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ON ONE TWO-DIMENSIONAL MODEL BASED ON MAXWELL’S SYSTEM

Kiguradze Z., Kratsashvili M.

Abstract. One two-dimensional nonlinear partial integro-differential equation is considered.

The model is based on Maxwell’s system which arises at describing penetration of a magnetic

field into a substance. The initial-boundary value problem with homogeneous boundary con-

ditions is considered. Large time behavior of solution of the initial-boundary value problem

is studied. Rate of stabilization is given.
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Mathematical modeling of diffusion of a magnetic field into a substance whose elec-
tric conductivity depends on temperature is described by system of Maxwell’s equations
[1]. If the coefficient of thermal heat capacity and electroconductivity of the substance
depend on temperature, then Maxwell’s system can be reduced to the following integro-
differential form [2]:

∂H

∂t
= −rot

a
 t∫

0

|rotH|2 dτ

 rotH

 , (1)

where H = (H1, H2, H3) is a vector of the magnetic field and function a = a(S) is
defined for S ∈ [0,∞).

Note that integro-differential model (1) is complex and still yields to the investiga-
tion for special cases (see, for example, [2] - [10] and references therein).

Let us consider one component and two dimensional magnetic field, i.e., assume that
the vector of magnetic field has the following form H = (0, 0, U) and U = U(x, y, t).
Then we have
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Therefore, (1) takes the following form
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 t∫

0

[(
∂U

∂x

)2

+

(
∂U

∂y

)2
]
dτ

 ∂U

∂x



+
∂

∂y

a
 t∫

0

[(
∂U

∂x

)2

+

(
∂U

∂y

)2
]
dτ

 ∂U

∂y

 .

(2)

In [9] some generalization of the system of type (1) is proposed. In particular,
assuming the temperature of the considered body to be constant throughout the mate-
rial, i.e., depending on time, but independent of the space coordinates, the process of
penetration of the magnetic field into the material is modeled by, so-called, averaged
integro-differential model, (2) type analog of which has the following form

∂U

∂t
= a (S)

(
∂2U

∂x2
+

∂2U

∂y2

)
, (3)

where

S(t) =

t∫
0

∫
Ω

[(
∂U

∂x

)2

+

(
∂U

∂y

)2
]
dxdydτ (4)

and Ω = [0, 1]× [0, 1].
Many scientific works are dedicated to the investigations of one-dimensional case

of (1) type models (see, for example, [2] - [10] and references therein). The existence
and uniqueness of the solutions of the initial-boundary value problems for the one-
dimensional analog of (2) and (3), (4) type models are studied in a number of works
(see, for example, [2], [3], [5], [9] and reference therein). Questions of existence and
uniqueness of solutions in multi-dimensional case for (1) type models are considered in
[4], [9] and for averaged (3), (4) type models in [5]. Asymptotic behavior of solutions
and issues of approximate solutions are considered in many works as well (see, for
example, [5] - [8] and references therein).

Our aim is to study the asymptotic behavior of solutions as t → ∞ for the Dirich-
let initial-boundary value problem with homogeneous boundary conditions for two-
dimensional equation (3), (4). Attention will be paid to the case a(S) = (1 + S)p,
0 < p ≤ 1.

Therefore, let us consider the following initial-boundary value problem:

∂U

∂t
= a(S)

(
∂2U

∂x2
+

∂2U

∂y2

)
, (x, y, t) ∈ Ω× (0, ∞), (5)

U(x, y, t) = 0, (x, y) ∈ ∂Ω, t ≥ 0, (6)

U(x, y, 0) = U0(x, y), (x, y) ∈ Ω, (7)

where
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)2

+
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∂y

)2
]
dxdydτ, (8)
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a(S)=(1+S)p, 0< p ≤ 1 and U0 = U0(x, y) is a given function, ∂Ω is a boundary of Ω.
The following theorem takes place.
Theorem. If a(S) = (1 + S)p, 0 < p ≤ 1; U0 ∈ H1

0 (0, 1), then for the solution of
problem (5)-(8) the following estimate is true∥∥∥∥∂U∂x

∥∥∥∥+

∥∥∥∥∂U∂y
∥∥∥∥ ≤ C exp (−t) .

Here H1
0 (0, 1) is the Sobolev space, norm is an usual norm of space L2(Ω) and C is

positive constant independent of t.
Numerous numerical experiments for different initial and boundary data are ful-

filled. All experiments were carried out by using software FreeFem++ [11]. In pictures
(Figs. 1 and 2) below there are numerical solutions for the two-dimensional equation
(5) with homogeneous Dirichlet boundary conditions. From these figures can be de-
duced that when time is increasing solution is vanishing, that was shown theoretically
in the theorem above.

IsoValue
-0.0168195
-0.015544
-0.0142685
-0.012993
-0.0117175
-0.010442
-0.00916645
-0.00789093
-0.00661542
-0.00533991
-0.0040644
-0.00278888
-0.00151337
-0.000237858
0.00103765
0.00231317
0.00358868
0.00486419
0.00613971
0.00741522

t=1

Fig.1. The numerical solution u at t = 1.

IsoValue
-0.00651174
-0.00593242
-0.00535311
-0.00477379
-0.00419447
-0.00361516
-0.00303584
-0.00245652
-0.00187721
-0.00129789
-0.000718574
-0.000139257
0.00044006
0.00101938
0.00159869
0.00217801
0.00275733
0.00333664
0.00391596
0.00449528

t=2

Fig.2. The numerical solution u at t = 2.



On One Two-Dimensional Model Based on Maxwell’s System 67

Acknowledgement. The author thanks Shota Rustaveli National Scientific Foun-
dation and France National Center for Scientific Research (grant No. CNRS/SRNSF
2013, 04/26) for the financial support.

R E F E R E N C E S

1. Landau L., Lifschitz E. Electrodynamics of Continuous Media (Russian). Moscow, 1958.
2. Gordeziani D.G., Dzhangveladze T.A., Korshia T.K. Existence and uniqueness of the solution

of a class of nonlinear parabolic problems. (Russian) Differ. Uravn., 19 (1983), 1197-1207. English
translation: Differ. Equ., 19 (1984), 887-895.

3. Dzhangveladze T.A. First boundary-value problem for a nonlinear equation of parabolic type.
(Russian) Dokl. Akad. Nauk SSSR, 269 (1983), 839-842. English translation: Soviet Phys. Dokl., 28
(1983), 323-324.

4. Dzhangveladze T. A nonlinear integro-differential equations of parabolic type (Russian). Differ.
Uravn., 21 (1985), 41-46. English translation: Differ. Equ., 21 (1985), 32-36.

5. Jangveladze T. On one class of nonlinear integro-differential equations. Semin. I.Vekua Inst.
Appl. Math. Rep., 23 (1997), 51-87.

6. Jangveladze T., Kiguradze Z. Large time behavior of solutions to one nonlinear integro-
differential equation. Georgian Math. J., 15 (2008), 531-539.

7. Kiguradze Z. Investigation and Numerical Solution of Some Systems of Partial Integro-
Differential Equations, International Workshop on the Qualitative Theory of Differential Equations,
QUALITDE - 2014, Dedicated to the 125th birthday anniversary of Professor Andrea Razmadze,
(2014), 81-85, http://rmi.tsu.ge/eng/QUALITDE-2014/Abstracts workshop 2014.pdf.

8. Kiguradze Z. The asymptotic behavior of the solutions of one nonlinear integro-differential
model. Sem. I.Vekua Inst. Appl. Math., 30 (2004), 21-31.

9. Laptev G.I. Quasilinear Evolution Partial Differential Equations with Operator Coefficients,
Doctoral Dissertation (Russian). Moscow, 1990.

10. Sharma N., Sharma K.K. Unconditionally stable numerical method for a nonlinear integro-
differential equation. Comp. Math. Appl. 67 (2014), 62-76.

11. Hecht F. New development in FreeFem++. J. Numer. Math. 20, 3-4 (2012), 251265.

Received 27.04.2015; accepted 17.06.2015

Authors’ addresses:

Z. Kiguradze
I. Vekua Institute of Applied Mathematics of
Iv. Javakhishvili Tbilisi State University
2, University St., Tbilisi 0186
Georgia
E-mail: zkigur@yahoo.com

M. Kratsashvili
Sokhumi State University
12, Politkovskaia St., Tbilisi 0186
Georgia
E-mail: maiakratsashvili@gmail.com


