error.

AMS subject classification (2010): 65M60, 65N15.

1 Statement of the problem. Let us consider the initial boundary value problem

utt(x7 t) + 5ut(x7 t) + YUzzzat (LC, t) + auzxm:p('xa t)

_<5+p/OL 2 (1) dm)um(x,t) (1)
—a< /O ’ g (2, )t (2, 1) dx) Uaa (2, 1) = 0,

O<zx< L, 0<t<T,
u(z,0) = u(z), w(z,0)=1u'(x), (2)
w(0,t) =u(L,t) =0, uy(0,t) = uy(L,t) =0,

where «, 7, p, o, § and § are the given constants among which the first four are positive
numbers, while ©°(z) and u'(z) are the given functions.

The equation (1) obtained by J. Ball [1] using the Timoshenko [5] theory describes
the vibration of a beam. The problem of construction of an approximate solution for this
equation is dealt with in [2] - [4].

2 Galerkin method and its error. We write an approximate solution of the

problem (1), (2) in the form wu,(x,t) = > u,,(t) sin ?, where the coefficients w,;(t) will
i=1

*The author express hearing thanks to Prof. J. Peradze for his active help in problem
statement and solving.
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be found by the Galerkin method from the system of equations

(52 (2) Yoo o (2 (2) (o535 ()
w3 () w0 0) [t =0 @

1=1,2,....,n, 0<t<T,
with the initial conditions

Ui (0) = af, u,(0)=aqa;, i=1,2,...,n. (4)

(% nt 7

1

Here a? and a} are the coefficients from the representation of the functions u°(z) and

1 P :OO Psi mx =0,1
u'(x) as uP(x) ;aZ&nL,p , L.
If

uP(xr) € L*(0,L), p=0,1, (5)
then there exists a generahzed solution of the problem (1), (2) that is a function u(x,t)
representable as a series Z w;(t) sin 272 the coefficients of which satisfy the system of

=1
equations

+0 230 () w00 o <o ©

u;(0) =a?, u(0)=a, i=12,.... (7)

Denote Auy(t) = upni(t) — u;(t) and assume that under the method error we will
understand the function Aw,(z,t) = Z Ay (t) sin % the L?(0, L)-norm of which we
i=1

want to estimate.

Subtract (6) from (3) and, having multiplied the resulting equality by 2Auw/,, (), sum
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it over i = 1,2,...,n. We obtain
n i\ A
- ZAU +2; <5+7 (f> AU (t)
d i\ i\ ?
3 («(F) +#(F) )

2[5 () () + )

L

_ (p 3 (%>2u3<t>+gi <%) uj<t>4<t>) ' %)QAu;xt)u@-(t).

j=n+1
Subtracting (7) from (4) for i = 1,2,...,n, we have
Auni(0) =0, Au,(0)=0, i=1,2,...,n.

Our further consideration will be restricted to a more difficult case when  and ¢ are
negative numbers. For three other combinations of these numbers we come to a result
analogous to the one given at the end of this paper.

Multiply the equation (3) by 2u!;(t) and the equation (6) by 2u}(¢). Then sum the
obtained equalities over ¢ = 1,2, ..., n in the first case, and over i = 1,2, ... in the second
case. As a result, after some transformations, we make the following conclusion.

Theorem. If the requirement (5) is fulfilled for the functions uP(x), p = 0,1, and the
above-mentioned conditions are fulfilled for the constants o, v, p, o, 5 and &, then for the

Galerkin method error the estimate
2 [e’¢) o] it 4 2
<o S ¥ () )
L2(0,L) i=n+1 i=n+1

2 2

0
— Auy,(x,t) Eye

Hat ta

L2(0,L)

Auy,(x,t)

holds, where
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Remark. The algorithm of nonlinear dynamic beam’s approximate solution additionally

consist of two steps - symmetrical difference scheme and iteration process. For approx-
imate solution of (3)-(4) problems we are using difference scheme and Jacob’s iteration
method. Also for solution of the nonlinear equation we are using well-known Cardano’s
formula. We have estimated error of the iteration method by L? norm.
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