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FORMULATION OF FICTITIOUS LOAD METHOD IN POLAR COORDINATES
SYSTEM FOR ELASTICITY PROBLEMS
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Abstract. For the solution of boundary value problems and boundary-contact problems of
elasticity in polar coordinates system the boundary element method, namely the fictitious
load method, for domains limited with axes of system polar coordinates is formulated. The
circular boundary is divided on the small size arcs and linear part is divided on the small size

segments.
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1. Introduction. In this paper for the solution of a boundary value problem
and boundary-contact problems of elasticity in polar coordinates system the boundary
element method, namely the fictitious load method, for domain limited with axes of
system polar coordinates is formulated. The circular boundary there is divided not into
the small size segment (as it is used in articles by various authors [1-5]), but on the
small size of arcs, and linear part is divided on the small size segments. In this case the
considered domain is described more precisely, than in the case when the boundary do-
main is divided on small segments, and, as a result, the decision turns out more exact.
The numerical decision is built on the basis of the analytical decisions received be-
forehand for simple singular problems that satisfies approximately the given boundary
conditions on each elements of a contour. The singular (fundamental) solution follows

from reviewing the problem about action of the concentrated force F' = (F,, F},) in a
point of the infinite elastic medium which is known as Calvin’s problem.

2. Fundamental solution in polar coordinates system. Solution of Calvin’s
problem, that is given in [2] in Cartesian coordinates z, y (—oo < z < 00, —00 <
y < 00), in polar coordinates r, ¥ (0 < r < 00,0 < ¥ < 27) will be expressed by the
following function: g; (r,9) = —m In r. Displacements, for example, will be written
as

Uy (1,0) = f—é (3 —4v) g1 — rcosVgr .| + f—é (—rsindg ),
) 0
ty (r,9) = 22 (—rcosdgyy) + 3¢ (3 — 4v) g1 — rsindg,],
and stresses will be written as

Ouw (1,0) = Fy [2(1 — V) g1,0 — 7 COS G120) + Fy (2015 — rsindgy zz) ,
Gyy (1,0) = Fy (2vgy 5 — 1 €080y 4y) + Fy [2(1 — V) g1y — rsindgy 4], (2)

Gy (1,0) = F, [(1 = 20) g1y — 1 cos Vg1 o] + Fy [(1 — 20) g1, — rsin gy 4],
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where G = + Tgr] is shear modulus, v is Poisson’s ratio, £/ is Young’s modulus; ¢; , =
1 cosﬁ 1 sind _ 1 cos(29) _ 1 cos(29) _
T An(l—v) 1 9Ny = iz 1-v) r laex = dr(l—-v) 12 Iy = dr(l—v) r2 Izy =
1 cos(29)
dr(l—v) 71?2

Using the superposition principle, we can solve problems for the infinite elastic
body, which is valid in arbitrary points of the system of the concentrated forces. The
continuous distribution of such forces along some curve of plane allows to consider
problem in which forces are given on this curve.

3. Continuous distribution of a constant forces along curve and numerical
procedure. We consider the following problem. In an infinite elastic body along the
arc 97 < 19 <9y of a circle with a radius r are distributed constant forces ¢, = P, and
ty = Py. This problem can be solved, integrating fundamental solution.

Omitting the details of the transformation, from (1) the following formula for dis-
placements

s = gam i — {Po[(3 = 4v) (V1 = ¥2) Inr + 0.5 (1 — ¥2) + 0.5 (sin (2 (¢ — ¥))
+sin (2 (¥ —v3)))] — 0.25P, cos (2 (¥ — 1)) — cos (2 (V¥ — 92))}, 5
Uy = m {0.25Py (cos (2 (¥ — ¥1)) — cos (2 (¥ — ¥2))) + P, [— (3 — 4v)

X (0 — 192) Inr 4+ 0.5 (¥ — J3) +0.25 (sin (2 (9 — 1)) —sin (2 (¥ — 92)))]},
will be found, and from (2) the following formulas for stresses will be found

Oyy = — %) {Py [(4v — 1) (sin (9 — ¥y) — sin (J — ) — 1 (sin (3 (V — ¥y))
—sin (3 (¢ — 92)))] — B [(5 — 4v) (cos (¥ — ¥1) — cos (¥ — ¥3))
—2(cos (3 (0 — 1)) —cos (3(F —2)))] },

e v {Py [(5—2v) (sin (9 — V1) —sin (I — 1)) + & (sin (3 (V — %))
—sin (3 (9 —93)))] — P, [(4v — 1) (cos (9 — ¥;) — cos (19 ¥2)) (4)
+1 (cos (3(9 — 1)) — cos (3 (9 — ¥2)))] },

Ooy = %) {Py [(4v — 3) (cos (I — ) — cos (0 — ¥2)) + 5 (cos (3 (I — ¥y))
—cos (3 (0 —12)))] + P [(5—4v) (sin (J — ;) — sin (19 s))
—5 (sin (3 (¥ — 1)) —sin (3 (0 — )] } -

The obtained analytical solution is the basis of boundary element method for find-
ing the numerical solution of the boundary value problem elasticity. In a particular
example, we discussed the physical aspects of this method. Consider the boundary
value problem for an infinite body with a cavity (in our case a circular). Consider the
plane deformation. The boundary of the hole, which in our case a circle, denoted by C.
Local coordinates n and s respectively directed perpendicular and tangent to curve C'
Assume that the wall cavity is everywhere exposed to the same normal stress o, = —p
(i.e. compression) and tangential stress o, is zero. We want to find the displacement
and stress in the body caused by the load at the boundary.

For the numerical solution of this problem we proceed as follows. We divide the
boundary C' with a small arcs of N amount (elements) adjacent to each other. Because
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these items are small, we can assume that each element along its length is exposed
to normal stress o, = —p, but is free from the action of tangent stress. Boundary
conditions in this case take the form

ol = —p, ol =0, (i=1,...N). (5)

For each boundary element we choose concentrate forces uniformly distributed
throughout its length. For example, for the j-th element we assume a continuous
distribution of tangential P/ and normal PJ stresses. Also, for the j-th element we
have fictitious stresses P/ and P’ and also real stresses o and o7 induced by the
stresses applied to all boundary elements.

Using (3) and (4), we can calculate the real stresses ¢ and o7 at the midpoints of
all elements. Thus we obtain the formulas

N N N N
ol = AUPI 4+ AUPI ol =) AIPI+> AUPI i=1..,N, (6)

where A% A4 A4 A are the boundary coefficients for the influence of stresses for
the problem under consideration. For example, the coefficient A%, gives the real normal
stress at the middle of the i-th arc (o%) induced by the constant unit tangential load
(P? = 1) applied to the j-th arc.

From (5) and (6) we receive the following system of 2N linear equations with 2N
unknowns (PJ and P/, j=1,...,N)

N N
0=> AUP +ZA;¢LP,3, —p=> ALPI +ZA§fnP£, i=1,...,N. (1)
j=1 i=1 =1 =1

After solving system (7) by any numerical method, we can calculate the displace-
ments and stresses at any point of the body.

4. Boundary coefficient influence. We will write expressions for normal and
tangential displacements and stresses at midpoint ¢-th element due to the action of
fictitious loads PJ and P?, (j = 1,...N), applied to the j-th element. The boundary
coefficients for displacements are determined from the formulas

S S

+0.5 (0 — 1) +0.25sin (2 (0 — 1)) —sin (2 (0 — 92))]}
4P { gz [eos (2 (9 — 01)) — cos (2.(7 — )]}

Ui = Pj {m [(3 4V) (191 —192) In7

ui, = Pi {_W [cos (2 (9 = 91)) — cos (2 (9 — 2))] }
+P? m[(3 4v) (91 — 99) InT — 0.5 (9 — ¥s)

—0.25(8111( (19 191))—5111(2(@_192)))}}’

and for stresses are determined from the formulas
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—Sin(3(79j192)))]}+13 {—w 5
=5 (cos (3 (9 =) —cos (3(9 = 92)))]}
)[(4V 3) (cos (0 — )
(

oy =Pl i 1) —cos (0 —d2)) + & (cos (3 (0 —th))
—cos (3(V — 2)))]} + Pi {57 [(8 = 40) (sin (9 = ) —sin (9 = )~ ()
=5 (sin (3(0 =) —sin(3(0 = )))]}, )

o = PI { ity (5= 20) (sin (9 = 91) = sin (9 = 02)) + 4 (sin (3 (9 — 01))

Qz Wl

— sin (3 (19—_192) )]} + P! {m [(41/ )(cos (19
—i—% (cos (3 (19 — 191)) — cos (3 (19 — 192)))}},

where 7 and ¥ are the coordinates in the local coordinate system with center at midpoint
1-th element. Displacements and stresses in the i-th element in the general case are
functions of the components P/ and PJ (j = 1,... N) fictitious loads in all N elements.
Thus, according to (]%) and (9) we can write

1) — cos (19 — 192))

N N
W= BUPI+ X BUPL ul= X BLPI+ Y B
J—l J J—l J=1
05 = ZA PJ+ZA;%1P72, o EA”P5+ZA%P,£
=1
The boundary mﬂuence coefﬁments Bi .. and A”S ... 1n these equations are given

expression in curly brackets in (8) and (9).

By using the above formulated method numerical results of some problems of elas-
ticity are obtained. Those results are not given in this article and we can’t present
them here.
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