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NEUTRAL SURFACES OF A NON-SHALLOW SHELLS

Meunargia T.

Abstract. In the paper the problem of existence of neutral surfaces for non-shallow shell
is considered. By neutral surface is meant a surface which is not subject to tensions and
compression under the deformation on the shell. It means that the neutral surfaces may be
subject only to bendings or, in particular, may remain rigid. I. Vekua obtained the conditions
for the existence of neutral surface of a shell, when the neutral surface is the middle surface.
In this paper the neutral surface is considered as any equidistant surfaces.
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1. Complete system of equilibrium equations and the stress-strain relations of the
3-D non-shallow shells can be written as

%&-(\/ﬁai) +®=0, o'=0/R = (Mg, +2ue;)R, (i,j=1,2,3) (1)
where g is the discriminant of the metric quadratic form of the 3-D domain, J§ and e§.
are the mixed components of stress and strain tensors, ® is an external force, A and p
are Lame’s constants, g;'» = RjRi, R; and R’ are covariant and contravariant of bases
vectors of the surface s(x® = const), € is the cubical dilatation which will be written
as

0=0+e5 0=e (a=1,2). (2)

«

Further
R, = (af — 2°))rg, R*=10""a} + 2°(b3 — 2Ha§)]r”,
R;=R’=n,9=1-2Hxs+ Kz, (B=1,2),
where a2 and b? are the mixed components of the metric and curvatures tensors of
the middle surface S : (23 = 0), H and K are, respectively, middle and Gaussian
curvatures of the surface S.
When j = 3 from (1) we have
oS =2ueg, o3 =N +2ues =N + (\+2u)e;
, A, 1, (3)
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By inserting expression (2) into (3) we obtain

N 1 2\
h="1¢ 3 </\’ - )
ZoT Nt 2’ A+ 24



Neutral Surfaces of a Non-Shallow Shells 89

Substituting expression (3) into (1) we get
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If we now insert (1) into the formula o' = J;-Rj expressing the contravariant com-
ponents of the stress field, we obtain

c"=T"+Q", *=Q°=T"=T5R’, T°=0, Q' =Q'R’. (5)
Formula (4) implies that the vector T satisfies the condition
nT* = 0.

The stress field expressed by the vector T, is therefore called the tangential stress
field and vector Q" be called the transverse field.
2. In view of (5) the vectorial equation of equilibrium
1 )
—50(V0) + @=0, (5 = Vad),

%[f)&(\/ﬂa) L 0,(/3Q) + =0, (6)

Let the surface S : 23 = const be the neutral surface of a non-shallow shell. Then

may be written as

T =0, ie. T =0 (on S),

and equation (6) becomes

%aa«/mm%ag(@%w =0 (hsatemsh, (@

where 2h is the thickness of shell and
Q" = Q%Rﬁ +Q5n = 0’03 R* + oyn.
(=)

(+)
Denote the stress forces acting on the face surfaces S™ and S~ by P and P. We
have

(+) (=)
P:—(O'g)x:%:h, P:(0'3)I3:_h. (8)

If we approximately represent o by the formula

o’ (zt, 2? 2®) = g’(xl,mQ) + 23 é’(ml,x2),
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from (8) is obtained
17 @ 23,68
Ug(ml,xQ,x?’)%’5[P—P+%<P+P>]. 9)
In view of equalities (4) and (9) we may write equation (7) as

Dl (PP s a(B )] (- )-a <o

z3=c
(10)
where
C o (0% (0% C
Ag = (1 + E) (a5 + c(bS — 2HaS)], A = (1 + E)(l — 2He + ke?),
1

B=-1 — 2Hh + 2(kh — 2H)c + 3kc?), (11)

~ 1 ) (=)

P = E[2(1 —2Hc) + ke | P — 2(0®) ys—..

(+) (+)

Thus, if the surface z® = const is neutral the stress P and P, applied to the face

(+) =)
surfaces, must satisfy the vector equation (10). This means that the stresses P and P

cannot be prescribed arbitrarily. It will be show that if one of these vectors is given, the
other may be defined by equation (10). For example, in aircraft or submarine apparatus

the force P acting on the inner surface S~ may be assumed to be prescribed, but the
(+)
P acting on the external face surface ST is not, in general, assigned beforehand. The

same situation occurs on dams. One face surface of the dam is free from stresses (or
rather, is subject to atmospheric pressure), and the other is under the hydrodynamic
load, a variable which is generally difficult to define exactly at any moment of time.

In future therefore only one of these forces is assumed to be prescribed, for example
(=)
P and we try to define the second by means of equation (10).

(+)
To define the vector field P we have the equation

1 ~
{ﬁﬁa[\/a(a%gprﬁ + Ap®n)| + B(pn + p°r,) + @} =0, (12)

where
+ (=) @ ()
png—Pg, pa:PQ—Pa.
Let the middle surface S : z3 = 0 be the neutral surface of a shell (I. Vekua). Then
(11) becomes:

« « 1 T
Aj=aj, A=1 B= E(1—2hH), ¢ = —20(2', 2%,0),
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and equation (12) takes the form
1 1o a 1 fe4 (.1 .2
%[Ga\/a(apr +p*n)] + E(l — 2hH)(pn + p*ry) + ®(2", 2%,0) = 0.
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